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Abstract

Representation learning for planning lacks a principled crite-
rion for whether a learned projection preserves the distinctions
planning requires. We identify that criterion: admissibility
distortion DA(ϕ), which equals zero if and only if the projec-
tion is admissibility-preserving. The admissibility equivalence
relation ∼A—the coarsest relation compatible with adequate
planning—is derived from planning requirements alone, not
from reward structure, observation statistics, or architectural
choices. The central result, the Observational–Interventional
Separation Theorem, establishes that ∼O 6⇒∼I in general: this
is a structural mismatch between equivalence-generating op-
erations, not an empirical contingency. Three corollaries fol-
low: predictive projections satisfy DA(ϕP ) 6≡ 0 in general;
compressive projections satisfy DA(ϕC) 6≡ 0; and by the data-
processing inequality, any downstream guardrail classifier is
bounded above by I(A;ϕ(X)), with a Fano-derived Bayes-risk
floor that is independent of classifier complexity. A collapse–
separation decomposition (DA(ϕ) = P (Cϕ=1)E[∆A | Cϕ=1])
distinguishes broad-compressive from catastrophic-blind-spot
failure modes. Trajectory-sampling lower bounds enable wit-
nessed violation detection without full dynamics access: any
collapsed pair whose reachability sets disagree under a sampled
policy proves DA(ϕ) > 0. Admissibility distortion is a foun-
dational target criterion, not yet an engineering metric; the
contribution is naming the missing quantity and deriving its
properties.

Keywords: representation learning, state abstraction,
reachability, admissibility, planning, safety, world models.

1. Introduction

Planning requires choosing among actions by evaluating
their consequences. Any representation intended to sup-
port planning must therefore preserve, at minimum, the
distinctions that determine which futures are accessible.
When a representation fails to preserve such distinctions,
planning errors follow that cannot be corrected by improv-
ing the optimiser, refining the cost function, or adding
safety machinery—the failure is logically prior to all of
those operations.

Current representation-learning objectives—predictive
accuracy, information maximisation, compression progress,

contrastive separation—optimise for properties of the ob-
servation distribution. None directly optimises for preser-
vation of reachability structure. The question of whether
a given latent space is adequate for planning is therefore
not addressed by any current training objective; it is at
best hoped that predictive or compressive objectives will
be admissible incidentally.

We show that the missing criterion is admissibility distor-
tion DA(ϕ). The argument has a fixed logical architecture:
planning induces ∼A; ∼A induces DA(ϕ); and existing ob-
jectives are evaluated by how well they approximate X/ ∼A.
The paper’s contributions are (i) the derivation of ∼A and
DA(ϕ) from planning requirements without reference to re-
ward or observations; (ii) the Observational–Interventional
Separation Theorem establishing that the gap is struc-
tural, not empirical; (iii) three corollaries for prediction,
compression, and safety; (iv) a decomposition theorem
and trajectory-sampling lower bound for diagnostic use;
and (v) a formal asymmetry result showing that positive
lower-bound estimates witness genuine violations while zero
estimates provide no certificate.

Relation to prior work. The earliest precise statement
of the world-model concept appears in Craik (1943), who
argued that an organism carrying “a small-scale model
of external reality and its own possible actions within
its head” can “try out various alternatives” and “react
to future situations before they arise.” Craik’s formula-
tion already identifies what we formalise as reachability
structure: the model must represent the agent’s possible
actions, not merely passive observations of the world. The
state-abstraction programme (Li et al., 2006; Ravindran
& Barto, 2004) asks which collapses are safe for policy
quality; admissibility extends this beyond value-function
equivalence to reachability-set equivalence. Bisimulation
metrics (Ferns et al., 2004; Castro & Precup, 2010; Ke-
mertas & Aumentado-Armstrong, 2021; Zhang et al., 2021)
provide continuous relaxations; Proposition 6 shows these
are lower bounds on DA(ϕ). Predictive state representa-
tions (Littman et al., 2002) and general value functions
(Sutton et al., 2011) encode prediction structure; the sepa-
ration theorem shows this is insufficient. Pearl’s do-calculus
(Pearl, 2009) formalises observation vs. intervention; our
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theorem is the planning-theoretic analogue. The informa-
tion bottleneck (Tishby et al., 1999) minimises I(X;Z)
subject to I(Z;Y ); replacing Y with the admissibility sig-
nal yields an admissibility-constrained bottleneck. Gibson’s
affordance theory (Gibson, 1979) shifts representation from
object identity to action possibility, as does ∼A. Model
predictive control (Mayne et al., 2000; Garcia et al., 1989)
and reachability analysis (Tomlin et al., 2003) assume state
representations are already adequate; DA(ϕ) formalises
when that assumption fails. Controllability Gramians and
reachability metrics in linear control theory (Kalman, 1960)
provide task-specific admissibility criteria under Gaussian
dynamics; ∼A generalises these to arbitrary policy classes
without linearity assumptions. Information-state repre-
sentations in POMDPs (Kaelbling et al., 1998) preserve
sufficient statistics for optimal planning under partial ob-
servability; extending ∼A to belief-space reachability con-
nects these frameworks and is a natural direction for future
work.

2. Planning Induces Admissibility

2.1. Setup and Reachability

Let X be a state space, H ∈ N a planning horizon, and Π

a policy class. Write x π,h
 y when state y is reachable from

x in h steps under policy π. This formalises what Craik
(1943) called the capacity to “try out various alternatives”
before acting: the reachability set is exactly the set of
alternatives available to the agent.

Definition 1 (Reachability Set). RΠ
H(x) = {y ∈ X : ∃π ∈

Π, x
π,H
 y}.

Proposition 1 (Planning Sufficiency Requirement). If
RΠ

H(x1) 6= RΠ
H(x2), there exists a planning problem for

which the optimal policy from x1 differs from the optimal
policy from x2. Hence any representation adequate for
planning must distinguish states with distinct reachability
sets.

(Proof in Appendix A.)
2.2. Admissibility Equivalence and Distortion

Definition 2 (Admissibility Equivalence). x1 ∼A x2 ⇐⇒
RΠ

H(x1) = RΠ
H(x2). A projection ϕ : X → M is admissible

if ϕ(x1) = ϕ(x2) ⇒ x1 ∼A x2.

The relation ∼A is derived, not assumed: it is the coarsest
equivalence relation on X consistent with Proposition 1.
This gives it the character of a sufficient statistic (Fisher,
1922): it is the minimally discriminative representation
safe for all accessibility-structured planning tasks.
Remark 1 (Capability-relativity). ∼A is properly written
∼(Π,H)

A : it depends on the agent’s capability class Π and
planning horizon H. This is not a deficiency. Every use-
ful equivalence relation in planning is similarly indexed:
bisimulation depends on transition structure, observability

depends on sensors, controllability depends on actuators. If
an agent acquires new capabilities, Π expands and ∼A may
split previously equivalent pairs, requiring finer representa-
tion. Admissibility is intentionally relative to a capability
class: a representation adequate for one class need not
remain adequate for a strictly larger one.

Definition 3 (Admissibility Distortion).

DA(ϕ) = Ex1,x2

[
1ϕ(x1)=ϕ(x2) · d

(
RΠ

H(x1),RΠ
H(x2)

)]
,
(1)

where d(·, ·) is any metric on subsets of X (e.g. Hausdorff
distance) and the expectation is over pairs drawn from the
agent’s state distribution. DA(ϕ) = 0 iff ϕ is admissible.

