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Abstract

This book develops a new theoretical framework for photonic systems grounded in homo-
topy type theory, admissibility geometry, and coherence-preserving transport dynamics.
Conventional photonics is typically formulated in terms of local electromagnetic field evolu-
tion, spectral decomposition, and signal-processing architectures inherited from sequential
computational paradigms. The present work argues instead that coherent optical systems
are more naturally understood as admissibility-preserving transport structures whose oper-
ational identity is determined not by pointwise configuration, but by equivalence under

constrained deformation.

The mathematical foundation is homotopy type theory (HoTT) and the univalent foun-
dations program. Types are interpreted as structured coherence spaces, identity types as
admissible transport witnesses, and equivalences as operationally meaningful transfor-
mations between coherent optical configurations. Univalence acquires a direct physical
interpretation: photonic systems possessing equivalent coherence-preserving transport
structure may be treated as operationally identical despite differing material realization. The
admissibility field A(z,t) : @ x Ryq — R- governs recursive accessibility across coherence
transport space, while the coherence type € specifies which electromagnetic configurations
satisfy Maxwell transport constraints together with recursive admissibility conditions.

A central contribution is the integration of proof assistants and machine-verifiable math-
ematics directly into the epistemic structure of the theory. The book also proposes that
measurement architecture admits a type-theoretic classification indexed by preserved ho-
motopy depth, and that coherence-preserving admissibility geometry may constitute a
substrate-independent organizational principle recurring across photonic, cognitive, bio-

logical, and cosmological systems.

vii
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Part1

Why Photonics Needs a New
Foundation



Chapter 1

The Failure of Sequential Optical Think-

ing

Light is rarely what we think it is when we measure it. Every time we sample a waveform, decompose
a spectrum, or record a detector click, we are reading a shadow — a compressed trace of something
more organized than any sequence of numbers can fully express. This chapter examines how the habit
of treating that shadow as the primary object has quietly distorted our understanding of what optical
coherence actually is, and begins to sketch what a more honest account would look like.

1.1 The Sequential Inheritance Problem

Modern photonics emerged historically alongside electronic computation, signal theory,
and communication engineering. As a consequence, much of its conceptual vocabulary
remains inherited from sequential computational paradigms whose assumptions are rarely
examined explicitly. Optical systems are routinely described as carriers of signals, trans-
formations of frequency spectra, or channels for symbolic information transfer. While
these descriptions are operationally successful in many engineering contexts, they impose
a particular ontological framing upon coherent optical systems: namely, that the primary
object of analysis is a temporally ordered sequence of localized informational states.

This sequential inheritance is so deeply embedded in modern computational language
that it often appears self-evident. Electromagnetic propagation is decomposed into signals.
Signals are decomposed into frequencies. Frequencies are decomposed into symbolic
encodings. Information processing is then described as the manipulation of these encodings
through rule-governed transformations. Even when wave mechanics is acknowledged
formally, the interpretive framework surrounding practical photonic systems often remains

fundamentally symbolic and sequential.

The present work argues that this inheritance obscures the actual organizational structure

2



1.2. THE LIMITS OF SPECTRAL DECOMPOSITION 3

responsible for coherence preservation in optical systems. Coherent photonic systems do
not primarily operate by manipulating sequential symbolic tokens. Rather, they maintain
admissible transport relations across dynamically evolving coherence manifolds. The
relevant invariants are therefore not local symbols or instantaneous field values alone, but

equivalence-preserving transport structures surviving under constrained deformation.

The distinction is subtle but fundamental. In a sequential paradigm, perturbation is treated
as corruption of a signal. In a coherence-preserving paradigm, perturbation becomes
meaningful only insofar as it alters admissible transport structure. Two optical trajectories
differing substantially at the level of local realization may nevertheless remain operationally
equivalent if the relevant coherence-preserving invariants survive deformation. Conversely,
infinitesimal local perturbations may catastrophically destroy admissibility even when

conventional signal metrics appear stable.

The sequential viewpoint therefore privileges representation over persistence. The frame-
work developed in this book reverses that priority.

To sharpen this observation: let I’ denote the total space of admissible optical trajectories
and let M, denote the sequential representation manifold produced by sampling, dis-
cretization, spectral decomposition, or symbolic encoding. A sequential representation is
then a projection

Toeq i X — Mgeq:

The loss incurred by this projection is not merely quantitative. It may collapse distinct
admissible transport histories into the same symbolic residue: for z,,z, € X, one may have
Teq(T1) = Teeq(22) €ven when z; and z, differ in their future admissibility structure. The
central failure of sequential optical thinking is therefore not that it represents optical systems,
but that it often treats the projection residue as though it preserved all coherence-relevant

structure. This is not a quantitative approximation error. It is a topological collapse.

1.2 The Limits of Spectral Decomposition

The dominance of Fourier analysis in modern optics provides one of the clearest examples
of sequential inheritance. Spectral decomposition has extraordinary mathematical power
and remains indispensable across physics and engineering. However, its conceptual suc-
cess has encouraged an implicit identification between physical organization and spectral

representation.

Within the conventional paradigm, coherent optical behavior is frequently interpreted
through frequency-domain decomposition. Signals become collections of frequency compo-
nents whose interactions are analyzed through harmonic expansion, filtering, interference
analysis, and spectral transport. The operational assumption underlying such approaches

is that decomposition into spectral primitives captures the essential structure of the system.
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Yet coherent optical systems often exhibit organizational behaviors that resist purely spec-
tral interpretation. Mode-locking phenomena, cavity stabilization, topologically protected
transport, and nonlinear resonance dynamics depend critically upon relational coherence
structures extending across entire admissibility manifolds. These structures are not re-
ducible to static spectral components considered independently.

Indeed, Fourier methods themselves implicitly rely upon global coherence assumptions.
Spectral decomposition presupposes admissibility conditions under which phase rela-
tions remain sufficiently stable for decomposition to possess operational meaning. When
those admissibility conditions fail, the decomposition itself becomes unstable or physically
misleading.

This suggests an inversion of explanatory priority. Spectral structure does not generate co-
herence. Rather, coherence-preserving admissibility permits stable spectral interpretation.

1.3 Perturbation Suppression and the Misidentification of Noise

Conventional optical engineering frequently treats perturbation as an intrinsically unde-
sirable deviation from ideal signal propagation. Noise reduction, error correction, phase
stabilization, and perturbation suppression become dominant design objectives. Such
approaches are entirely reasonable within communication systems whose primary goal is
symbolic fidelity. However, they become less adequate when coherent transport itself is the
primary operational object.

A coherence-preserving system does not necessarily require suppression of all perturba-
tions. It requires preservation of admissible transport structure. Certain perturbations may
therefore be operationally irrelevant, while others become structurally catastrophic despite
possessing negligible local magnitude.

