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Abstract

The Flash—Reluctance Engine is typically described as a hybrid ther-
modynamic and electromagnetic rotational machine in which flash-steam
expansion and switched-reluctance actuation cooperate to produce regu-
lated shaft power. Such a description, while operationally correct, obscures
a deeper mathematical structure. The present work develops a geometric
formulation of the engine in which thermal reservoirs, chamber temper-
atures, electromagnetic allocations, and rotor momentum are treated as
coordinates on a coupled state manifold subject to admissibility constraints.

Within this framework the thermal subsystem appears as a distributed
resource field, the electromagnetic subsystem as a predictive allocation
mechanism, and the flywheel as an integrative memory structure that accu-
mulates the history of torque production. The resulting system is shown
to possess a rich mathematical architecture involving constrained flows,
resource competition networks, admissible continuation regions, control-
induced curvature, and bifurcations associated with thermal collapse and
actuator saturation.

Several new results are derived. We establish conditions for the existence
and uniqueness of equilibrium operating states, characterize the geometry of
thermal admissibility boundaries, derive optimal electromagnetic allocation
rules from a variational principle, and formulate a continuation volume that
quantifies the remaining operational freedom of the machine. The resulting

perspective reveals the Flash-Reluctance Engine as an instance of a broader
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class of constrained continuation systems whose primary function is the
maintenance of admissible trajectories under resource limitations.

The analysis provides a bridge between thermodynamics, control theory,
nonlinear dynamics, optimization, and resource geometry, while simultane-
ously serving as a concrete laboratory realization of concepts that appear

more generally in adaptive physical, biological, and institutional systems.
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Notation

Throughout this monograph we employ the following notation.

0 Rotor angle

w Angular velocity

I Moment of inertia

Tyqn  Thermal torque

Tgm  Electromagnetic torque
Tt Friction torque

Tioad External load torque

T; Temperature of chamber i
T. Core temperature

N Number of chambers

M State manifold

A Admissible region

®,  Flow generated by the dynamics
Rt Total thermal resource

Vg Continuation volume

X System state vector
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1 The State Manifold

The Flash-Reluctance Engine is conventionally described in terms of interacting
thermal, electromagnetic, and mechanical subsystems. We begin instead from
a geometric viewpoint. The primary object of study is not a machine but a
trajectory on a state manifold.

The purpose of this section is to reformulate the Flash-Reluctance Engine as a
geometric dynamical system. Rather than beginning with individual differential
equations for temperature, torque, and velocity, we seek a unified representation
in which all physical variables appear as coordinates on a common state manifold.

This reformulation is valuable for two reasons. First, it exposes structural
properties that are otherwise obscured by subsystem-specific notation. Questions
concerning stability, controllability, collapse, and resource allocation become
questions about the geometry of trajectories. Second, it permits the importation of
mathematical machinery from differential geometry, dynamical systems theory,
control theory, and constrained optimization.

1.1 Configuration Variables
The engine consists of three coupled physical domains:
1. Mechanical variables associated with rotor motion.
2. Thermal variables associated with chamber and core temperatures.

3. Electromagnetic variables associated with coil activation and control allo-
cation.

The minimal mechanical state is

G = (0, w)

where 6 € S! denotes rotor angle and w € R denotes angular velocity.

The thermal state is
Qt = (Tll ooy TN, TC)

where T; represents the wall temperature of chamber i and T, represents the
temperature of the shared thermal core.

The electromagnetic state is

Ge = (Uq, ..., UN)

5
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where u; € [0, 1] represents normalized activation of coil i.

Combining these coordinates yields the complete state vector

X = (9, w, Tl""/TNI TC’ l/ll,...,l/lN).

1.2 Definition of the State Manifold

The natural state manifold is
M =S x Ry x RYF x [0, 1]V

The dimension of the manifold is dim(M) = 2N + 3. For a six-chamber
engine, dim(M) = 15.

Every physically realizable configuration of the engine corresponds to a point
x € M. The evolution of the machine corresponds to a curve 7 : [0, ) — M.
The machine therefore exists not as a state but as a trajectory.

1.3 The Dynamical Flow

The governing equations define a vector field F : M — TM which assigns a
tangent vector to every admissible state. The dynamics may be written compactly
as x = F(x).
Explicitly,
F=(0, w Ty,..., Ty, T,, 11, ..., 11pN).

The resulting flow map &, : M — M is defined by ®,(xy) = x(t). The
flow advances every coordinate simultaneously. Mechanical motion, thermal
depletion, and electromagnetic allocation therefore become aspects of a single
geometric object.

1.4 Existence of Trajectories

Theorem 1.1 (Existence of Engine Trajectories). Assume: (1) finite thermal capac-
ities; (2) bounded heat-transfer coefficients; (3) bounded electromagnetic torque; (4)
continuous controller outputs. Then for every initial state xo € M there exists a local
solution x(t) to x = F(x).

Proof. The thermal subsystem consists of ordinary differential equations with
piecewise-smooth forcing terms. The mechanical subsystem consists of poly-

nomial functions of angular velocity. The controller is assumed continuous.

6
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Consequently the vector field F is locally Lipschitz almost everywhere on M. The
Picard-Lindelof theorem therefore guarantees existence and uniqueness of local

solutions. n

1.5 The Tangent Space

At every state x € M there exists an associated tangent space T, M. Elements of
this space represent possible instantaneous motions. A generic tangent vector

may be written
0= (59, 56(), 5T1,...,(5TN, 5TC/ 5u1,...,5uN).