Remark 2 (Metric invariance of the binary question). The
question DA(ϕ) = 0 versus DA(ϕ) > 0 is invariant under
any choice of d satisfying d(S, T ) = 0 ⇐⇒ S = T .
The metric affects only the severity weighting assigned to
violations, not whether they exist. All theorem-level results
(separation, monotonicity, irrecoverable collapse) concern
the binary question and are therefore metric-independent.

Theorem 1 (Zero-Distortion Characterisation). DA(ϕ) =
0 ⇐⇒ P (Cϕ(x1, x2) = 1, x1 6∼A x2) = 0. That is,
admissibility distortion vanishes iff collapsed pairs are
admissibility-equivalent almost surely.

(Proof in Appendix A.)
Remark 3 (Epistemic status). DA(ϕ) is mathematically
well-defined but not computable in full generality without
access to the dynamics in the form needed to enumerate
RΠ

H(x). The paper treats DA(ϕ) as a target criterion—the
quantity representation learning should minimise—rather
than a deployed metric. It plays the role that Kolmogorov
complexity plays in compression theory: foundationally
clarifying and practically directive without being directly
computable in general.
2.3. Decomposition

Define the collapse indicator Cϕ(x1, x2) =
1ϕ(x1)=ϕ(x2) and reachability separation ∆A(x1, x2) =
d(RΠ

H(x1),RΠ
H(x2)).

Proposition 2 (Collapse–Separation Decomposition).
DA(ϕ) = P (Cϕ = 1) · E[∆A | Cϕ = 1].

The decomposition distinguishes two failure modes:
broad-compressive failure (high P (Cϕ = 1), moderate
E[∆A | Cϕ = 1]) and catastrophic blind-spot failure (low
P (Cϕ = 1), but the few merged pairs have ∆A � 0). Two
representations with equal DA(ϕ) may call for entirely
different interventions.
2.4. Universality and Monotonicity

Theorem 2 (Universality of ∼A). Let TA be the class of
accessibility tasks: cost functions depending only on which
futures are reachable, not on transition probabilities or re-
ward magnitudes along trajectories. Then ∼A=

⋂
T ∈TA

∼T ,
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where x1 ∼T x2 iff the optimal policies from x1 and x2 co-
incide under T . Consequently ∼A is the largest equivalence
relation safe for all tasks in TA.

Remark 4 (Scope of universality). Tasks whose costs de-
pend on transition probabilities or reward magnitudes
(rather than mere reachability) may distinguish states that
∼A identifies. For such tasks, admissibility must be ex-
tended to an admissibility profile recording reachable states
together with their access-cost distributions; this extension
is deferred to future work. The present results establish ∼A

as a necessary condition for all tasks in TA, which includes
all goal-conditioned and viability objectives.

Theorem 3 (Monotonicity). If ∼ϕ1 ⊆ ∼ϕ2 (so ϕ2 col-
lapses at least every pair ϕ1 collapses), then DA(ϕ1) ≤
DA(ϕ2).

Let N = ∼ϕ2
\ ∼ϕ1

denote newly collapsed pairs.

Corollary 1 (Accounting Identity). DA(ϕ2)−DA(ϕ1) =
E[1N (x1, x2) ·∆A(x1, x2)].

The increase in distortion from any compression step is
exactly the expected reachability separation of the newly
merged pairs—not a bound, but an identity. This makes
the admissibility cost of each compression decision explicit
and in principle auditable.

Corollary 2 (Strict Monotonicity). If there exists a pair
(x1, x2) ∈ N with ∆A(x1, x2) > 0 on a set of positive
measure, then DA(ϕ2) > DA(ϕ1).

(Immediate from Corollary 1: the expectation is strictly
positive when a positive-measure set of newly merged pairs
have nonzero separation.) This identifies exactly when
compression increases distortion: it does so whenever any
newly merged pair consists of states with genuinely different
reachable futures.

Proposition 3 (Lipschitz Stability). Suppose
reachability sets are Lipschitz in the state metric:
dH(RΠ

H(x1),RΠ
H(x2)) ≤ LdX (x1, x2) for some L > 0 and

state metric dX . Then

DA(ϕ) ≤ L E
[
1Cϕ=1 · dX (x1, x2)

]
.

(Proof: substitute the Lipschitz bound into Definition 3.)
This connects admissibility distortion to geometric cluster-
ing: any encoder that collapses only nearby states (small
dX between merged pairs) has controlled distortion under
the Lipschitz assumption. It also provides a surrogate ob-
jective: penalise the expected state-space distance between
collapsed pairs.

The implications are sharper than the familiar observa-
tion that lossy compression discards information. There
exists a partial order on representations under which im-
proving compression efficiency monotonically increases ad-
missibility risk. Compression objectives unconstrained by

admissibility exert structural pressure toward admissibility-
violating identifications, strongest on rare high-consequence
states—precisely the distinctions that appear as noise to the
compressor but determine reachability at the boundaries
that matter most.

3. Observational–Interventional Separation
Definition 4 (Observational Equivalence). x1 ∼O x2 if
P (Ot+1:t+k | Xt = x1) = P (Ot+1:t+k | Xt = x2) for all
k ≥ 1 under a fixed observational policy.

Definition 5 (Interventional Equivalence). x1 ∼I x2 if
{y : x1

π,h
 y} = {y : x2

π,h
 y} for all π ∈ Π, h ≤ H.

Proposition 4. ∼I=∼A.

Theorem 4 (Observational–Interventional Separation).
In general, ∼O 6⇒∼I : there exist states x1, x2 ∈ X that are
observationally equivalent but interventionally inequivalent.

Canonical example. Let x1 be a structurally intact load-
bearing element and x2 the same element with an internal
crack invisible to surface sensors. Under passive observa-
tion, P (O | x1) = P (O | x2), so x1 ∼O x2. Under a policy
applying stress beyond the crack threshold, x2 admits fail-
ure states unreachable from x1: RΠ

H(x1) 6= RΠ
H(x2), so

x1 6∼I x2.
Remark 5 (Structural mismatch). The theorem identifies
a structural mismatch between equivalence-generating op-
erations: ∼O compares probability measures over passive
observation sequences; ∼I compares subsets of X under
arbitrary interventions. These are different mathematical
objects. The gap cannot be closed by improving the pre-
dictive model, collecting more data, or shifting prediction
from pixel space to latent space, because none of those
operations changes the type of the equivalence relation be-
ing computed. The theorem targets passive representation
learning; agents that act and observe outcomes generate in-
terventional data and can in principle close the gap, but this
requires active exploration, not self-supervised prediction.

The theorem is the planning-theoretic analogue of Pearl’s
do-calculus (Pearl, 2009): P (Y | X = x) 6= P (Y | do(X =
x)) in general; correspondingly, ∼O 6=∼I in general. It also
formalises the identification–reachability gap in control
theory (Ljung, 1999): system identification yields observa-
tional accuracy but not necessarily control adequacy. Both
gaps are instances of a deeper inversion problem: the equiv-
alence relation that passive observation generates is the
wrong type for the question being asked. Standard frequen-
tist methodology faces an exactly analogous inversion—it
computes P (data | hypothesis) when the scientifically rele-
vant quantity is P (hypothesis | data), and no accumulation
of observational data resolves the type mismatch (Jaynes,
2003). The ∼O/∼A separation is the geometric form of
this inversion: learners receive observations and compute
observational partitions, but planning requires reachability
partitions, and these are different mathematical objects.
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A characterisation theorem (Appendix A) identifies
precisely when coincidence holds: ∼O⊆∼A iff every
intervention-relevant variable is observationally identifiable.
This is an additional structural property of the system,
not a consequence of predictive training. Verifying it is an
independent problem that no current objective addresses.