This distinction already appears implicitly within topological photonics. Protected edge
modes remain stable under broad classes of deformation because the relevant operational
invariants are global rather than local. The system preserves transport equivalence despite
substantial perturbation of microscopic realization.

The present framework generalizes this insight. Perturbation should not be classified ac-
cording to amplitude alone, but according to admissibility effect. The central question
becomes: does a deformation preserve coherent transport structure? If it does, the defor-
mation belongs to the same admissible equivalence class regardless of substantial local

variation. If it does not, even infinitesimal deviations may destroy operational identity.
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1.4 From Local State to Transport Structure

The sequential paradigm also privileges local state descriptions over transport relations.
Physical systems are modeled as collections of states evolving through time according to
deterministic or probabilistic update rules. Identity is assigned primarily to local configura-
tion.

Homotopy type theory suggests a fundamentally different ontological perspective. Within
HoTT, identity is not primitive equality between isolated objects, but path structure inside
a type. Objects become meaningful through admissible transformations relating them to

other objects within structured spaces of equivalence.

A coherent optical configuration should not be understood merely as an instantaneous
tield assignment. Rather, it should be regarded as an element of a structured coherence
type whose operational identity depends upon admissible transport relations preserving
recursive consistency across deformation space. The primitive object therefore becomes

transport rather than state.

1.5 Toward an Admissibility Ontology

The framework developed in this book proceeds from the following inversion:

The operational identity of a coherent photonic system is determined not by
local realization alone, but by admissible transport structure preserved under

constrained deformation.

This requires replacing several inherited assumptions. Signal becomes coherence transport.
State becomes admissibility structure. Perturbation becomes deformation. Identity becomes
equivalence-preserving transport. Computation becomes recursive admissibility relaxation.

Within this perspective, coherent optical systems are interpreted as structured admissibility
manifolds governed by persistence constraints rather than merely sequential carriers of

symbolic information.



Chapter 2

From Geometry to Admissibility

A whirlpool is not a thing. It is a process that maintains itself by continuously satisfying the
conditions for its own continuation. If those conditions fail — the flow changes, the geometry shifts
— the whirlpool vanishes, not because any substance was removed, but because the organizational
requirements for its persistence were no longer met. This chapter proposes that coherent optical
systems are better understood in exactly this way: not as objects moving through space, but as
patterns of admissible transport that persist because they can.

2.1 The Ontological Priority of Persistence

Classical physical ontology typically begins with objects, fields, or geometric structures
whose persistence through time is treated as self-evident. The admissibility framework
developed in this work reverses this explanatory order. Persistence is not assumed as

primitive. Persistence itself becomes the phenomenon requiring explanation.

The central claim is therefore not that coherent structures exist and subsequently evolve.
Rather, coherent structures emerge precisely because certain regions of trajectory space
admit recursively stable transport relations while others do not. What survives operationally

is not arbitrary local configuration but admissible coherence under constrained deformation.

Consider the analogy of a whirlpool. The whirlpool persists not because some local material
substrate remains fixed, but because the admissibility conditions governing recursive flow
stability continue to hold. Similarly, coherent photonic systems persist operationally because

admissible transport relations survive perturbation and recursive deformation.

6
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2.2 Trajectory Space and Projection

Let ' denote the total space of physically admissible trajectories associated with some

optical system. We introduce a projection operator
T X =M

where M represents the observable or operational manifold associated with the system.

The crucial point is that 7 is not informationally neutral. Projection changes admissibility
structure. Certain distinctions present within total trajectory space collapse under projection,
while others become amplified. Some future trajectories remain operationally accessible
after projection, while others disappear entirely. Observable representations therefore
participate actively in the organization of admissible futures.

2.3 Admissibility Spaces

Definition 2.1. An admissibility space is a structured manifold .4 equipped with local coher-
ence constraints governing which trajectories, deformations, or transport relations remain

recursively consistent under evolution.

A region of A is admissible if trajectories entering that region preserve the coherence
relations necessary for recursive persistence. Admissibility defines an operational topology
over trajectory space rather than merely a metric geometry.

In photonic systems, admissibility constraints arise from the requirement that coherent
transport remain recursively stable under deformation. Such constraints govern whether
phase relations preserve coherence across propagation, whether resonant structures main-
tain stability under perturbation, whether energy transport remains globally compatible
with the surrounding coherence manifold, and whether topological transport invariants

survive admissible deformation.

2.4 Persistence and Recursive Stability

Definition 2.2. A structure persists if admissible transport relations preserving recursive
coherence remain available under continued deformation.

This definition removes the requirement that any particular local realization remain fixed.
Persistence instead becomes equivalence-preserving survivability under constrained trans-
formation. This interpretation naturally explains why many coherent optical systems
remain operationally stable despite substantial perturbation, and why certain systems fail
catastrophically despite apparently minor perturbations.
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2.5 Lamphron and Lamphrodyne Dynamics

Definition 2.3. Lamphron dynamics £ describe the tendency toward crystallization, stabi-

lization, and localized persistence basin formation.

Definition 2.4. Lamphrodyne dynamics £_ describe the tendency toward reintegration, diffu-
sion, redistribution, and admissibility smoothing.

Neither tendency is intrinsically desirable or pathological. Productive persistence emerges
through their regulated interaction. Excessive lamphron pressure produces over-rigid
structures incapable of adaptive transport under perturbation. Excessive lamphrodyne
pressure produces indefinite destabilization where coherence structures fail to stabilize
sufficiently for persistent transport organization to emerge.

2.6 Admissibility Evolution

To describe admissibility dynamics formally, we introduce the admissibility field
A(z,t) : Q@ x Ryg — Ryg,

where Q C R? is the photonic domain and 4(z, t) assigns to each spatial location a local

measure of recursive coherence accessibility under admissibility evolution.

This field admits a natural interpretation as an accessibility functional. If c(x,t) denotes the
local coherence state induced by an electromagnetic configuration at position x and time ¢,
then schematically

A(x,t) = Acc(c(z,t)),

where Acc measures the density of recursively sustainable continuations available from
that configuration. High admissibility does not mean high energy or high intensity. It
means that many coherence-preserving continuations remain available under constrained
deformation. A mode trapped in a narrow admissibility basin may be energetically large
but operationally fragile; a mode inhabiting a broad admissibility basin may be energetically
modest but operationally robust.

The evolution of this field is governed schematically by

ag;z = AV2A — VAP + v€(Q).