The vector field F(x) is one particular tangent vector selected by the physical
laws. The tangent space contains many possible directions; physics selects only
one.

1.6 Decomposition of the Vector Field

The engine possesses a natural decomposition F = F,, + F; + F,. The mechanical

component is

F,, = (w’ Tth + TEM — Tir — Tload) .
I

The thermal component is F;, = (T4, ..., Ty, T.) and the electromagnetic com-

ponent is F, = (ilq,...,1y). These are not independent: thermal depletion

changes torque; torque changes velocity; velocity changes chamber timing; tim-

ing changes thermal extraction. The engine forms a closed dynamical loop.

1.7 Fiber Structure

Define B = S! x R as the mechanical base space. Above every point (6, w) lies
a thermal-electromagnetic fiber J . The total manifold becomes M = B x F.
This decomposition separates fast and slow dynamics.

1.8 State Accessibility

Define the reachable set

R(xg) = {x € M : 3t > 0 such that ,(xy) = x}.
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Many phenomena later described as collapse or stall arise because R (x)

shrinks over time.

1.9 The Engine as a Continuation System

The engine is a system whose purpose is to continue generating admissible trajec-
tories despite thermal depletion, frictional losses, external loading, and actuator
limitations. Energy enters the system; resources are allocated; constraints are
negotiated; trajectories persist. The engine survives precisely to the extent that it

remains capable of generating future admissible states.

2 Resource Geometry and Thermal Conservation

The thermal subsystem is a distributed resource that flows through the state
manifold, accumulates in storage structures, competes among subsystems, and
determines the future reachability of admissible states.

2.1 Resource Coordinates

Let T, denote the temperature of the shared thermal core and T; the temperature

of chamber wall i. The total thermal energy stored in the engine is
N
Rp=CT.+) CyT;
i=1

where C. is the heat capacity of the core and C,, is the heat capacity of each
chamber wall.

Definition 2.1 (Thermal Resource). The scalar quantity Rt = C. T, + } . C,T; is
called the thermal resource of the engine.

A machine with identical angular velocity but lower Ry possesses less future

reachability.

2.2 Global Conservation Law

Differentiating,
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Substituting the governing thermal equations yields

R
ar = Qinput — Qeool — Qinj'

Here Qypy represents thermal energy supplied by the burner, Q. repre-
sents environmental losses, and Q,; represents energy extracted through flash

evaporation. Internal transfer terms cancel identically.

Theorem 2.2 (Thermal Conservation). Internal thermal exchange does not alter the

total thermal resource. Only external sources and sinks modify Rr.

Proof. Summing all thermal equations causes every core-to-wall transfer term
to appear once positively and once negatively. Therefore all internal transfers

cancel; only external fluxes remain. O

2.3 Resource Density

Define p; = C,T; and p. = C.T.. The complete thermal state becomes p =
(Pcr P1, -+, PN)- The state of the engine is determined not merely by how much
resource exists, but by where it is located.

2.4 Thermal Flux Network

Define vertices V = {c, 1,2, ..., N} where ¢ denotes the core. The flux from the
core into chamber iis J._,; = k., (T, — T;). Every chamber connects directly to
the core; no chamber connects directly to another. However, because chambers
influence one another through the shared core, the induced interaction graph is

complete.

2.5 Effective Competition

Consider two chambers i and j. Increasing extraction from chamber i lowers T,;

lowering T, reduces heating available to chamber j. Hence aT]. /9T; # 0.

Theorem 2.3 (Complete Competition Network). Every chamber indirectly influences
every other chamber through depletion of the shared thermal core. The induced interaction

graph is complete.

Proof. For any pair i,j: the path T; —» T, — T; is always present through the
shared core. O
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2.6 The Resource Metric

The thermal state space possesses a natural metric:

N
gr=adT2+ B> dT2.
i=1

2.7 Thermal Entropy and Resource Potential

Define normalized resource fractions p; = p;/(p.+ 2. 05 The thermal entropy is

St = — )., pilogp; measuring organizational structure of the thermal resource
field.

The resource potential

Pr = Z(Ti —Thin)+ + (Te = Thnin) 4+, ()4 = max(x,0)

1

measures usable thermal surplus. Two systems may possess identical Ry while

possessing very different ®; only the latter predicts operational capability.

3 Admissibility Boundaries and Operational Regions

Not every thermodynamic state of the engine corresponds to a functioning ma-
chine. Certain regions of the state manifold support torque generation, feedback
regulation, and sustained operation. The boundary between these regions de-
fines the operational geometry of the engine.

3.1 Definition of Thermal Admissibility

Definition 3.1 (Thermally Admissible State). A state x € M is thermally admissi-
ble if every chamber satisfies T; > Tyin. The admissible set is

Ar={x € M : T; > Tpn for all i}.

3.2 Boundary Surfaces

The boundary dAr consists of the union of hypersurfaces &; = {x : T; = Tryn}-
For a six-chamber engine there exist six primary extinction surfaces X1, ..., 2.
Each surface has codimension one; crossing it changes the qualitative dynamics
of the machine.

10
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Definition 3.2 (Extinction Event). A chamber extinction event occurs whenever a

trajectory intersects %.;.