4. Three Corollaries

4.1. Predictive Gap

Corollary 3 (Predictive Admissibility Gap). If ϕP col-
lapses x1 ∼O x2, then DA(ϕP ) 6≡ 0 in general.

By Theorem 4, there exist x1 ∼O x2 with RΠ
H(x1) 6=

RΠ
H(x2). Any predictive projection identifying them con-

tributes positively to DA(ϕP ). This applies equally to
contrastive predictive coding (van den Oord et al., 2018),
successor representations (Dayan, 1993), and general value
functions (Sutton et al., 2011): all encode future observa-
tion structure; all are subject to the predictive gap. Mov-
ing prediction from pixel space to latent space changes
the domain of prediction without changing the type of the
equivalence relation.
4.2. Compression Gap

Corollary 4 (Compression Admissibility Gap). DA(ϕC) 6≡
0 in general for any projection ϕC minimising description
length.

By Theorem 3 and Corollary 1, each compression step in-
curs additional distortion equal to the expected separation
of newly merged pairs. The information bottleneck (Tishby
et al., 1999) specialises this: a representation that maxi-
mally compresses toward an observed reward signal may
discard admissibility-relevant structure if that structure is
uncorrelated with the reward in the training distribution.
4.3. Guardrail Incompleteness and Bayes-Risk Floor

Corollary 5 (Safety–Admissibility Gap). If DA(ϕ) > 0 be-
cause ϕ(xs) = ϕ(xd) for safe xs and dangerous xd, then no
guardrail classifier operating on M alone (without temporal
context, action history, or post-hoc outcome information)
can distinguish them.

Constructive proof. Any G : M → {0, 1} satisfies
G(ϕ(xs)) = G(ϕ(xd)) since both equal G(z) for z =
ϕ(xs) = ϕ(xd). One state is necessarily misclassified. The
failure is a consequence of the projection, not of classifier
architecture or capacity. Monitors with access to action
sequences or outcome histories may use information be-
yond ϕ(x) and are not subject to this bound; the corollary
applies to any classifier whose inputs are restricted to the
latent representation at a single time step.

Theorem 5 (Irrecoverable Quotient Collapse). Let A ∈
{0, 1} indicate admissibility status. For every downstream
transformation G : M → {0, 1},

I(A; G(ϕ(X))) ≤ I(A; ϕ(X)) . (2)

If I(A;ϕ(X)) = 0, then I(A;G(ϕ(X))) = 0 for all G.

(Proof in Appendix A.) This provides a principled diag-
nostic: persistent safety failure with error near 0.5 is at-
tributable to the representation rather than the classifier
architecture.
Corollary 6 (Bayes-Risk Floor). Let Z = ϕ(X). The
Bayes error of any binary classifier distinguishing A ∈
{0, 1} from ϕ(X) satisfies

ε∗ = EZ [min{P (A = 0 | Z), P (A = 1 | Z)}] . (3)

When I(A;ϕ(X)) is low, conditional uncertainty H(A |
Z) is high, and ε∗ approaches min(p, 1 − p) where p =
P (A = 1). If p ≈ 0.5, ε∗ → 0.5: any safety classifier on
such a projection performs near-randomly regardless of its
complexity.

5. Representation Learning as Quotient Selection
Proposition 5 (Quotient Framing). Every representation-
learning method induces an equivalence relation ∼ϕ on X
and thereby proposes a quotient X/∼ϕ. The admissibility
question is, in every case, whether ∼ϕ ⊆∼A.

Anti-trivial-collapse mechanisms (EMA encoders, VI-
CReg, contrastive terms) constrain the global distribution
of equivalence classes without constraining which states are
identified. They prevent |X/∼ϕ| = 1 but do not enforce
∼ϕ ⊆∼A.

The disputes among JEPA, latent diffusion, transformer
world models, bisimulation learning, and compression-based
intelligence are, at this level of description, disputes about
quotient selection. The renormalisation-group perspec-
tive (Wilson, 1975) asks which distinctions survive coarse-
graining; admissibility inverts this: which distinctions must
not be coarse-grained?

6. Admissibility as Prior Condition
The admissibility framework is not a competing objec-

tive: it is a prior condition derived from what planning
requires, not assumed as a desideratum. Every planning
goal—prediction, compression, control, reward, safety—
presupposes that distinct futures can be distinguished and
that some are accessible while others are not. Admissibility
formalises that presupposition.

The claim is a necessary-condition claim, not a suffi-
ciency claim. A system with DA(ϕ) ≈ 0 may still fail at
understanding, consciousness, or adaptability for reasons
this framework does not address. The framework claims
only that DA(ϕ) > 0 is sufficient for planning failure, and
that DA(ϕ) = 0 is necessary for adequate planning. This
necessary condition is universal: it applies with equal force
to biological nervous systems, social institutions, and artifi-
cial systems. A human planner who systematically confuses
states with different reachable futures incurs planning fail-
ures by the same mechanism as a neural network with high
DA(ϕ).
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Model predictive control (Mayne et al., 2000; Garcia et
al., 1989) presupposes that state variables are already cor-
rectly chosen—that the representation is a sufficient statis-
tic for future evolution. The novel claim of JEPA-based
world models is that self-supervised latent representations
constitute such sufficient statistics. Corollary 3 establishes
that this claim is unproven and that the criterion by which
it could be evaluated is precisely DA(ϕ).

7. Toward Estimation

7.1. Foundational status

DA(ϕ) is not yet an engineering metric. It is a target
criterion. The contribution of this paper is not an estimator;
it is the identification of the quantity whose estimation
future work must address. The research agenda is: develop
estimators that are eventually tight in expectation, and
certificates that are eventually sound.
7.2. Bisimulation lower bound

Proposition 6. Let Dbisim(ϕ) be the bisimulation dis-
tortion of ϕ under reward functions depending only on
reachability. Then Dbisim(ϕ) ≤ C ·DA(ϕ) for a constant
C depending on reward scale and discount factor. In par-
ticular, DA(ϕ) = 0 implies Dbisim(ϕ) = 0.

Bisimulation metrics (Ferns et al., 2004; Kemertas &
Aumentado-Armstrong, 2021) thus provide computable
lower bounds on DA(ϕ).
7.3. Trajectory-sampling lower bound

Fix Πk = {π1, . . . , πk} ⊆ Π. Define the witnessed-
disagreement indicator for a collapsed pair as

Wk(x1, x2) = 1
[
∃πi ∈ Πk : R̂πi,H(x1) 6= R̂πi,H(x2)

]
,

where R̂πi,H(x) = {y : x
πi,H y}. Define the witnessed

distortion

D̂A(ϕ; Πk) = E
[
1Cϕ=1 ·Wk(x1, x2)

]
.

Proposition 7 (Trajectory Lower Bound). D̂A(ϕ; Πk) ≤
1DA(ϕ)>0 in the sense that D̂A(ϕ; Πk) > 0 implies DA(ϕ) >
0: any witnessed disagreement between collapsed states
proves admissibility distortion exists. This bound does not
require any metric monotonicity assumption.