The diffusive term AV?2A represents admissibility smoothing and redistribution, reducing
local instability gradients. The nonlinear sharpening term —u||V.A|? concentrates admissi-
bility boundaries around instability frontiers. The recursive correction term vC(£2) repre-

sents global coherence constraints imposed by higher-order consistency structure, including
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memory reservoirs, global transport invariants, and recursive compatibility constraints.

The admissibility PDE may therefore be read as a competition between smoothing, boundary
sharpening, and global coherence correction. The first term distributes accessibility, the
second sharpens regions where accessibility changes rapidly, and the third reintroduces
global recursive constraints that cannot be inferred from local gradients alone.

A variational interpretation is also suggestive. Suppose there exists a functional £[A] such
that admissibility evolution approximately follows

DA 6L

When the coherence correction term is conservative, stable admissibility evolution corre-
sponds to descent in £: the system relaxes toward configurations satisfying % £[A(t)] < 0.
Cavity locking, mode stabilization, and recursive coherence closure may then be interpreted
as convergence toward local minima of an admissibility energy functional, while bifurcation
occurs when the landscape changes topology under parameter deformation. This gives a
possible route toward a variational derivation of admissibility dynamics, likely connecting
to the Allen-Cahn and Ginzburg-Landau gradient flow tradition as noted previously.

This equation should be understood as a structural evolution schema rather than a completed
physical law. A rigorous derivation from first variational principles remains an important

direction for future work.

2.7 Observable States as Projection Residues

The admissibility framework implies a fundamental reinterpretation of observable physical
states. Conventionally, measured optical outputs are treated as direct representations
of physical reality. Within the present framework, observable states are interpreted as
projection residues generated by deeper admissibility organization. A detector output
collapses unresolved coherence relations into lower-dimensional observational structure.
Spectral decomposition compresses transport organization into harmonic residue. Symbolic

encodings collapse high-dimensional admissibility geometry into sequential representation.

2.8 Homotopical Entropy and Accessible Future Volume

Conventional entropy measures count accessible microstates. The admissibility framework
emphasizes a different quantity: recursively sustainable continuation structure. Let I'(c)
denote the space of admissible future continuations accessible from coherence configuration

c. We define the homotopical entropy schematically as

Shorr(€) = log Vol(T'(c)),
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where the volume is measured not merely combinatorially but through admissibility-

preserving transport accessibility.

A coherence structure possessing many future continuations but few recursively stable
transport continuations may exhibit high conventional entropy yet low homotopical entropy.
Conversely, a highly constrained coherent structure may preserve broad recursive transport
accessibility despite low local configurational freedom. The two measures need not agree,
and their divergence is physically meaningful: it marks the difference between systems that
are statistically open and systems that are operationally accessible.

This distinction aligns naturally with the admissibility field .4 (x, t) introduced above. High
admissibility at a location means that the region supports many recursively sustainable
transport evolutions; low admissibility means that the region is a dead end despite possibly
high statistical entropy. Persistence corresponds to regions supporting high homotopical
entropy in the sense of broad recursive continuation volume, not regions of low statistical

entropy alone.

2.9 Toward Homotopical Admissibility

The admissibility framework has already prepared the conceptual transition necessary for
homotopy type theory. Identity is determined through admissible transport rather than
primitive local equality. Persistence depends upon equivalence-preserving deformation
rather than static material continuity. Observable structure emerges through projection from
deeper admissibility organization. These principles align naturally with the homotopical
interpretation of identity developed within HoTT.



Chapter 3

Why Homotopy Type Theory Changes
Physics

In ordinary mathematics, two things are either equal or they are not. But physical systems do not
behave this way. A gauge-transformed field and the original field are not equal, yet they are physically
indistinguishable. Two topological waveguides with completely different geometries may implement
the same transport operation. Conventional mathematics handles this by appending equivalence
relations as an afterthought. Homotopy type theory instead builds equivalence into the very meaning
of identity — and that single move turns out to change what kind of questions about physical systems

can even be asked.

3.1 The Crisis of Identity in Physical Theory

One of the deepest unresolved problems in modern physics concerns the meaning of
identity. Classical mechanics inherited from ordinary intuition the assumption that physical
objects possess primitive self-identity independent of transformation. Yet coherent physical
systems repeatedly resist such local notions of sameness. Gauge theories identify physically
equivalent configurations differing substantially at the representational level. Topological
phases preserve transport invariants under dramatic local deformation. Optical systems
remain coherent despite perturbations that radically alter local realization.

The difficulty arises because conventional ontology attempts to define identity prior to
transformation. Homotopy type theory reverses this order.

Homotopy type theory changes physics because it replaces static identity with

admissible transport structure as the fundamental organizational principle.

11
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3.2 Relation to Cohesive Homotopy Type Theory

The application of homotopy type theory to physical systems is not entirely new. Existing
work in cohesive homotopy type theory, particularly the program developed by Schreiber
and collaborators [9], has developed sophisticated frameworks relating higher geometry,
gauge structure, differential cohomology, and physical field theory.

The present framework differs in emphasis and ontological priority. Cohesive homotopy
type theory primarily geometrizes differential and gauge-theoretic structure: smooth cohe-
sion, differential cocycles, and higher geometric organization become central organizing

principles.

The admissibility framework developed in this text instead places recursive persistence
under constrained transport evolution at the center of the ontology. The primary object is not
differential cohesion alone but admissibility-preserving transport survivability. Operational
persistence becomes fundamental. Transport equivalence becomes identity. Recursive
compatibility governs coherent continuation.

The resulting framework therefore complements rather than replaces existing cohesive
HoTT approaches. Cohesive geometry provides essential mathematical infrastructure.
Admissibility geometry introduces recursive persistence organization as an additional

operational principle governing coherent transport systems.

It is also plausible that admissibility geometry may ultimately admit formulation within a
cohesive homotopy-theoretic setting. Cohesive HoTT already contains modalities governing
differential cohesion, shape structure, and stable homotopy organization. One possible
future direction would introduce persistence-sensitive admissibility modalities governing
recursive transport survivability under deformation. The present work does not attempt

such a full categorical integration, but the possibility suggests an important future bridge.

3.3 Types as Structured Spaces

In homotopy type theory, types are not merely collections of isolated elements. They possess
internal geometric and transformational structure. The homotopical interpretation treats a
type as analogous to a space, an element as analogous to a point, and the identity relation
between two elements as a path connecting them.

For physical systems, this immediately suggests a more natural description of coherence-
preserving transformation. Two optical configurations need not be identical pointwise
in order to belong to the same operational equivalence class. What matters is whether

admissible transport witnesses exist preserving the relevant coherence structure.
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3.4 Identity as Transport

The identity type constitutes the central conceptual innovation enabling HoTT to interact
naturally with physical systems. Let A be a type and let a, b : A be elements. The identity
type is written ld 4 (a, b) and interpreted as the space of paths connecting a and b. Identity
therefore becomes transport.