3.3 Nested Operational Regions and Stratification

Define A® as the region in which exactly k chambers remain operational, pro-

ducing a nested hierarchy
AN = AN=1 = ... A,

Define D(x) = Zﬁl 1i1,>T,. ] as the operational dimension. The state mani-
fold decomposes into operational strata S, = {x : D(x) = k}:

3.4 Admissibility Potential

Definition 3.3 (Admissibility Potential). The admissibility potential is ®, =
Zi\il(Ti - Tmin)+-
When ®, = 0 all chambers lie exactly at extinction. The quantity d 4 (x) =

min;(T; — T;n) acts as a geometric early-warning signal.

3.5 A Collapse Theorem

Theorem 3.4 (Collapse Criterion). Suppose Qinput < Qloss + Qinj fOr a sufficiently
long interval. Then ® 4 — 0 and the trajectory approaches the complete collapse boundary
Yc={x:D(x) =0}

Proof. Under the stated condition dRr/dt < 0, so total thermal resource decreases
monotonically. Because chamber temperatures are bounded below by ambient
temperature, continued depletion necessarily reduces all admissibility surpluses.

Hence ® 4, must decrease, and in the limit ®, — 0. O

3.6 Topological Interpretation of Collapse

As thermal resource decreases, the admissible set shrinks. Reachable trajectories
disappear. Operational strata vanish. Future possibilities contract. Collapse
therefore corresponds to a loss of accessible state-space volume: the event is
topological before it is mechanical.

11
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4 FElectromagnetic Control Geometry

The electromagnetic subsystem continuously modifies the vector field of the
system in order to redirect trajectories away from undesirable regions of state
space. It acts as a real-time curvature correction mechanism whose objective is
the preservation of admissible evolution.

4.1 Control as Vector Field Modification

Let Fy(x) denote the uncontrolled vector field. The introduction of electromag-

netic actuation produces

P(X) = Fo(X) + FEM(x)

4.2 Control Coordinates and the Control Potential

The electromagnetic state u = (uy, ..., upy) with each u; € [0, 1] generates total
torque Ty = Zfil u; TM3, 50 the admissible control set is U/ = [0, 1]V.

Definition 4.1 (Control Potential). The scalar field V. = %(AT)Z, where AT =
Ttarget — Tactual 1S called the control potential.

The controller seeks to minimize V.: control becomes gradient descent on a
potential landscape.

4.3 The PD Control Law

Let e = Wigrget — w. The proportional-derivative controller takes the form

TEM = Kp(wtarget - w) - Kda)'

4.4 Control Saturation

Physical actuators satisfy Tpy < Tax, defining a saturation surface X, = {x :

TEM = Tmax } .

Theorem 4.2. Suppose Trequired > Tmax- 1hen the target manifold {At = 0} becomes
unreachable.

Proof. The controller cannot generate torque exceeding 7,,,,. Any deficit larger
than this quantity cannot be eliminated, so AT = 0 cannot be attained. O

12
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The remaining control reserve is C;, = T — Tem-

5 Variational Control and Spatial Torque Allocation

5.1 Torque Roughness and Variational Formulation

Definition 5.1 (Torque Roughness). The functional R = | 02 "(dt/d8)?db is called
the torque roughness.

Suppose total available electromagnetic torque is fixed: Y, TP = 7). Intro-

duce a Lagrange multiplier A. The objective is to minimize

L=R +/\(Z TEM — ).

5.2 Predictive Allocation

Define s; = —dtih/d0 as the rate at which chamber i is losing torque. The

predictive allocation rule is

54

Z]'S]'

EM _
Ti =TgM

Theorem 5.2 (Slope Allocation Optimality). Suppose s; > 0 for all active chambers.
The proportional allocation above minimizes first-order torque roughness among all
allocations satisfying ¥ . TPM = gy

Proof. To first order, dt/df) = — ) ;s; + ) .d TZEM/ d6. Minimization of (R requires
electromagnetic corrections to cancel thermal decline. The proportional solution
aligns correction magnitude with decline magnitude, leaving a smaller residual

derivative than any alternative. O

5.3 The Allocation Manifold

The admissible control configurations form a simplex

S={p =0, ZPiZl}-

A natural metric on the simplex is the Fisher information metric g;; = 6;;/p;.

Optimization becomes motion on a curved statistical manifold.

13
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6 Flywheel Memory and Historical Integration

The flywheel accumulates the consequences of past events and functions as a

physical memory structure.

6.1 Angular Momentum as a Historical State Variable
Define L = Iw. The equation of motion is

dL
ﬁ = Thetr Tnet = Tth T TEM — Tfr — Tload-

Integrating: L(t) = L(0) + fé Thet(8) ds. The present value of angular momen-

tum depends upon the entire previous torque history.

Definition 6.1 (Historical State Variable). A state variable is historical if its present

value depends upon an integral over past system evolution.

Definition 6.2 (Memory Depth). The characteristic timescale Ty = I/ (kpearing +
kioaq) is called the memory depth of the engine.

6.2 The Smoothing Theorem

Theorem 6.3 (Flywheel Smoothing). Let T(t) = T + d7(t) where fOT ot(t)dt =0.
Then Var(w) o [~2.

Proof. Since w = t/I, the fluctuating component contributes dw = ! [ tdt.
Variance therefore scales inversely with I2. O

The flywheel converts transient resource surpluses into persistent continua-
tion capability.

7 Reachability Geometry and Continuation Volume

7.1 Reachable Sets and Continuation Volume

The admissible reachable set is R 4 (xg) = R(xg) N A.

Definition 7.1 (Continuation Volume). The continuation volume is Vi (x) =

VOI(RA(X))

Future reachability depends jointly upon resource Ry, control reserve C,,
and momentum L: Vi = Vr(Rr,C,, L).