Proposition 8 (Asymmetry of Evidence). (i) If
D̂A(ϕ; Πk) > 0, then DA(ϕ) > 0: any witnessed reach-
ability disagreement between collapsed states proves dis-
tortion exists. (ii) If D̂A(ϕ; Πk) = 0, this does not imply
DA(ϕ) = 0: a zero result proves only that the sampled
policies found no witness.

The asymmetry is that of model checking and adversarial
testing: finding a counterexample is definitive; failing to
find one is not a proof of correctness. Trajectory-sampling
audits are one-sided diagnostic tools whose value increases
with the adversarial diversity of Πk.

7.4. Structural vs. operational distortion

Operational distortion Dπ
A(ϕ) is the expectation over

states visited by the current policy; structural distor-
tion Dstruct

A (ϕ) = supx1,x2
1Cϕ=1 ·∆A(x1, x2) measures the

worst case over X . These can diverge dramatically: Dπ
A ≈ 0

under a conservative policy while Dstruct
A � 0 in rarely-

visited regions. Safety-critical failures characteristically
occur in low-frequency, high-consequence regions that op-
erational distortion underweights.
7.5. Task-weighted distortion

A task-weighted refinement Dw
A(ϕ) = E[w(x1, x2) ·

1Cϕ=1 ·∆A(x1, x2)] interpolates between operational and
structural distortion when w assigns high weight to safety-
critical regions regardless of visit frequency. The conflict
between compression and admissibility is sharpest when
the probability measure over states and the importance
weights over states are systematically opposed, as they are
in safety-critical domains.
7.6. Admissibility depth

Definition 6 (Admissibility Depth). dA(x1, x2) = min{H :
RΠ

H [H](x1) 6= RΠ
H [H](x2)}, with dA = ∞ if x1 ∼A x2 for

all H.

The horizon hierarchy ∼(Π,1)
A ⊇∼(Π,10)

A ⊇ · · · implies that
representations adequate for one-step prediction may be
catastrophically inadmissible for strategic planning.

8. Discussion
Scope conditions. The framework presupposes a fixed

(X ,Π,H). When a system alters its own element types—
new variables become relevant, old ones disappear—∼A

must be re-derived on the enlarged or altered space. This
challenge is shared by every formal framework that re-
quires a domain before analysis can begin. The admissi-
bility framework is better positioned than distributional
approaches: since ∼A is derived from planning requirements
rather than training statistics, it does not presuppose a
representative training distribution. Dynamic state-space
evolution is an open problem for the field, not a special
failure of admissibility-based approaches.

Relation to impossibility arguments. Arguments that
intelligence is impossible to formalise because complex sys-
tems alter their own coordinate systems are addressed by
the above scope observation. The admissibility relation
is defined over reachability geometry, not distributional
regularity; non-ergodicity does not preclude well-defined
reachability cones. The relevant objection is not “irregular-
ity implies impossible” but “changing coordinate systems
complicate re-derivation of ∼A”—a genuine difficulty that
converts a putative refutation into an open research prob-
lem.

Self-modifying agents. An agent undergoing internal
transformation (updated representations, goals, or memo-
ries) remains a coherent agent insofar as the transformation
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preserves reachability-relevant distinctions. Narrative iden-
tity frameworks and symbolic stabilisers can be interpreted
as mechanisms for maintaining low DA(ϕ) across develop-
mental transitions, rather than alternatives to reachability-
based accounts. Graziano’s Attention Schema Theory
(Graziano, 2013) provides a complementary angle: the
model-of-the-world processor that tracks the agent’s own at-
tentional states is, in admissibility terms, tracking which of
the agent’s own reachable futures remain accessible given its
current attention allocation. A low-distortion self-schema
is a necessary condition for the attention schema to guide
action reliably.

Relation to the Conscious Turing Machine. Blum &
Blum (2022) define a formal seven-tuple model of con-
sciousness in which a global broadcast mechanism (the
Down Tree) simultaneously delivers a winning chunk to
all long-term-memory processors. The chunk is selected
by a probabilistic Up Tree tournament weighted by pro-
cessor confidence. In admissibility terms, the broadcast
mechanism is planning-adequate only if the chunk-selection
process preserves ∼A: two starting states whose reach-
able futures differ must not produce the same winning
chunk. If the chunk representation (the Brainish gist) is
inadmissible—if it collapses states with distinct reachability
cones—then Corollary 5 applies: no downstream processor
can recover the lost distinction, and the system’s behaviour
from those states will converge regardless of their differ-
ent reachable futures. The CTM’s subjective experience,
grounded in the co-evolution of Brainish and a world model
(Blum & Blum, 2022), is therefore admissibility-dependent:
a genuine first-person perspective, in Varela et al.’s sense
of “lived experience associated with cognitive and mental
events” (Varela et al., 1999), requires that the internal
language preserve the distinctions that determine what the
agent can do next.

Relation to Gupta & Pruthi. Gupta & Pruthi (2025)
argue that world models fail to capture understanding
because state-tracking is insufficient for grasping the organ-
ising principles that make states significant. The admis-
sibility framework formalises this diagnosis: the quantity
world models fail to preserve is DA(ϕ), the departure of
the learned quotient from X/∼A. Poincaré’s distinction
between verifying a proof step-by-step and understanding
why those steps were chosen (Poincaré, 1914) maps onto
Theorem 4: verification is observational (local transition
checking); understanding is interventional (grasping the
reachability geometry of proof space).

Biological instantiation: photosynthesis–growth decou-
pling in oaks. A recent empirical study of North Ameri-
can temperate deciduous oaks provides what may be the
clearest natural-system instantiation of the Observational–
Interventional Separation Theorem outside of engineering
(Rao et al., 2026). The authors demonstrate that gross
primary productivity (GPP)—the observational quantity
accessible to passive remote sensing, eddy covariance, and

satellite fluorescence retrieval—and aboveground woody
biomass growth—the quantity determining long-term car-
bon sequestration and thus the accessible futures of the
ecosystem—are systematically decoupled across diel, sea-
sonal, and interannual timescales. Across 137 tree-ring
sites, 26–36% of annual GPP occurred after July, yet late-
season climate contributed negligibly to annual ring-width
variance. At four high-resolution monitoring sites, growth
ceased 2–4 months before photosynthesis. At the daily
scale, growth occurred primarily between midnight and
07:00 when VPD and temperature were minimal, while
GPP peaked near solar noon under conditions of high
atmospheric dryness.

The mechanistic explanation instantiates the coincidence-
conditions theorem (Appendix A): observational equiva-
lence implies interventional equivalence only when every
intervention-relevant variable is observationally identifi-
able. Turgor pressure in cambial cells—the proximate
driver of radial growth—is governed primarily by VPD and
stem water status. GPP is governed primarily by light
availability, stomatal conductance, and enzyme kinetics.
These are different state variables subject to different bio-
physical constraints, and passive observation of carbon
flux cannot identify which turgor state the cambium is
in. Two oaks with identical GPP traces may therefore
have radically different growth futures depending on their
hydraulic status—exactly the structure of xh ∼O xf but
xh 6∼A xf in Theorem 4. Earth system models that conflate
the photosynthetic season with the growing season are, in
admissibility terms, using an inadmissible encoder: the
learned quotient collapses states whose reachable futures—
measured in woody carbon accumulated over decades—are
substantially different.