For coherent optical systems, an identity witness p : Ide(c;, ¢,) is not merely an abstract
equality claim. It certifies that recursive coherence may be preserved through admissible

deformation connecting the two configurations.

This perspective makes the relationship between identity types and gauge redundancy
precise. Suppose two field descriptions c,, ¢, : € differ by a gauge transformation but yield
the same admissible transport behavior. In a set-theoretic ontology, these descriptions
remain distinct representatives modulo an externally imposed equivalence relation. In a
homotopical ontology, the equivalence is internalized as a path p : [de (¢, ¢5). The gauge
redundancy is no longer an after-the-fact quotient. It becomes part of the identity structure
of the coherence type itself. This is the crucial physical advantage of HoTT: it does not
merely say that equivalent descriptions should be identified informally. It provides a
language in which such identifications are themselves structured objects capable of being
transported, composed, compared, and lifted to higher coherence relations.

3.5 Higher Identity Structure

Suppose p,q : Id 4 (a,b) are two distinct identity witnesses. In ordinary logic, no further
structure would exist. In HoTT, one may consider identities between identities:

IdIdA(a,b) (P, q)-

These higher identities correspond geometrically to homotopies between paths. For physical
systems, higher identity structure becomes especially important near instability boundaries,
nonlinear resonance transitions, or topological transport regimes. Higher coherence requires

higher identity structure.

3.6 Equivalence and Univalence

An equivalence between types A and B is written = (A, B), certifying that the two types
possess identical structure up to admissible transport. The univalence axiom, introduced
formally in Chapter 7, strengthens this dramatically by asserting that equivalence itself
determines identity. For physics, this becomes transformative: the operational identity
of a system is no longer determined by microscopic realization alone, but by admissible

coherence—preserving transport equivalence.
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3.7 The Constructive Character of Physical Coherence

Homotopy type theory possesses a fundamentally constructive character. Proving existence
generally requires constructing an explicit witness. This constructive orientation aligns
naturally with coherent physical systems. A coherence-preserving transport is not merely an
abstract possibility. It must be operationally realizable within the admissibility constraints

governing the system.
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Foundations of Univalent Photonics
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Chapter 4

Type Theory for Physical Systems

A type, in the sense used here, is not a category or a set or a data structure. It is more like a
habitat: a structured region whose inhabitants are precisely the configurations that satisfy whatever
admissibility conditions define it. When a configuration belongs to a type, it belongs because it
already satisfies those conditions — not because it was placed there afterward and then checked.
This chapter introduces the formal language of dependent type theory while insisting, from the first

definition onward, that the syntax carries physical meaning.

4.1 Formalism and Physical Interpretation

The goal of this chapter is not merely to introduce dependent type theory abstractly. Rather,
the formal constructions themselves will be interpreted physically from the outset. The

central methodological claim is:

The syntax of dependent type theory acquires direct operational interpreta-
tion when coherent photonic systems are treated as admissibility-preserving
transport structures.

4.2 Types and Coherence Spaces

The primitive judgment A : Type asserts that A is a type, interpreted as a structured
coherence space whose elements represent admissible configurations compatible with some
persistence constraints. An element a : A is an admissible coherent optical configuration
inhabiting the coherence space represented by A. Admissibility is built into the very

formation of the space itself, making operational consistency intrinsic rather than auxiliary.

16
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4.3 Function Types and Coherent Transport

A function f : A — Bis interpreted as a coherence-preserving transport operator carrying
admissible configurations of A into admissible configurations of B. A function is not merely
an arbitrary mapping between representations. It is a transport mechanism maintaining

recursive coherence compatibility between admissibility spaces.

4.4 Dependent Types and Resonance Families

Dependent types constitute one of the most important constructions in modern type theory
and provide one of the clearest bridges to photonic systems. Given a type B, a dependent
type over B is written A : B — Type, where for each element b : B, the expression A(b)
defines a type depending upon the parameter b.

In photonic systems, dependent types naturally describe resonance-dependent coherence
spaces. If B represents a deformation parameter space associated with a family of optical
cavities, and each parameter value b : B determines a particular geometric realization, then
A : B — Type assigns to each geometric realization its admissible coherence space A(b).
The admissible mode structure of a coherent optical system depends upon deformation

parameters.

4.5 Transportin Dependent Families

Given a dependent type family A : B — Type and a path p : Idz(b;,b,), type theory

provides a transport operation
transport? (p) : A(b;) — A(b,).

This operation transports admissible configurations from one coherence space into another
along the deformation path p. Transport is not secondary geometry applied externally to a
fixed physical object. Transport becomes intrinsic logical structure governing admissible
coherence evolution itself.

This gives a useful criterion for resonance continuation. If A(b) = €;, a mode ¢, : A(b)
continues admissibly along the path p precisely when transport® (p)(c,) is defined as an
inhabitant of A(b; ) without violating the admissibility predicate defining €, . When no such
transported inhabitant exists, resonance continuation fails. Transport in a dependent type
family therefore formalizes the physical distinction between smooth geometric deformation
and admissible modal continuation — a distinction invisible to purely local analysis but

fundamental to coherent optical design.
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4.6 Sigma Types, Product Types, and Universes

The dependent sum type >, . A(b) consists of pairs (b,a) where b : Band a : A(b). In
photonic systems, if B represents cavity geometries and A(b) represents admissible mode
structures, then B A(b) represents the total resonance manifold. Admissibility cannot

generally be specified independently of geometric deformation.

Universes U : Type are types whose elements are themselves types, becoming structured
spaces of coherence spaces. Their significance becomes especially important once equiva-

lence and univalence are introduced.



Chapter 5

Optical Paths as Identity Types

Two optical configurations can be locally identical in every measurable sense and yet be operationally
different — because the paths through which they were reached are different, and those paths constrain
what comes next. Conversely, two configurations that look nothing alike locally may be operationally
the same, connected by a continuous admissible deformation that preserves everything that mat-
ters. This chapter asks what it would mean to take this seriously mathematically, and answers by
constructing, for the first time in the book, a concrete and formally specified space whose identity

structure is exactly coherent optical transport.

5.1 The Problem of Optical Identity

Two optical configurations may differ substantially at the level of local field realization
while exhibiting identical transport behavior. This tension reflects a deeper inadequacy in
ordinary equality relations. Coherent photonic systems force a different question: under
what admissible transformations does coherent transport remain operationally preserved?

5.2 Constructing the Coherence Type

Before introducing identity transport formally, the ambient coherence type itself must
be specified explicitly. Within HoTT, identity structure is inherited from the internal
organization of the type under consideration. Paths are not freestanding objects; their

operational meaning depends entirely upon the admissibility structure of the surrounding
type.