14
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7.2 The Reachability Collapse Theorem
Theorem 7.2. Suppose Rt — R and C,, —» 0. Then Vi — 0.

Proof. As Ry approaches the minimum resource level, thermal admissibility
surfaces approach the current trajectory. Simultaneously C,, — 0 eliminates
corrective flexibility. The admissible reachable set therefore contracts; in the limit

all admissible continuation paths vanish. O

7.3 The Principle of Continuation Maximization

Principle. Among all admissible control actions, the preferred action is the one that

maximizes future continuation volume.

7.4 Reachability Gradients

Define the continuation potential ¥ (x) = log Vz(x). The gradient V¥ points
toward directions of maximal future expansion. An ideal controller follows
reachability gradients: U « VY.

8 Bifurcation Geometry and the Topology of Failure

8.1 Equilibria and Saddle-Node Collapse

An equilibrium satisfies Ty, + Tpy = Tgr + Tioad- Lhe simplest normal form for

thermal collapse is z = u — z2.

Theorem 8.1 (Thermal Saddle-Node Collapse). Suppose thermal input decreases
continuously while load remains fixed. Then there exists a critical parameter Qyitica 4t
which the stable operating equilibrium disappears through a saddle-node bifurcation.

Proof. The operating equilibrium satisfies T,roquction = Tconsumption- D€Creasing
thermal input lowers production. At a critical value the equilibrium condition
loses its solution. The Jacobian simultaneously develops a zero eigenvalue, which

is precisely the condition for a saddle-node bifurcation. O

8.2 Hopf Oscillation Theorem

Theorem 8.2. Suppose K;, > K;r“. Then a stable equilibrium may lose stability through

a Hopf bifurcation and a periodic operating cycle emerges.

15
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Proof. Increasing proportional gain shifts Jacobian eigenvalues. At a critical
value a complex conjugate pair crosses the imaginary axis. The Hopf theorem

guarantees emergence of a limit cycle. O

8.3 Reachability Phase Transitions

Regime Geometric description

Stable Operation  Large continuation volume
Oscillation Closed trajectory bifurcation
Saturation Reachability contraction
Thermal Collapse Equilibrium annihilation

Stall Dimensional reduction

Near bifurcation points the characteristic recovery time T,o. = 1/|Apninl = oo,

providing an observable early-warning signal.

9 Information Geometry, Entropy, and State Distin-

guishability

9.1 Observational Equivalence and Representational Entropy

Let 7 : M - O be the observation map.

Definition 9.1 (Observational Equivalence). Two states x,y € M are observation-
ally equivalent if t(x) = m(y).

Definition 9.2 (Representational Entropy). The representational entropy of state
x is Sg(x) = log|[x]I.

9.2 State Distinguishability

The Jensen-Shannon divergence
Dys(p,q) = 3D (plm) + 3Dgr(qlm), m = 2(p +q)

is symmetric. Define djs(p,gq) = ,/DIS (p,q).

16
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9.3 The Information Collapse Theorem

Theorem 9.3 (Information Collapse). As Vi — 0, the entropy of admissible operating
states satisfies H(A) — 0.

Proof. The admissible set contracts toward a lower-dimensional subset. The num-
ber of admissible configurations decreases, so since entropy scales logarithmically
with admissible volume, H(A) — 0. O

Collapse is simultaneously a resource collapse, a reachability collapse, and
an information collapse: different descriptions of the same geometric event.

10 Resource Curvature and Thermodynamic Field

Structure

10.1 Resource and Reachability Fields

Define the scalar resource field ®(x) = Ry(x) and the continuation potential

Y (x) = log Vi (x). Resource transport satisfies

oD
_— = 2
= = DV2® + 5.

10.2 Field Energy Functional
E[§] = || (alVOR +BIUR +7\VEP + SVHP)aV.

All failure modes are manifestations of field degeneration: thermal collapse
depletes ®; controller saturation concentrates U; reachability collapse vanishes

Y¥Y; memory loss degrades H.

11 A Unified Action Principle for the Flash—-Reluctance
Engine

Principle (Extremal Continuation). Among all admissible trajectories, the realized
trajectory extremizes a continuation functional subject to thermal, mechanical, and

control constraints.

17
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11.1 The Full Lagrangian and Action

Combining resource, control, reachability, and memory contributions yields
L=a® +c¥ +dH — bjUu>.
The corresponding action is

S = f:l (aCID +c¥ +dH — b|U|2)dt.

0

11.2 The Emergence of Control and Conservation Laws

Optimal control emerges from JL/9U = 0, yielding U o VY¥: the controller
arises as motion up the continuation gradient.

By Noether’s theorem, every continuous symmetry of the continuation action
generates a conserved continuation current. In particular, invariance under

resource translation ® — ® + € produces a conserved resource current .

11.3 The Continuation Field Equation
Collecting terms yields a field equation of schematic form
OY = a® — U + yH.

Future possibility is generated by resource, reduced by control expenditure,
and supported by memory.

12 Operational Curvature, Stability Geometry, and

the Riemannian Structure of Continuation

12.1 The Continuation Metric and Geodesics

Define
Y
8= oxiond
Geodesic deviation is governed by
D2t o
772 = —Rl]'kl ufgkul.

18
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Strong curvature produces rapid separation of nearby trajectories, making

the future highly unpredictable.

12.2 The Collapse Curvature Theorem

Theorem 12.1. Suppose Vi — 0. Then under mild regularity assumptions, |R| — oo.