The reported Spearman correlation r = 0.86 between in-
terannual VPD variability and the degree of photosynthesis–
growth decoupling (Rao et al., 2026) is an empirical measure
of how admissibility distortion in the GPP representation
scales with the activation of the latent constraint vari-
able. As atmospheric aridity becomes more variable, the
gap between observational and interventional equivalence
widens—which is precisely what the framework predicts
when a latent variable (turgor constraint) becomes more dy-
namically relevant. The monotonicity theorem (Theorem 3)
further applies to the temporal aggregation practiced by
ESMs: each step of coarsening from hourly to daily to sea-
sonal to annual GPP is a compression step in the quotient
lattice, and Corollary 1 identifies the admissibility cost
as the expected reachability separation of the pairs each
compression step newly merges. Rao et al. measure this
cost directly: at annual resolution, post-July GPP carries
near-zero information about annual ring-width, meaning
the compression to annual totals has destroyed the phe-
nological distinction between the growth window and the
photosynthetic season entirely.
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9. Conclusion
We have identified DA(ϕ) as the missing criterion in

representation learning for planning, derived its properties
from planning requirements alone, and established that
predictive and compressive objectives fail to satisfy it in
general. The Observational–Interventional Separation The-
orem shows the failure is structural; the data-processing
inequality and Fano bound convert it into operational safety
limits; the decomposition and trajectory-sampling results
provide diagnostic tools. DA(ϕ) joins the tradition of
quantities—entropy, Kolmogorov complexity, mutual in-
formation, Wasserstein distance—that became organising
centres for research programmes by naming something
previously unmeasured. The contribution is not a new
architecture or training procedure; it is the identification
of a missing criterion and the derivation of its properties
from first principles.

Acknowledgements. The author has no institutional
affiliation and no conflicts of interest.

Appendix A. Proofs of All Results
We collect complete proofs of all propositions, theorems,

and corollaries in the order of their appearance in the main
text. Notation follows the main text throughout.

Proposition 1 (Planning Sufficiency Requirement)

Proof. Suppose RΠ
H(x1) 6= RΠ

H(x2). Then there exists
y ∈ X belonging to one reachability set but not the other;
without loss of generality, y ∈ RΠ

H(x1) \ RΠ
H(x2). Define

a cost function c : X → R by c(z) = 0 if z = y and
c(z) = M for M > 0 otherwise. Under any policy π ∈ Π,
the expected cost from x1 is achievable at zero (take π
that reaches y); no policy from x2 achieves cost less than
M > 0 since y /∈ RΠ

H(x2). The optimal policies therefore
differ. Any representation ϕ with ϕ(x1) = ϕ(x2) cannot
distinguish the starting state and hence cannot recover the
optimal policy difference.

Proposition 2 (Collapse–Separation Decomposition)

Proof. By the law of total expectation,

DA(ϕ) = E[Cϕ ·∆A] = E[Cϕ ·∆A | Cϕ = 1]P (Cϕ = 1)

+ E[Cϕ ·∆A | Cϕ = 0]P (Cϕ = 0).

The second term is zero since Cϕ = 0 implies the indicator
is zero. Hence DA(ϕ) = P (Cϕ = 1) · E[∆A | Cϕ = 1].

Theorem 2 (Universality of ∼A)

Proof. (∼A⊆
⋂

T ∼T ): If x1 ∼A x2, then RΠ
H(x1) =

RΠ
H(x2). For any T ∈ TA whose cost depends only on

reachability, states with equal reachability sets induce iden-
tical optimal policies, so x1 ∼T x2.

(
⋂

T ∼T ⊆∼A): Suppose RΠ
H(x1) 6= RΠ

H(x2). By Propo-
sition 1, there is an accessibility task T ∗ (assign cost 0

to trajectories through the distinguishing reachable state,
M > 0 otherwise) for which optimal policies differ, so
x1 6∼T ∗ x2, hence x1 /∈

⋂
T ∼T .

Maximality: any equivalence relation safe for all tasks in
TA is contained in their intersection, which equals ∼A.

Theorem 3 (Monotonicity) and Corollary 1 (Accounting
Identity)

Proof of Theorem 3. ∼ϕ1 ⊆ ∼ϕ2 implies the expectation
in DA(ϕ2) sums over a superset of the pairs summed in
DA(ϕ1), with all terms non-negative. Hence DA(ϕ1) ≤
DA(ϕ2).

Proof of Corollary 1. Since ∼ϕ2
= ∼ϕ1

∪N (disjoint union
by definition of N ),

DA(ϕ2) = E[1∼ϕ1
·∆A]+E[1N ·∆A] = DA(ϕ1)+E[1N ·∆A].

Proposition 4 (∼I=∼A)

Proof. By definition, x1 ∼I x2 iff their reachable sets co-
incide under all π ∈ Π at all h ≤ H. Taking h = H and
universally quantifying over π yields RΠ

H(x1) = RΠ
H(x2),

i.e. x1 ∼A x2. The converse is immediate since RΠ
H(x) =⋃

π∈Π{y : x
π,H
 y}.

Theorem 4 (Observational–Interventional Separation)

Proof. It suffices to exhibit a system in which ∼O 6⇒∼I . The
load-bearing element example serves: let x1 (intact) and x2
(internally cracked) satisfy P (Ot+1:t+k | x1) = P (Ot+1:t+k |
x2) for all k under passive observation (crack invisible at
normal load), giving x1 ∼O x2. Under a policy applying
stress beyond the crack threshold, x2 reaches failure states
unreachable from x1, so RΠ

H(x1) 6= RΠ
H(x2) and x1 6∼I x2.

A minimal formal example makes the structure explicit.
Let X = {s00, s10, ssafe, sdanger} with latent binary variable
L /∈ observation function. Set O(s00) = O(s10) = o0,
O(ssafe) = os, O(sdanger) = od. Under action a: s00 → ssafe;
s10 → sdanger. Then P (Ot+1 | s00) = P (Ot+1 | s10) = δo0 so
s00 ∼O s10; but RΠ

H(s00) = {ssafe}, RΠ
H(s10) = {sdanger}, so

s00 6∼I s
1
0.

More generally, any latent structural variable that de-
termines reachability without affecting current observation
distributions—a hidden Markov state, an unobservable
causal parent, a dormant failure mode—produces the same
pattern. Such variables are ubiquitous in physical, biologi-
cal, and engineered systems.

Observational Sufficiency Characterisation

Theorem 6 (Coincidence Conditions). ∼O ⊆ ∼A iff every
intervention-relevant variable is observationally identifiable:
every variable whose value affects RΠ

H(x) is determined by
the observation distribution P (Ot+1:t+k | x).
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Proof. (⇒): If ∼O ⊆ ∼A and some variable V affects reach-
ability but is not observationally identified, there exist
x1, x2 with P (O | x1) = P (O | x2) but different V -values
and different reachability sets, contradicting ∼O ⊆ ∼A.

(⇐): If every intervention-relevant variable is observa-
tionally identifiable and x1 ∼O x2, then every variable
affecting RΠ

H(·) takes the same value at x1 and x2, so
RΠ

H(x1) = RΠ
H(x2), giving x1 ∼A x2.

Theorem 5 (Irrecoverable Quotient Collapse)

Proof. The chain A → X → ϕ(X) → G(ϕ(X)) satisfies
the Markov property at each link: A causally determines
X; ϕ is a deterministic function of X; G is a deterministic
function of ϕ(X). By the data-processing inequality (Cover
& Thomas, 2006),

I(A; G(ϕ(X))) ≤ I(A; ϕ(X)).