For coherent photonic systems, the natural construction begins with admissible electro-
magnetic field configurations. Let a photonic domain be represented by a spatial region

Q) C R3 equipped with material response functions ¢(z) and u(z), together with boundary

admissibility conditions determined by the physical architecture under consideration.
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We define the coherence type C to be the type of admissible electromagnetic field con-
figurations satisfying Maxwell transport constraints together with recursive coherence

admissibility conditions:

_, 257
u@t’
oF
H =2~
V x eat,
V- (eE) =0,

Adm(E, H)

VxE=

/

where the admissibility predicate Adm(E, H) collects the following conditions.

Phase continuity requires that tangential field components extend continuously across ad-
missible material interfaces, preventing discontinuous phase singularities during admissible
deformation:

[E]=0 on  0Q.

Energy admissibility requires that coherent transport remain energetically bounded:
[ B + i) d < oo
Q

throughout admissible deformation, with lower-bounded transport stability preventing

unphysical divergence.

Mode stability requires that the linearized transport operator L(p 5, — governing lin-
earized perturbation evolution (0E, § H ) around the coherent configuration (E, H) under
the Maxwell system with admissibility constraints — possess no exponentially unstable
admissible modes:

Re(A;) <0

throughout admissible transport evolution, where A; are eigenvalues of L g ).

Boundary coherence compatibility requires that admissible transport preserve recursive
coherence relations imposed by cavity geometry, interface conditions, and global transport
topology. This condition is necessarily system-dependent; different photonic architectures
impose distinct recursive transport constraints, and the admissibility framework treats
boundary coherence compatibility as a family of constraints determined by the operational
coherence architecture under consideration.

Admissibility conditions form part of the type itself rather than external constraints imposed
afterward. A coherence state is therefore not merely an electromagnetic field realization

but an admissible transport configuration inhabiting recursive coherence space.
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5.3 The Coherence Type and Admissibility Dynamics

The coherence type € and the admissibility field .4(x,t) introduced in Chapter 2 are not
independent. The admissibility field governs which regions of the coherence manifold
remain recursively accessible dynamically under transport evolution. Operationally, € spec-
ifies which transport configurations are admissible locally, while .4 governs which regions
of the coherence manifold remain recursively accessible globally as recursive accessibility

evolves across the photonic manifold.

Identity transport in homotopy type theory formalizes admissible continuation between
coherence states, while admissibility dynamics determines whether such transport remains
recursively sustainable globally. These are not parallel descriptions. They describe different
aspects of the same recursive coherence organization: HoTT formalizes the transport
topology of admissible coherence structure, while admissibility dynamics governs the
recursive evolution and stabilization of accessibility across that topology.

5.4 Identity Types as Transport Spaces

Given two admissible coherence states c,, ¢, : C, the identity type lde(c;, ¢,) is interpreted
as the space of admissible coherence-preserving transport witnesses connecting ¢, and c,.

An element p : Ide(c;, ¢,) therefore represents a one-parameter admissible homotopy
(Etht)a te [Oa 1})

such that (E,_y, H,_y) = ¢, (E,_;,H,_;) = ¢y, and every intermediate configuration

remains admissible.

The path therefore represents a genuine coherence-preserving transport homotopy rather
than a merely symbolic equality relation. A transport witness does not assert that two
configurations possess identical local realization. Rather, it certifies that recursive coherence

may be preserved through admissible deformation connecting them.

5.5 Waveguides as Path Objects

Waveguides provide one of the clearest physical realizations of admissible transport struc-
ture. Within the present framework, a waveguide is interpreted as a physical realization of
a path object inside coherence space.

Worked example. Consider a family of waveguides parameterized by a deformation co-
ordinate A € [0, 1], where the refractive-index profile evolves continuously from n(x) to
n,(x). Each admissible geometry determines a coherence configuration ¢, : €. Suppose

the deformation preserves phase continuity, modal confinement, and energy admissibility
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throughout. Then the family A — c, defines a transport witness

p:lde(co, cq)-

Now suppose the deformation crosses a cutoff singularity where modal confinement fails.
At some critical parameter \*, the intermediate configuration ceases to satisfy admissibility
conditions. The transport witness then fails to extend globally across the deformation

interval.

Crucially, this failure is not geometric in the ordinary sense. The refractive-index profile
continues to evolve smoothly through A\*. No discontinuity appears in the underlying mate-
rial deformation itself. The obstruction is instead admissibility-topological: beyond \*, no
intermediate coherence configuration satisfying modal confinement and recursive transport
stability exists continuously across the deformation interval. Operational identity breaks
because admissibility continuation becomes impossible, not because geometry becomes

discontinuous.

In type-theoretic terms, this failure has a precise expression. Let vy : [0, 1] — Bbe the smooth
path in geometry space, and let A(y())) = €, be the corresponding coherence type. A
transported mode is a dependent section s(\) : A(y())), and admissible continuation
requires that s(\) exist for all A € [0, 1]. At cutoff, there exists A* such that the fiber A(y(\*))
contains no inhabitant satisfying the same admissibility class as the incoming mode. The
dependent section cannot be extended through A\* not because the base path v ceases to
exist — the base deformation remains smooth — but because the dependent coherence
section ceases to inhabit the admissible fiber. The admissibility-topological nature of cutoff
is thereby expressed precisely through the failure of section extension in a dependent type
family.

5.6 Interference as Path Composition

Given paths p : Ide (¢, ¢y) and ¢ : 1de(cy, ¢5), composition yields g o p : Ide (¢, ¢5). This cor-
responds to chained coherence transport through coupled optical structures. Interference
phenomena emerge naturally: two distinct admissible transport witnesses connecting iden-
tical coherence configurations may coexist simultaneously, and their interaction generates
interference structure not reducible to either path independently. An interferometer does

not merely compare signals; it compares admissible transport histories.

5.7 Higher Optical Homotopies

Suppose p, ¢ : lde(cq, ¢y) are distinct admissible coherence transports. Higher identities

a: |d|d@(c1,c2)(p7 q)
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represent homotopies between transport witnesses themselves. This becomes important
in nonlinear optical systems, coupled resonator networks, cavity bifurcation regimes, and
topological transport structures where multiple admissible coherence transport histories
remain recursively compatible under higher-order deformation.

5.8 Encode-Decode and Optical Reconstruction

The encode-decode method in HoTT establishes equivalences between identity types and
more explicitly computable structures. In coherent photonic systems, this corresponds
to encoding transport witnesses into computable coherence invariants — phase winding
structure, resonance compatibility classes, topological transport indices, admissibility-
preserving mode decompositions — and decoding transport witnesses from these invariants.