Proof. Since ¥ = log Vj, the derivatives of ¥ contain inverse powers of Vj.
As continuation volume vanishes, metric coefficients become unbounded and

associated curvature invariants diverge. [
Principle. Operational stability is inversely related to continuation curvature.

Collapse appears as a curvature singularity; operational horizons / = {x :
VR = €} delineate regions of extreme fragility.

13 Fiber Bundles, Gauge Structure, and Hidden Op-

erational Degrees of Freedom

13.1 The Bundle Structure and Gauge Transformations

The state manifold decomposes as 77 : M — O:
Fo M5 O.

Definition 13.1 (Operational Gauge Transformation). A gauge transformation is
amap g : M — Msuch that 71(g(x)) = 7(x).

Gauge transformations alter hidden variables while leaving observable be-
havior unchanged. The collection of all such transformations forms a group G
acting along fibers.

13.2 The Fiber Collapse Hypothesis

Hypothesis. Many operational failures begin as collapse of hidden fiber volume before

becoming visible in observable state space.

19
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13.3 Operational Curvature and Holonomy

The curvature associated with the connection Ay is F = [Dy, D,]. This mea-
sures failure of parallel transport to return hidden variables unchanged after a
closed operational cycle. The accumulated effect of a closed cycle is described by
holonomy, capturing irreducible path dependence in resource cycling.

14 Operational Phase Transitions, Symmetry Break-

ing, and Emergent Regimes

Definition 14.1 (Operational Phase). An operational phase is a connected region
P C A within which the qualitative structure of trajectories remains invariant.

14.1 Thermal Order Parameter and Symmetry Breaking

At high thermal resource levels the chambers are nearly equivalent: the system
possesses approximate symmetry under permutations T; < Tj. As depletion
progresses this symmetry breaks, measured by the thermal order parameter
Ar = max; T; — min; T;.

14.2 A Landau Functional

Let m denote an order parameter and define F(m) = a(T)m? + bm*. Fora < 0,
new minima appear at m = ++—a/(2b) and a phase transition occurs.

Theorem 14.2. Suppose a control parameter crosses a critical value A.. If the operational

potential changes topology then new stable operating regimes emerge.

Proof. The minima of F determine stable states. A topological change in the

potential changes the number or location of minima, so new attractors appear. [J

Near critical points x = dm/dA — co: small parameter changes produce large
responses, and the system becomes fragile.

15 Operational Statistical Mechanics and Continua-

tion Thermodynamics

Definition 15.1 (Operational Entropy). The operational entropy is So = klog ()|,
where ) is the set of compatible internal configurations.

20
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Using the continuation volume: S = klog Vi = k%Y. Continuation entropy
is directly proportional to the continuation potential.
The operational partition function is Z = 27 e~PEM where C(7) is the con-

tinuation cost of trajectory y and f = 1/© defines the continuation temperature.

15.1 First Law of Continuation
dFO = ]/lR dRT + ]/ludcu + ]/lHdH - SC d@

Principle (Continuation Second Law). Absent sufficient resource injection, continu-
ation entropy tends to decrease as admissible futures are progressively consumed.

16 Renormalization, Coarse-Graining, and Multi-Scale

Continuation Dynamics

16.1 The Renormalization Map and Hierarchies

A coarse-graining transformation R : M,, — M,, 1 produces the hierarchy

Mo = My = My =

Definition 16.1 (Relevant Variable). A variable is relevant if its influence grows

under repeated coarse-graining; irrelevant if its influence decreases.

Theorem 16.2. Suppose a continuation system admits a finite hierarchy of coarse-
grainings. Then there exists a corresponding hierarchy of effective continuation de-
scriptions, each characterized by its own continuation volume, entropy, and operational
geometry.

Proof. Each coarse-graining induces a projection M,, — M, 1. The projected
manifold inherits an effective reachability structure. Continuation volume may

therefore be defined at every level. O

16.2 The Continuation Beta Function

Define B(Vg) = dVi/dInl where { is observational scale. Zeros correspond
to fixed points; universality classes are determined by identical beta functions
across distinct architectures.

21
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17 A Category-Theoretic Formulation of Continua-

tion Architectures

17.1 The Composition Chain

The major engine subsystems form a compositional sequence:
TS UM R T

Control is a functor F- : T — D preserving composition: F-(g o f) = F-(g) o
Fc(f). Memory is an endofunctor M : D — D.

17.2 Commutative Diagrams

Operational consistency requires:

TS, u

T| lu

J— U
C

17.3 The Universal Property of Repair

Suppose f : X — Y fails to preserve admissibility. A repair morphism r :
Y — Y’ restores continuation: X J, Y 5 Y'. Repair is a universal factorization
construction.

Reachability behaves as a presheaf I' : C°P — Set; continuation volume is
a measure functor V : I'(X) - R,. Admissibility arises through pullbacks;
subsystem integration arises through pushouts.

18 Sheaf Theory, Distributed Knowledge, and Global

Operational Coherence

No component of the engine possesses complete knowledge of the system. The
mathematical problem is reconstruction: how can locally available information

be assembled into a globally coherent operational state?

22
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18.1 The Sheaf Condition and Repair as Cohomology Cancella-
tion

If local sections s; € F(U;) agree on overlaps U; N Uj, there exists a unique global
section s with s|y;, = s;. Suppose « € H (M, F) represents an inconsistency.
Repair acts by introducing a correction that removes the obstruction, so [a] = 0

and a global section becomes possible.

18.2 A Sheaf-Theoretic Collapse Criterion

Theorem 18.1. Operational collapse occurs whenever the sheaf of admissible continua-
tions possesses no nontrivial global section.