If I(A;ϕ(X)) = 0, then I(A;G(ϕ(X))) ≤ 0; since mutual
information is non-negative, equality holds.

Theorem 1 (Zero-Distortion Characterisation)

Proof. DA(ϕ) = E[Cϕ ·∆A]. Every term is non-negative
since Cϕ ≥ 0 and ∆A = d(RΠ

H(x1),RΠ
H(x2)) ≥ 0. The

expectation is zero iff every term is zero a.s. Cϕ(x1, x2) = 1
and ∆A > 0 iff ϕ(x1) = ϕ(x2) and RΠ

H(x1) 6= RΠ
H(x2), i.e.

Cϕ = 1 and x1 6∼A x2. Hence DA(ϕ) = 0 iff P (Cϕ =
1, x1 6∼A x2) = 0.

Corollary 6 (Bayes-Risk Floor)

Proof. For any classifier G : M → {0, 1} and Z = ϕ(X),
the Bayes-optimal rule achieves the minimum posterior
error at each z: G∗(z) = argmaxa∈{0,1} P (A = a | Z =
z). The resulting Bayes error is ε∗ = EZ [min{P (A = 0 |
Z), P (A = 1 | Z)}]. By Theorem 5, no classifier on M can
beat this floor. When I(A;Z) is small, P (A | Z) ≈ P (A)
for most z (Cover & Thomas, 2006), so min{P (A = 0 |
Z), P (A = 1 | Z)} ≈ min(p, 1− p) and ε∗ ≈ min(p, 1− p).
At p = 0.5, ε∗ → 0.5.

Proposition 6 (Bisimulation Lower Bound)

Proof sketch. If RΠ
H(x1) = RΠ

H(x2) (admissibility equiva-
lence), states reach the same futures and have the same
optimal value under any accessibility-structured reward, so
bisimulation distance is zero. In the non-zero case, Lipschitz
continuity of value functions with respect to reachability
divergence under standard reward and discount assump-
tions (cf. Ferns et al. (2004)) gives Dbisim(ϕ) ≤ C ·DA(ϕ)
with C absorbing reward scale and (1− γ)−1.

Proposition 7 (Trajectory Lower Bound)

Proof. If D̂A(ϕ; Πk) > 0, there exists a collapsed pair
(x1, x2) (with ϕ(x1) = ϕ(x2)) and a policy πi ∈ Πk such
that R̂πi,H(x1) 6= R̂πi,H(x2). Since R̂πi,H(x) ⊆ RΠ

H(x),
we have RΠ

H(x1) 6= RΠ
H(x2) (otherwise both empirical sets

would be subsets of the same true set and the collapsed pair
could not exhibit disagreement). Hence x1 6∼A x2, giving
DA(ϕ) > 0 by Theorem 1. The bound requires no metric
monotonicity assumption.

Proposition 8 (Asymmetry of Evidence)

Proof. Part (i): D̂A > 0 implies DA(ϕ) ≥ D̂A > 0 by
Proposition 7.

Part (ii): D̂A = 0 means that for every collapsed pair
(x1, x2) in the sample, the sampled trajectories from x1
and x2 under Πk did not diverge within horizon H. Since
R̂Πk,H(x) ⊆ RΠ

H(x) with potentially strict inclusion (when
Πk ( Π or trajectories are censored), non-divergence under
Πk does not imply RΠ

H(x1) = RΠ
H(x2). Hence D̂A = 0 does

not imply DA(ϕ) = 0.

Appendix B. Stochastic Extension

The main text treats deterministic dynamics for clarity.
Replace RΠ

H(x) by the distribution P(· | x, π,H) over fu-
ture trajectories. Admissibility equivalence becomes equal-
ity of these distributions for all π ∈ Π, and admissibility
distortion becomes

DA(ϕ)
stoch = Ex1,x2

[
1ϕ(x1)=ϕ(x2) · Sp(x1, x2)

]
, (4)

where Sp(x1, x2) = supπ∈ΠWp(P(· | x1, π,H),P(· |
x2, π,H)) where Wp is the Wasserstein-p distance (KL di-
vergence is an alternative with tighter information-theoretic
connections). All main theorems carry over: the Separation
Theorem holds because passive observation and interven-
tion still generate distributions over different mathemati-
cal objects; the data-processing inequality applies without
modification; the bisimulation lower bound extends via
the stochastic bisimulation metric of Ferns et al. (2004);
and the trajectory lower bound extends by replacing set
inclusion with distributional domination under the chosen
divergence.

Appendix C. Admissibility Depth and Horizon Hi-
erarchy

Admissibility equivalence is parameterised by (Π,H).
Write ∼(Π,H)

A explicitly. A natural hierarchy holds:

∼(Π,1)
A ⊇ ∼(Π,10)

A ⊇ · · · ⊇ ∼(Π,∞)
A .

Definition 7 (Admissibility Depth). dA(x1, x2) =

min{H ∈ N : x1 6∼(Π,H)
A x2}, with dA(x1, x2) = ∞ if

x1 ∼(Π,H)
A x2 for all H.

Large admissibility depth means two states appear equiv-
alent for short-horizon planning but diverge at longer hori-
zons. A representation adequate for one-step prediction
(H = 1) may be catastrophically inadmissible for strategic
planning (H � 1), even when D

(Π,1)
A (ϕ) = 0.
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Proposition 9 (Distortion Monotonicity in Horizon). For
fixed (Π, ϕ), D(Π,H)

A (ϕ) is non-decreasing in H.

Proof. Since Definition 1 defines reachability as “within
horizon H” (not exactly at H), we have RΠ

H [H](x) ⊆
RΠ

H [H + 1](x) for all x and H: any state reachable within
H steps is also reachable within H + 1 steps (by execut-
ing the same policy and then idling or repeating the last
action). Therefore ∼(Π,H+1)

A ⊆∼(Π,H)
A : longer horizons can

distinguish states that shorter horizons cannot. By Theo-
rem 3 applied to the partition induced by ϕ relative to the
changing ∼A, distortion is non-decreasing in H.

Proposition 3 (Lipschitz Stability)

Proof. By assumption, ∆A(x1, x2) ≤ LdX (x1, x2) for all
x1, x2. Substituting into Definition 3:

DA(ϕ) = E[Cϕ ·∆A] ≤ LE[Cϕ · dX (x1, x2)]

= LE[1Cϕ=1 · dX (x1, x2)].

Appendix D. Admissibility-Constrained Informa-
tion Bottleneck

The information bottleneck (Tishby et al., 1999) seeks
a representation Z of X minimising I(X;Z) subject to
I(Z;Y ) ≥ β for a target variable Y and tradeoff β > 0. We
propose the admissibility-constrained bottleneck: minimise
I(X;Z) subject to DA(ϕ) ≤ ε for some tolerance ε ≥ 0.

The standard bottleneck can discard admissibility-
relevant structure if it is uncorrelated with Y in the training
distribution. The admissibility-constrained variant makes
this trade-off explicit: description length is minimised only
among projections that preserve reachability-relevant dis-
tinctions to within ε. At ε = 0, the feasible set is exactly
the set of admissible projections; at ε > 0, controlled
inadmissibility is permitted in exchange for compression
efficiency.

The dual formulation adds λ ·DA(ϕ) to the bottleneck
objective:

min
ϕ

L(ϕ, λ) = I(X;ϕ(X)) + λ ·DA(ϕ).

Proposition 10 (Lagrangian Limiting Cases). Let ϕλ

denote the minimiser of L(·, λ).