Observable quantities become compressed encodings of deeper admissibility geometry.



Chapter 6

Resonance Manifolds and Dependent
Types

A cavity does not have a fixed set of modes. It has the modes its geometry allows, and as the geometry
changes, the modes change with it. This sounds obvious, but its implications are deeper than they
appear: the admissible configurations of a system are not independent objects that happen to vary
with parameters — they are intrinsically dependent on those parameters, and any adequate formalism
must build that dependence in from the start rather than patching it on afterward. This chapter
develops the mathematics of such intrinsic dependence and shows how resonance, bifurcation, and

mode splitting appear naturally within it.

6.1 Resonance as Structured Dependence

A resonance structure is not merely a collection of frequencies supported by a physical
device. Rather, it is a parameter-indexed family of admissible coherence spaces whose

internal transport organization evolves under constrained deformation.

Resonance is fundamentally a dependent phenomenon. The admissible coher-
ence structure of a system depends intrinsically upon the geometry, topology,

and transport constraints generating it.

6.2 Dependent Resonance Families and Coherence Types

The dependent resonance families introduced in Chapter 4 may now be connected explicitly

to the coherence type construction developed in Chapter 5.

Let B : Type denote a parameter space of admissible photonic geometries. Each param-

eter value b : B determines boundary conditions, refractive-index distributions, cavity

24



6.3. THE TOTAL RESONANCE SPACE 25

constraints, and transport admissibility structure. The associated dependent resonance
family
A: B — Type

is defined by
A<b) = €b7

where ¢, denotes the type of admissible Maxwell field configurations satisfying the co-
herence constraints induced by geometry parameter b. The geometry determines the
admissibility structure of the coherence type itself. Dependent transport therefore corre-
sponds operationally to coherence-preserving deformation between admissible photonic
geometries.

6.3 The Total Resonance Space

The dependent sum }_, ~ A(b) represents the full resonance manifold of the photonic
system. Each point specifies both a physical parameter configuration and an admissible
coherent optical mode compatible with that configuration. This resembles a fiber bundle,
but with a crucial distinction: the fibers are admissibility types possessing internal transport
structure governed by homotopical identity relations. The resonance manifold becomes a
genuinely higher-structured object.

6.4 Transport Across Resonance Manifolds

Givena path p : Idz(b;, by) connecting two admissible parameter configurations, dependent
transport induces
transport? (p) : A(b,) — A(by),

describing the evolution of admissible resonance structure under deformation. The defor-
mation path itself matters: different admissible deformation histories connecting identical
geometric endpoints may induce distinct resonance transports. The resonance manifold
possesses memory encoded directly into admissible transport structure.

6.5 Bifurcation and Transport Splitting

The relationship between resonance bifurcation and higher identity structure may be illus-
trated concretely.

Forb < b*, suppose the transport space Id 4 (¢;, ¢5) is contractible, meaning isContr(ld 4 ;, (¢;, ¢5))
holds. There is, up to higher coherence, essentially one admissible transport witness. As
the system approaches the critical parameter b*, the transport organization destabilizes

recursively.



26 CHAPTER 6. RESONANCE MANIFOLDS AND DEPENDENT TYPES
Beyond the bifurcation point, the transport space decomposes:

IdA(b) (c1,¢9) = PUQ,

yielding two distinct transport witnesses p : Pand ¢ : (). The bifurcation is therefore not
merely the splitting of a frequency value. It is the loss of contractibility of the transport

space and the emergence of multiple connected components in the identity type.

Initially, near the bifurcation boundary, there may exist a higher coherence witness

a: IdIdA(b)(Clch)(p’ Q)

relating the two transport branches. As admissibility evolution proceeds further, the higher
homotopy itself may fail to persist, and the transport branches separate into genuinely
distinct coherence classes.

A physically important example occurs near avoided crossings in coupled resonator sys-
tems. As the control parameter approaches b*, two resonance modes approach degeneracy
and enter a coherent mixing regime. Near the bifurcation boundary, admissible transport
witnesses remain related through higher coherence structure o — the modes remain re-
cursively coupled through admissible transport mixing. As the control parameter moves
sufficiently beyond the critical regime, the resonance branches separate into distinct opera-
tional transport classes, the higher homotopy « fails to persist globally, and the transport

structures become genuinely distinct admissibility branches.

The bifurcation therefore corresponds not merely to frequency splitting but to recursive

reorganization of higher transport topology across the resonance manifold.

6.6 Singular Resonance Transitions and Recursive Stability

Singular resonance transitions occur when induced transport transport® (p) fails to preserve
recursive coherence compatibility for some regions of the resonance manifold. Such failures
— abrupt cavity-locking failure, nonlinear mode collapse, topological transport discontinuity
— represent points at which admissible transport structure fails operationally, not merely
geometric failures.

Resonance stability should be interpreted recursively. A resonance mode remains stable if
admissible coherence-preserving transport continues to exist under recursive deformation.
This naturally incorporates higher-order coherence relations ignored by purely local stability

analysis.



Chapter 7

Univalence and Operational Equivalence

Engineers already know that two optical systems can be “the same” despite being physically different.
A silicon ring resonator and a glass microsphere implementing identical transport behavior are, for
most purposes, interchangeable. What is less obvious is that this intuition, once formalized, turns
out to be mathematically radical: it says that equivalence is not merely a useful approximation but a
form of identity itself. The principle that makes this precise is univalence, and its physical meaning
is that the operational universe cares about transport structure, not material substrate.

7.1 The Problem of Structural Sameness

Suppose two coherence spaces possess indistinguishable transport organization. Suppose
every admissible transport operation in one system corresponds coherently to an admissible
transport operation in the other. Should the systems be regarded as different merely because

their local realization differs?

Classical mathematics typically answers yes. Yet physicists and engineers routinely ignore
this distinction operationally. The univalence principle formalizes this operational intuition,
transforming equivalence from an external comparison between structures into a form of

identity itself.

7.2 Equivalence Between Coherence Types

Let A, B : Type be coherence types. An equivalence = (A, B) certifies that the two coherence
spaces possess identical admissibility-preserving transport organization. More precisely, it
consists of transport maps f : A = Band g : B — A together with coherence witnesses
demonstrating that transport in one direction followed by the other preserves operational

structure up to admissible homotopy.
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7.3 The Formal Statement of Univalence
Let U denote a universe of types. For any two types A, B : U, there exists a canonical map
idtoequiv : Id, (A, B) — Equiv(A4, B)

sending identity witnesses to equivalences. The canonical map exists constructively because

identity always induces equivalence.

Axiom 7.1 (Univalence). The map idtoequiv is itself an equivalence:

Id;, (A, B) ~ Equiv(4, B).