Proof. 1f no global section exists, local continuation structures cannot be assem-
bled into a coherent future trajectory. The admissible reachable set becomes

empty, hence Vi = 0. O

19 Distinction Geometry as the Primitive Operational
Substrate

The fundamental quantity is not energy, temperature, information, or reachability.
The primitive object is distinction. Everything else emerges from the maintenance,

transport, collapse, preservation, and repair of distinctions.

19.1 Distinction Spaces and the Distinction Field

Let (X, ~) be a distinction space with x ~ y whenever the operational architecture
cannot distinguish them. Define scalar field A(x) measuring local distinction
density:

oA

—=C-L+R

ot
where Cis creation, L is loss, and R is repair.

The master dependency chain is:
Distinction — Information — Entropy — Memory — Reachability — Continuation.

Principle (Distinction Principle). A continuation system persists to the extent that
it maintains, transports, repairs, and reproduces the distinctions upon which its future
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operation depends.

20 Toward a General Theory of Continuation Sys-

tems

Definition 20.1 (Continuation System). A continuation system is a dynamical
structure € = (X, A, A, R, M, U) consisting of a distinction space X, a distinction field
A, an admissibility structure A, a resource system R, a memory system M, and a repair
system U.

The continuation equation satisfies dC/dt = G — L + P, where G is generation,
Lis loss, and P is repair. The Universal Continuation Action is

Sc = f(aR +bM + Vg — dU)dt.

Theorem 20.2 (Universal Continuation Theorem). Every persistent adaptive system
may be represented as a continuation system whose dynamics are governed by the creation,
preservation, repair, transport, and loss of distinctions subject to admissibility constraints.

Sketch. Persistence requires distinguishable states; distinguishable states require
maintained distinctions; maintained distinctions require resources; resource
limitations necessitate repair; repair requires memory; memory and repair jointly

determine future reachability; future reachability determines admissibility. [

21 Continuation Field Theory and the Dynamics of

Distinction Density

21.1 The Field Action and Wave Equation

Define continuation density p-(x,t) with field action
S[pc] = deth, L = 2(3,00)2 = 240 = U(pe).

Extremization gives
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Continuation disturbances propagate as waves through operational space.

Small perturbations satisfy w? = c?k? + m% where m% = U"(pc) acts as an

effective continuation mass.

21.2 Spontaneous Continuation Condensation

Suppose U(pc) = —apZ+Bp¢ witha > 0. The minimum occurs at pc = ya/(2B),
and the system spontaneously develops nonzero continuation density. Organized

structure emerges through spontaneous symmetry breaking.

22 Continuation Cosmology and the Large-Scale Ge-

ometry of Persistence

The continuation field equations make sense wherever distinctions are created,
preserved, transported, and lost. We now consider the universe itself as a contin-

uation system.

22.1 Structure as Continuation Concentration

Galaxies, stars, planets, organisms, and civilizations maintain distinctions: they
are localized concentrations of continuation density. The cosmological arrow
of time arises because distinction loss is generally easier than reconstruction, so
Lc >» Rc and dp/dt < 0 for unconstrained systems.

22.2 The Cosmological Continuation Equation
Dpc + m%pc + )Lp:é = GC — LC + RC'

Theorem 22.1. Any persistent cosmological structure corresponds to a region of space-
time in which continuation density remains locally self-sustaining.

Proof. Persistence requires maintenance of distinguishable structure, hence posi-
tive continuation density. If continuation density cannot be sustained, distinc-

tions collapse and persistence fails. O
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23 The Master Continuation Equation and the Unifi-
cation of Resource, Memory, Repair, and Distinc-
tion

All previously introduced quantities are derived fields: pc = f(¥), Vg = [¥dV,
A =g(¥Y), R =h(¥). The master equation is:

oY
a—t:—V-(]q,+U)+,BR+aM‘F+J%(‘F)—/\‘F

Resource generates; memory stabilizes; repair reconstructs; control redirects;

loss degrades; continuation emerges.

Theorem 23.1 (Master Continuation Theorem). Resource theory, repair theory, ad-
missibility theory, reachability theory, memory theory, information geometry, distinction
geometry, and continuation cosmology arise as projections or reductions of the Master

Continuation Equation.

Sketch. Each framework corresponds to a derived variable that is a functional of ¥.
The dynamics of these quantities follow from the dynamics of ¥ by projection. [

24 The Continuation Dictionary: Unifying RSVP,
CLIO, MEM|8, Spherepop, Admissibility, Repair,
and Distinction Geometry

Every major framework in the Flyxion research program describes a different

aspect of the continuation field ¥:

Framework Role

RSVP — Transport dynamics of ¥

CLIO — Projection structure of ¥

MEM|8 — Historical persistence of ¥
Spherepop — Algebra of transformations on ¥
Admissibility — Constraint geometry of ¥
Repair Theory — Reconstruction of ¥

Distinction Geometry — Metric structure induced by ¥

26



Computation, Constraint, and Resource Geometry in the Flash-Reluctance Engine

The RSVP variables (®,7,S) correspond to resource density R, continuation
current [y, and loss coefficient A. The Spherepop primitives acquire geomet-
ric meaning: pop creates distinctions; refuse prevents destruction; collapse

reduces distinction volume; bind creates higher-order continuation structures.

Theorem 24.1 (Rosetta Stone Theorem). Every major framework in the Flyxion
research program may be represented as a projection, restriction, coordinate system, or
effective theory of the continuation field Y.