(i) λ = 0: reduces to pure compression; DA(ϕ) is uncon-
strained.

(ii) λ → ∞: DA(ϕλ) → 0; the solution approaches the
minimally compressive admissible projection.

(iii) Under standard envelope-theorem conditions on the
parametric family of minimisers,

d

dλ
L(ϕλ, λ) = DA(ϕλ).

Proof sketch. (i) and (ii) follow immediately from the ob-
jective: at λ = 0 the admissibility term vanishes; as λ→ ∞

any ϕ with DA(ϕ) > 0 has unbounded cost and is domi-
nated by any admissible projection. (iii) is the Danskin–
Rockafellar envelope theorem: ∂L/∂λ evaluated at ϕλ

equals the partial derivative in λ with ϕ held fixed, which
is DA(ϕ)(ϕλ).

The envelope result (iii) implies that the rate of change
of the optimal objective with respect to the admissibility
penalty equals the current distortion level. A steep rate
of change at small λ indicates that compression is being
achieved primarily by sacrificing admissibility; a flat rate
indicates that admissibility and compression are compatible
in the current representation family. Developing tractable
surrogates for DA(ϕ) in this objective—via bisimulation
distances, trajectory-divergence penalties, or reachability-
coverage regularisers—is a concrete algorithmic research
problem.

The admissibility penalty λ ·DA(ϕ) plays a role struc-
turally dual to the Bayesian Occam’s razor (Jaynes, 2003).
The Bayesian Bayes factor penalises models for occupy-
ing unnecessary parameter dimensions: prior probability
density becomes diluted across a larger space, dragging
down the marginal likelihood unless the extra complexity
yields compensating predictive accuracy. The admissibility
penalty penalises representations for collapsing necessary
distinctions: DA(ϕ) accumulates whenever the projection
merges states whose reachable futures differ, and this cost
grows monotonically with compression (Theorem 3). The
two mechanisms are mirror images — one punishes unnec-
essary complexity; the other punishes destructive simplicity

— and together they define the boundaries of a well-posed
representation space for planning.

Appendix E. Dynamic State Spaces and Meta-
Admissibility

The main framework takes (X ,Π,H) as fixed. When
a system alters its own element types—new state dimen-
sions become relevant, old ones disappear—∼A must be
re-derived on the evolved space. Let Xt denote the state
space at time t and ∼(t)

A the corresponding admissibility
relation.

A transformation F : Xt → Xt+1 (representing a develop-
mental or ontological change in the system) is admissibility-
preserving if the induced map on equivalence classes satis-
fies:

x1 ∼(t)
A x2 ⇒ F (x1) ∼(t+1)

A F (x2).

This is a necessary condition for the transformation to
preserve planning competence across the transition.

Definition 8 (Meta-Admissibility). A sequence of transi-
tions (Xt,∼(t)

A ) → (Xt+1,∼(t+1)
A ) is meta-admissible if the

transition map F is admissibility-preserving.

The dynamic vector-space objection (complex systems
alter their own element types, making fixed mathemati-
cal structures inapplicable) is therefore not a refutation
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of admissibility theory but a request for its generalisa-
tion to evolving state spaces. The question shifts from
“does a projection preserve reachability?” to “does a state-
space evolution preserve reachability?” These are formally
analogous questions one level up. Narrative identity frame-
works, symbolic stabilisers, and developmental coherence
conditions can be interpreted as mechanisms for enforcing
meta-admissibility: they constrain which self-modifications
are permissible by requiring that admissibility-relevant dis-
tinctions survive transition.

Meta-admissibility is an open research programme. The
present paper establishes the base case (t fixed) and identi-
fies the natural generalisation.

Proposition 11 (Composition of Admissibility-Preserving
Maps). If F : Xt → Xt+1 and G : Xt+1 → Xt+2 are
both admissibility-preserving, then G ◦ F : Xt → Xt+2 is
admissibility-preserving.

Proof. Let x1 ∼(t)
A x2. Since F is admissibility-preserving,

F (x1) ∼(t+1)
A F (x2). Since G is admissibility-preserving,

G(F (x1)) ∼(t+2)
A G(F (x2)).

Admissibility-preserving maps therefore compose, giv-
ing the collection of admissibility-preserving transitions
a category-like structure. The objects are pairs (Xt,∼(t)

A )
and the morphisms are admissibility-preserving maps. This
means sequences of developmental transitions can be anal-
ysed by decomposing them into individual admissibility-
preserving steps: if each step is admissibility-preserving,
the composition over any finite developmental trajec-
tory is admissibility-preserving. Conversely, a single non-
admissibility-preserving transition contaminates all subse-
quent states reachable from it.

Appendix F. Relation to Bisimulation Hierarchy
Bisimulation equivalence ∼bis requires identical transi-

tion distributions and reward structures: x1 ∼bis x2 iff
P (· | x1, a) = P (· | x2, a) and r(x1, a) = r(x2, a) for all
a. Admissibility equivalence is strictly coarser: it requires
only that reachable future sets coincide, not that transition
distributions or rewards agree pointwise.

Proposition 12. ∼bis ⊆ ∼A for reward functions depend-
ing only on reachability structure.

Proof. If x1 ∼bis x2, then transition distributions are iden-
tical under all actions; by induction over H, reachable sets
are identical, so RΠ

H(x1) = RΠ
H(x2), giving x1 ∼A x2.

The converse fails in general: two states can have
RΠ

H(x1) = RΠ
H(x2) (and hence x1 ∼A x2) while differing in

transition dynamics or reward (failing ∼bis). Admissibility
is therefore a weaker requirement than bisimulation: it de-
mands only that planning-relevant structure be preserved,
not that the full stochastic dynamics be matched.

This hierarchy has a practical implication. Bisimulation-
based representation learning (Zhang et al., 2021; Kemer-
tas & Aumentado-Armstrong, 2021) optimises for a more
stringent criterion than admissibility requires. Systems
satisfying bisimulation equivalence are admissible, but ad-
missibility does not require bisimulation. A representation
with DA(ϕ) = 0 but Dbisim > 0 is adequate for planning
purposes despite failing the bisimulation criterion. Con-
versely, Proposition 6 shows that Dbisim lower-bounds a
rescaling of DA(ϕ), so bisimulation distortion serves as a
useful computable proxy.

Appendix G. Category of Admissibility Structures
We show that admissibility structures form a category in

which admissible projections are precisely the morphisms,
and that the admissibility quotient qA : X → X/∼A

satisfies a universal property making it initial among all
planning-safe abstractions.

Definition 9 (Category Adm). The category Adm has:
• Objects: pairs (X ,∼A) where X is a state space and

∼A is an admissibility equivalence relation on X .
• Morphisms: functions f : (X ,∼A) → (Y,∼′

A) satisfy-
ing x1 ∼A x2 ⇒ f(x1) ∼′

A f(x2).
• Composition: function composition (well-defined since

admissibility-preservation is preserved under composi-
tion, Proposition 11).

• Identity: idX : (X ,∼A) → (X ,∼A).

Admissible projections ϕ : X → M are exactly the mor-
phisms (X ,∼A) → (M,∼′

A) in Adm when M is equipped
with the finest admissibility structure consistent with ϕ.
Inadmissible projections fail to be morphisms: there exist
x1 ∼A x2 with ϕ(x1) 6= ϕ(x2) in M where these images are
not equivalent. Admissibility distortion DA(ϕ) measures
the extent of this morphism failure.