The univalence axiom asserts the stronger converse: every admissible equivalence arises
from identity structure itself. Operationally, this means that coherence-preserving equiva-
lence between photonic systems is not merely a convenient comparison relation imposed
externally. Equivalent coherence architectures are genuinely identical within the admis-
sibility framework. The theory therefore elevates operational transport equivalence from

isomorphism to identity.

7.4 Optical Equivalence Classes and Engineering Implications

Univalence has direct engineering consequences. Two topological waveguides possessing
radically different microscopic geometry while preserving identical protected transport
structure belong to the same operational equivalence class. Two interferometric systems
implementing equivalent coherence transformations despite differing physical layout are
operationally identical. Distinct resonator networks generating identical admissibility-

preserving mode evolution are formally the same.

Without univalence, one must repeatedly reconstruct essentially identical coherence argu-
ments for each physical realization independently. With univalence, operational equivalence
itself guarantees coherent transferability of all structures, proofs, and constructions. To
see this precisely: suppose e := (A, B) is an admissibility-preserving equivalence between
coherence types. By univalence, this corresponds to a path ua(e) : Id, (A, B). For any
construction P : I/ — Type defined on coherence types, transport along this path yields

transport”(ua(e)) : P(A) — P(B).

If P(A) denotes a verified coherence property, resonance invariant, or admissibility theorem
for system A, then univalence transports that property to system B automatically whenever
the two systems are operationally equivalent. Engineering insight established for one

physical realization propagates to all equivalent realizations without reconstruction.
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7.5 Topological Robustness as Univalent Stability

Topological photonic systems exhibit extraordinary resilience against perturbation because
admissible transport equivalence classes remain invariant under admissible deformation.
Protected edge modes persist because the relevant admissibility topology remains con-
nected through equivalence-preserving transport structure. Topological robustness is a

manifestation of operational univalence.

7.6 Higher Equivalences and Recursive Coherence

Two equivalences e, e, := (A, B) may themselves be related through higher identities. Op-
erationally, these correspond to distinct admissibility-preserving realizations of operational
equivalence. This becomes important in systems possessing multiple competing trans-
port organizations or recursively layered resonance structures. The relationships between

equivalences themselves possess physical significance.

7.7 Functorial Transfer Between Physical Substrates

One of the strongest implications of univalence is that coherent operational structure
may transfer across radically different physical substrates. Suppose F' : €; — €, is an
admissibility-preserving functor between coherence architectures implemented in distinct
physical media. The operational significance of the transport organization survives inde-

pendently of the material realization itself.

Asilicon photonic lattice, a superconducting microwave cavity system, and a biological wave-
propagation network may therefore instantiate equivalent admissibility organization despite
differing microscopic physics. The physically relevant object is not substrate composition
alone but recursive coherence-preserving transport structure. This motivates a generalized

substrate independence principle:

Any physical system capable of realizing equivalent admissibility-preserving
transport organization belongs to the same operational coherence class.

The implications extend beyond photonics. Cognition, biological regulation, and cos-
mological persistence structures may each instantiate admissibility-preserving transport
organization at different scales and substrates. Univalence provides the formal warrant
for treating such systems as operationally equivalent when their transport organization
genuinely corresponds — not as an analogy but as an identity within the admissibility

framework.
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Higher Structures in Photonic Systems
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Chapter 8

Higher Inductive Structures and Opti-
cal Construction

A ring resonator is not a circle of glass. It is a loop of coherent transport that closes on itself. The
distinction matters because the glass can be shaped in countless ways while the transport loop
remains the same thing — and conversely, the same piece of glass can fail to be a resonator at all if
the transport conditions are not satisfied. This chapter takes that insight seriously by developing a
mathematics in which optical architectures are constructed directly from their transport relations,
rather than described as structures embedded in pre-existing geometry. The loop comes first; the glass

is incidental.

8.1 Construction Versus Description

Higher inductive types suggest a fundamentally different viewpoint: rather than beginning
with a fully formed geometrical substrate, one may construct coherent operational spaces
directly from admissibility generators and transport relations. A coherent optical archi-
tecture need not be understood merely as a passive geometry supporting transport. The
architecture itself may be generated inductively through admissibility-preserving coherence

relations.

8.2 Higher Inductive Types

In addition to point constructors generating elements, higher inductive types also specify
path constructors generating admissible identities between elements, and higher paths
between paths, recursively generating entire higher coherence structures directly within the
type. Operationally, this means that a coherence space may be constructed simultaneously

with its admissibility-preserving transport relations.
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8.3 The Optical Circle and Ring Resonators

The circle type is generated by a point base : S! together with a path loop : Idg: (base, base).
The circle is not defined first as a geometric object embedded within an external space. It is

generated directly through admissibility-preserving transport structure.

A ring resonator may be interpreted as a higher inductive coherence structure generated by a
base admissible configuration together with a recursive transport loop preserving coherence
under cyclic evolution. Resonance quantization emerges as a constraint on admissible higher
transport consistency. Mode formation becomes the stabilization of recursively admissible
transport structure under repeated loop composition.

This interpretation admits a precise formulation. Let ¢ : Ids(c, ¢) be the admissible loop
corresponding to one circuit of the resonator. Repeated circulation corresponds to powers
0™ : lde(c,c). A stable resonant mode is one for which iterated composition remains
recursively admissible: Vn € N, /" remains admissible. Phase closure corresponds to the
condition that iterated loop transport returns coherently to the same operational class. In
ordinary optical language, this is the familiar resonance condition requiring an integer
multiple of 27 round-trip phase. In the present framework, that condition becomes a special
case of recursive admissibility of loop composition, and the discreteness of resonance modes
follows from the homotopy-theoretic structure of the loop space rather than from harmonic
analysis imposed externally.

8.4 Interferometers as Higher Coherence Objects

An interferometric system comparing two admissible transport paths p, ¢ : Ido(¢;, ¢y) is a
physical realization of higher path structure. Its operational significance lies in organizing
recursive compatibility relations between admissible transport histories. Interference phe-
nomena resist purely local state descriptions because the physically meaningful structure
resides in higher transport organization.

8.5 Optical Cell Complexes and Topological Generation

Higher inductive construction generalizes naturally to more complicated coherence archi-
tectures. Photonic lattices may be generated inductively through coherence constructors
together with transport constraints enforcing recursive admissibility around higher loops.
The resulting operational topology emerges intrinsically from admissibility structure itself.
Protected transport modes correspond to admissibility-preserving higher paths surviving
recursive deformation.