Sketch. Each framework introduces variables expressible as functionals of ¥. The
dynamics of those variables are obtained by projection of the Master Continuation
Equation. Therefore the frameworks are mathematically equivalent descriptions
of a common underlying continuation structure. O

25 Against State Fundamentalism: Continuation as
the Primitive Object

States are derived objects; continuation is primary. The familiar state-based
descriptions of science emerge only after a series of projections, collapses, and

coarse-grainings.

25.1 The Projection Origin of States

Begin with the continuation field ¥. Define x ~ y whenever I'(x) = I'(y). States
emerge as equivalence classes [x] = {y : I'(y) =I'(x)}, and X = ¥/~. States are
quotient objects, not fundamental.

Theorem 25.1. Every finite-dimensional state representation induces loss of continua-
tion information.

Proof. Let T : ¥ — X be the state projection. Unless 7 is bijective, distinct
continuation structures map to the same state and information is lost. O

Principle (Continuation Primacy). States are compressed representations of con-
tinuation structures. Continuation structures are not compressed representations of
states.

The hierarchy runs: Continuation — Distinction — Information — State —
Theory.
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The state approximation fails near admissibility boundaries, where I'(x)
changes rapidly, producing small state differences with enormous continuation
differences. This explains collapse, criticality, phase transitions, and paradigm
shifts.

26 The Geometry of Theories: Projection, Compres-

sion, and the Landscape of Explanation

A theory is a projection of distinguishability structure. Different theories preserve

different distinctions and compress different aspects of continuation.

26.1 Theory Space Geometry

Two theories are close when they preserve similar distinctions: d(Ty,T,) =

\/ D;s(Pr,, Pr,). Scientific revolutions appear as curvature singularities (Ky —
o) in this geometry. Anomalies are regions where I, 14 and I'r diverge; accu-
mulated anomalies increase curvature until reorganization occurs.

The theory sheaf gives a local-to-global structure: physics, biology, and eco-
nomics provide local explanatory sections; interdisciplinary synthesis corre-

sponds to successful gluing.

Theorem 26.1 (Meta-Theorem of Projection). Every scientific theory is a projection
of a richer continuation structure. Differences between theories arise from differences in

preserved distinctions rather than differences in reality itself.

26.2 The Continuation Criterion for Theories

Define Vi (T') as the volume of future investigations enabled by theory T. The-
ories with large continuation volume generate research programs. Scientific
tertility is thereby measurable.

The deepest scientific question emerging from the framework is no longer
What state is the world in? but rather What distinctions must be preserved for future

understanding to remain possible?
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27 Future Directions

The present manuscript has developed a continuation-theoretic framework be-
ginning from a concrete engineering architecture and progressively generalizing
toward a unified theory of distinctions, admissibility, repair, persistence, and

future possibility. Many important developments remain open.

Mathematical consolidation. Relationships used throughout—such as ¥ >
0 = Vi > 0 or the coupling between repair and memory—should be derived
from explicit axioms. Existence, uniqueness, stability, invariance under coarse-

graining, and fixed-point theorems are all needed.

Measurement theory. Practical procedures for estimating ¥, V, A, A, and R
remain incomplete. Potential tools include Jensen-Shannon divergence, Fisher
information metrics, causal intervention geometry, control-theoretic reachability,

and predictive uncertainty estimation.

Derivations of existing theories. Potential targets include thermodynamics
as coarse-grained continuation geometry; information theory as projection of
distinction geometry; control theory as finite-horizon continuation optimization;
statistical mechanics as continuation ensemble theory; active inference as contin-
uation estimation under uncertainty; and learning theory as distinction-repair

dynamics.

Observer theory. A continuation-theoretic observer should be defined as a
continuation-maintaining distinction-repair system, unifying perception, mem-

ory, prediction, agency, intervention, and intelligence.

Toward an axiomatization. One possible starting point: (1) distinctions may
exist; (2) distinctions may be preserved or lost; (3) future distinguishability de-
fines continuation; (4) continuation defines admissibility; (5) repair reconstructs
lost distinctions; (6) memory preserves distinctions through time; (7) projection
collapses distinctions; (8) observation is projection; (9) theories are distinction-
preserving compressions; (10) persistent systems maximize continuation subject

to constraints.
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A Existence and Uniqueness of Continuation Flows

Theorem A.1 (Local Existence). Let () C R" be compact. Assume: (1) R(x,t) is
continuous; (2) M(x,t) is bounded; (3) R (YY) is locally Lipschitz. Then for every
initial condition ¥y (x) € C2(Q)) there exists T > 0 such that a unique solution ¥ (x, t)
exists on [0, T].

Proof. Apply standard semilinear parabolic PDE existence theory. The diffusion
operator generates a strongly continuous semigroup and the nonlinear repair
term satisfies local Lipschitz conditions; Picard iteration therefore converges. [

Corollary A.2. Continuation dynamics are locally well-defined whenever repair remains
bounded.

B Continuation Lyapunov Functions

Theorem B.1. Suppose R(¥) < AY. Then U[¥] = [, Y2 dV is nonincreasing.

Proof. Differentiate U and substitute the continuation equation. Integration by

parts of the diffusion term yields a negative semidefinite expression. O

C Continuation Curvature and Collapse

Theorem C.1 (Collapse Curvature Theorem). If Vi — 0 then |R| — oo for generic
continuation manifolds.