Theorem 7 (Universal Property of qA). Let qA : X →
X/∼A be the canonical quotient map. For any admissible
projection ϕ : (X ,∼A) → (M,∼′

A) in Adm, there exists
a unique morphism ϕ̄ : (X/∼A,∼∗

A) → (M,∼′
A) such that

ϕ = ϕ̄ ◦ qA:

X M

X/∼A

ϕ

qA
ϕ̄

(5)

where ∼∗
A is the quotient relation on X/∼A induced by

∼A. Consequently, qA is the initial object in the cate-
gory of admissible projections from X : every planning-safe
representation factors uniquely through the admissibility
quotient.

Proof. Existence. Define ϕ̄ : [x] 7→ ϕ(x) for each equiv-
alence class [x] ∈ X/∼A. Since ϕ is admissible, if
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x1 ∼A x2 then ϕ(x1) = ϕ(x2) (by Definition 2), so ϕ̄
is well-defined on equivalence classes. By construction,
ϕ̄(qA(x)) = ϕ̄([x]) = ϕ(x), so ϕ = ϕ̄ ◦ qA.

Uniqueness. Any ψ : X/∼A → M satisfying ϕ = ψ ◦ qA
must satisfy ψ([x]) = ψ(qA(x)) = ϕ(x) for all x. Since
every element of X/∼A is of the form [x], ψ is uniquely
determined.

Initiality. A morphism qA : (X ,∼A) → (X/∼A,∼∗
A)

exists and is universal: every morphism out of (X ,∼A)
factors uniquely through it. This is the defining property
of an initial object in the slice category over M.

Theorem 7 gives the admissibility quotient a character
stronger than ”largest safe equivalence relation”: it is the
initial planning-safe abstraction, the one through which
every other safe abstraction necessarily factors. The factori-
sation map ϕ̄ is unique, making the relationship between
any admissible representation and the admissibility quo-
tient canonical rather than constructed.

The categorical language also reframes admissibility dis-
tortion. DA(ϕ) measures how far ϕ is from being a mor-
phism in Adm: specifically, it measures the expected reach-
ability separation between pairs that ϕ collapses but ∼A

does not. A zero-distortion projection is a morphism; a
positive-distortion projection is a broken morphism whose
degree of failure is quantified by DA(ϕ).

The lattice structure of Adm connects to the Knuth–
Skilling programme (Knuth & Skilling, 2012), which derives
the sum and product rules of probability as the unique con-
sistent valuation on a distributive lattice ordered by logical
implication. The admissibility quotient lattice (X/∼A,⊆),
ordered by set inclusion of reachability sets, is a distribu-
tive lattice of exactly this type. A valuation on this lattice
that assigns 0 to admissibility-equivalent pairs and positive
values to inadmissible collapses is precisely DA(ϕ). The
Knuth–Skilling uniqueness result suggests that DA(ϕ), up
to choice of severity metric d, is the canonical measure
of departure from morphism-hood in Adm—the unique
consistent quantification of admissibility violation, just as
probability is the unique consistent quantification of logical
implication on a distributive lattice of propositions.

Appendix H. Sheaf-Theoretic Reading of the Sep-
aration Theorem

We show that the Observational–Interventional Separa-
tion Theorem (Theorem 4) has a natural sheaf-theoretic
interpretation: observation provides sections of one sheaf
while planning requires sections of a different sheaf on a
finer topology. The impossibility of recovering planning-
relevant information from observational data corresponds
to a sheaf cohomological obstruction.

Reachability Topology and the Planning Sheaf

Define the reachability topology τA on X as the topology
generated by the reachability balls

BΠ
H(x) = RΠ

H(x) = {y ∈ X : ∃π ∈ Π, x
π,H
 y},

taking these as basic open sets. The topology τA captures
which states are ”near” x in the sense of being reachable
from it.

Define the planning presheaf FA by assigning to each
open U ∈ τA the set of reachable futures from U :

FA(U) =
⋃
x∈U

RΠ
H(x),

with restriction maps ρUV : FA(U) → FA(V ) given by
inclusion for V ⊆ U .
Observation Topology and the Observation Sheaf

Define the observation topology τO on X as generated by
observational indistinguishability neighborhoods:

NO(x) =
{
y ∈ X : P (Ot+1:t+k | y) = P (Ot+1:t+k | x)

for all k ≥ 1
}
.

The observation sheaf FO assigns to U ∈ τO the observation
distributions accessible from U :

FO(U) =
{
P (Ot+1:t+k | x) : x ∈ U, k ≥ 1

}
.

The Separation Theorem as a Sheaf Statement

Theorem 8 (Sheaf Formulation of Separation). The topolo-
gies τO and τA are distinct in general, with τO coarser
than τA: observationally indistinguishable states may be
reachability-distinguishable. Consequently, a global section
of FA (complete reachability information for all of X ) is
not determined by the sections of FO (observational infor-
mation on a τO-cover). There exist covers {Ui} of X in
τO on which local sections of FO are compatible, yet do not
assemble into a section of FA.

Proof. By Theorem 4, there exist x1, x2 ∈ X with x1 ∼O x2
(so x1 and x2 belong to the same τO-neighborhood) but
RΠ

H(x1) 6= RΠ
H(x2) (so x1 and x2 belong to different τA-

basic-open-sets). Any τO-cover of X groups x1 and x2
into the same open set and assigns them the same local
section of FO. A global section of FA must distinguish
x1 and x2 (since their reachability sets differ), but no τO-
local information can force this distinction. The attempted
assembly of local FO-sections into a global FA-section
therefore fails the uniqueness condition of the sheaf axiom:
two distinct global admissibility sections are consistent with
the same observational local data.

Remark 6 (Interpretation). Local sections of FO corre-
spond to passive observational data available to a predictive
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learner. A global section of FA corresponds to complete
knowledge of the reachability geometry required for plan-
ning. Theorem 8 establishes that observation provides local
sections of FO, while planning requires a global section of
FA, and these are sections of different sheaves on differ-
ent topologies. The failure of local-to-global assembly is
precisely the observational–interventional gap: locally con-
sistent observation does not determine globally consistent
reachability.

The failure of assembly can be understood as a co-
homological obstruction: the mismatch between τO and
τA produces a non-trivial Čech cohomology class [δs] ∈
H1(τO;FA) that obstructs extension of local FO-sections to
global FA-sections. Formalising this obstruction class and
connecting it to the mutual-information bound I(A;ϕ(X))
of Theorem 5 is a natural direction for future work: the
magnitude of the obstruction may be quantifiable in terms
of DA(ϕ).
Temporal Admissibility as a Sheaf over Time

The dynamic state-space setting of Appendix E also
admits a sheaf-theoretic reading. Let the base category
be the poset of time intervals [s, t] ordered by inclusion.
Assign to each interval [s, t] the admissibility structure
(X[s,t],∼

[s,t]
A ) on the time-slice of state space. The restric-

tion maps are the transition functions F : Xt → Xt+1 of
Appendix E. Meta-admissibility (Definition in Appendix E)
is then precisely the sheaf compatibility condition: sections
on overlapping time intervals agree on their overlap. The
composition theorem (Proposition 11) is the sheaf gluing
lemma for this temporal sheaf: compatible local admissibil-
ity structures assemble into a global admissibility structure
over the developmental trajectory. A developmental transi-
tion that violates meta-admissibility corresponds to a failed
gluing, creating a cohomological obstruction to consistent
identity over time.
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