Proof. Since ¥ = log Vg, higher derivatives of ¥ contain inverse powers of V.
As continuation volume vanishes, metric coefficients become unbounded and

curvature invariants diverge. O

D A Continuation Noether Theorem

Theorem D.1. Every continuous symmetry of the continuation action induces a con-
served continuation current.

Proof. Identical to the classical Noether construction. Under infinitesimal sym-
metry transformations S = 0; the resulting Euler-Lagrange identities produce a
conserved current d,,J* = 0. O
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E Projection-Induced Information Geometry

Theorem E.1. The Jensen—Shannon distinction metric dp(x,y) = JDIS (P, py) is
true metric on observable continuation space.

Proof. Non-negativity and symmetry follow immediately. The square root of

Jensen-Shannon divergence satisfies the triangle inequality. O

F Fixed Points of Repair Dynamics
For the equationd¥ /dt = BR+aMV¥Y —AY, fixed points satisfy ¥* = BR/ (A —aM).
Theorem F.1. A nontrivial continuation equilibrium exists if and only if A > aM.

The equilibrium diverges as A — aM, indicating a continuation critical point.

G A Renormalization Theorem for Continuation

Theorem G.1. For every admissible continuation field there exists a hierarchy ¥ —
Y, - ¥, — - of effective continuation fields.

Proof. Each coarse-graining induces a projection of the continuation manifold.
The projected field inherits induced continuation volume and admissibility struc-
ture; iterating yields the hierarchy. O

H The Universal Continuation Inequality

Theorem H.1. A necessary condition for indefinite persistence is (G + P) > (L).

Proof. Integrating the continuation equation over sufficiently long times: if (G +
P) < (L) then ¥ — 0 and continuation vanishes. O

This inequality is the most fundamental persistence criterion derived by the

theory.
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I Continuation Homology and Topological Persis-

tence

Construct a simplicial complex K(I') from admissible futures. The continuation
homology groups Hy(I') measure: Hy connected continuation components; H;

continuation loops; H, continuation voids; and so forth.
Theorem I.1. If Hy(I') = O then continuation is impossible.
Proof. No connected admissible future exists, therefore V = 0. O

A filtration I', C T'., for € < €’ yields a persistence diagram. Long-lived
teatures correspond to robust future possibilities; short-lived features correspond

to fragile continuations.

J Continuation Fiber Bundles and Gauge Theory

Theorem ]J.1. Observable equivalence does not imply continuation equivalence.

Proof. Distinct continuation fields may project to identical observables; therefore

fibers generally contain multiple elements. O

Let G be a group acting on continuation fibers with gauge transformations
Y — gY preserving observables. Introducing a connection form AH’ parallel
transport is governed by D, = d,, + A, with curvature F,,, = [D,,, D, ].

Interpretation. Curvature measures hidden continuation obstruction. Nonzero curva-
ture indicates irreducible internal structure invisible to observation.

K A Sheaf Cohomology of Repair

Let R denote the sheaf of admissible local repairs.
Theorem K.1. Repair succeeds globally if and only if H' (X, R) = 0.

Proof. Vanishing first cohomology implies compatible local repairs glue to a

global repair. O]
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L Spectral Continuation Theory

Define the continuation Laplacian Ac = —V? + A with eigenfunctions Ac¢,, =

HnPn-

Definition L.1. The continuation gap is u, — py. Large gaps indicate robust continu-

ation; small gaps indicate proximity to fragmentation.

Spectral decomposition of repair: R =) a,¢,. The intelligence spectrum
I,, = |, characterizes repair strength across scales. Low modes correspond to

local correction; high modes correspond to large-scale conceptual repair.

M Reduction Theorems and Derived Formalisms

M.1 Shannon Information

Suppose ¥ (x) induces p(x) = ¥(x)/ f‘P(y) dy. Then H(X) = — Zl.pl- logp; is
the unique additive measure of continuation uncertainty. Information theory

emerges as the probability geometry of continuation fields.

M.2 Free Energy Minimization as Continuation Repair

Theorem M.1. Variational free energy F[q] = Dgy (qllp) — log Z is a continuation
reconstruction functional. Minimizing F reduces discrepancy between estimated and
actual continuation structure.

Let g; represent an internal continuation model and p; environmental con-
tinuation structure. Minimization of F; = Dgy (4;llp;) is equivalent to repair
of predictive distinctions: the Free Energy Principle is a special case of repair

dynamics.

M.3 Control Theory as Reachability Geometry

Theorem M.2. Finite-horizon optimal control corresponds to maximization of local
continuation volume under control constraints.

The Bellman value function V(x) = max,[r(x,u) + YV (x')] is revealed as
logarithmic continuation volume. Dynamic programming becomes continuation

accounting.
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M.4 The Grand Reduction Theorem

Theorem M.3 (Grand Reduction Theorem). Information Theory, Statistical Mechan-
ics, Control Theory, Dynamic Programming, Active Inference, the Free Energy Principle,
Repair Theory, Admissibility Geometry, RSVP Dynamics, and Distinction Geometry

all arise as projections, approximations, or specializations of continuation dynamics.

Sketch. Each theory is obtained by selecting a subset of continuation variables and
projecting the Master Continuation Equation into the corresponding coordinate

system. [

N The Final Mathematical Conjecture

Conjecture N.1 (Continuation Universality Conjecture). Every persistent adap-
tive structure may be represented as a continuation field whose observable behavior is
generated by projection, whose stability is determined by admissibility, whose mem-
ory preserves distinctions, whose intelligence performs repair, and whose dynamics are

governed by the Master Continuation Equation.
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