Chapter 9

Topological Photonics Through Homo-
topy Type Theory

Topological photonics is built on an observation that initially seems paradoxical: some optical
behaviors are so robust that they survive almost any perturbation you can apply. Scratch the surface,
disorder the lattice, change the material — the edge mode persists. The standard explanation invokes
global topological invariants, numbers that cannot change continuously. But invariants are just the
symptom. The deeper reason is that the relevant transport structure lives in an equivalence class,
and perturbations that do not push the system across a class boundary cannot destroy what the class

protects. This chapter makes that reasoning explicit using the language developed so far.

9.1 Topology and Operational Robustness

Topological robustness arises because coherent transport itself is organized homotopically
through admissibility-preserving equivalence structure. Operational stability depends
not primarily upon local field preservation but upon persistence of admissible transport

organization under deformation.

9.2 Protected Edge Modes as Transport Witnesses

A protected edge mode is interpreted as a stable admissible transport witness inhabiting a
nontrivial coherence class. A perturbation may distort local realization substantially while
nevertheless preserving the existence of the transport witness itself. The mode persists
because its admissibility topology remains connected — admissible transport cannot be

continuously removed without topological obstruction.
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9.3 Band Topology and Coherence Families

Families of resonance structures indexed over parameter spaces such as momentum mani-
folds are naturally interpreted as dependent coherence families A : B — Type. Transport
around closed parameter loops p : Id5(b, b) induces operations transport” (p) : A(b) — A(b).
Nontrivial topological organization arises when transport around closed loops fails to
reduce to trivial admissible deformation. Band topology becomes a manifestation of higher

transport organization inside resonance manifolds.

9.4 Berry Transport and Higher Identity

A closed admissible loop p : Id (b, b) induces transport® (p) : A(b) — A(b) where the coher-
ence configuration may fail to return identically to its original transport organization. Berry
transport becomes a manifestation of higher coherence topology: the phase accumulation
reflects nontrivial higher identity structure within the resonance family itself.

This yields a precise formulation. The transport automorphism transport® (p) : A(b) — A(b)
may or may not be homotopic to the identity. If it is not homotopic to the identity, then
transport around the loop has generated nontrivial holonomy: the system returns to the
same base parameter b, but the coherence state has been transformed by the topology of
the path. Berry phase is therefore not merely an added scalar phase appended to otherwise
standard mode dynamics. It is the visible residue of nontrivial dependent transport in the
resonance family, whose existence is a consequence of the homotopy class of the parameter
loop rather than any local property of the system at the basepoint.

9.5 Topological Defects and Admissibility Singularities

A topological defect corresponds to an obstruction in admissibility-preserving transport
structure. Local coherence sections may exist across neighboring regions while failing to
extend into a globally compatible organization. The defect reflects a failure of recursive

coherence extension rather than merely a geometric irregularity.

9.6 Homotopy Classes and Topological Protection

Transport witnesses p,q : Ideo(c;,cy) belong to the same admissible deformation class
if a higher homotopy « : Idig, ., .,)(p,q) exists. Topological protection arises because
admissibility-preserving deformation cannot collapse one transport class into another

continuously. The operational object is the equivalence class.



Chapter 10

Optical Homotopy Dynamics

So far the framework has been largely static: here is a space, here is a type, here are its transport
witnesses. But real optical systems are not static. They lock, they bifurcate, they reorganize. A mode
that was uniquely defined yesterday may split into two today as a parameter crosses a threshold.
A cavity that was freely deformable may suddenly resist any further change. These are not just
numerical phenomena — they are changes in the identity structure of the system, and they call for
a mathematical language in which transport topology itself is allowed to evolve. That language is

developed here.

10.1 From Static Structure to Dynamical Coherence

Coherent photonic systems are not static objects. Their admissibility topology evolves.
Transport witnesses stabilize, bifurcate, collapse, reconnect, or become obstructed under re-
cursive coherence pressure. Coherent evolution is dynamical reorganization of admissibility-

preserving transport structure itself.

10.2 Admissibility Evolution as Transport Dynamics

The admissibility field .4(x, t) measures the local density of recursively coherent transport

accessibility inside a higher admissibility manifold. The evolution equation

A
8& = AV2A — p||VA|? + vC(Q)

governs not local state evolution alone but recursive reorganization of transport topology
itself.

35



36 CHAPTER 10. OPTICAL HOMOTOPY DYNAMICS

10.3 Cavity Locking as Recursive Transport Stabilization

A cavity becomes locked when recursive admissibility evolution stabilizes a coherence
transport loop p : Ide (¢, ¢) into a persistent higher identity structure. Resonance stabilization
is not merely frequency selection. It is recursive transport closure. Nonlinear cavity systems
exhibit abrupt mode-locking transitions and hysteresis because the system reorganizes its
admissibility topology dynamically until recursively stable transport structure emerges.

10.4 Bifurcation as Homotopical Branching

Bifurcation does not merely reflect local instability. It reflects reorganization of admissible
identity structure itself. Distinct operational transport histories emerge because recursive
coherence evolution partitions the admissibility manifold into separate transport basins.
Optical bifurcations exhibit qualitative organizational transitions disproportionate to local
parameter change because the operational topology of coherence transport reorganizes
globally.

10.5 Instability Frontiers

The active instability frontier 7 C € is the dynamically evolving boundary separating
recursively stable transport organization from incoherent transport collapse. The sharp-
ening term —pu||V.A|? concentrates admissibility gradients around instability boundaries,
dynamically sharpening transport separation. Transport witnesses crossing these frontiers

may collapse abruptly, bifurcate, or reorganize into new admissibility basins.

10.6 Homotopy Flows and Recursive Stabilization

The transport witnesses themselves evolve homotopically. A time-indexed family p, :
Ide(cq, ¢y) represents a homotopy flow through transport space. Higher identities « :
g, (c, c,) (Pt: Priny) describe admissible deformations between successive transport orga-
nizations. Persistent coherence emerges because recursively coherent structures survive

admissibility evolution more effectively than incompatible alternatives.

10.7 Coherence Collapse as Admissibility Phase Transition

The loss of coherence in a photonic system is often treated operationally as signal degrada-
tion, decoherence, or transport instability. Within the admissibility framework, coherence
collapse is more naturally interpreted as a phase transition in admissibility topology itself.

Let € denote a family of coherence types parameterized by a control variable A. As A varies,

the admissibility structure governing recursive transport may reorganize qualitatively.
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A previously connected transport space may fragment into disconnected admissibility

components:
lde, (1, ¢5) ~ PLUQ.

The collapse of coherence therefore corresponds not merely to amplitude attenuation or
stochastic disturbance, but to the disappearance of admissible transport witnesses connect-
ing operationally related configurations. What was a single connected space of viable paths

becomes two or more mutually inaccessible regions.

This interpretation clarifies why coherent systems frequently exhibit abrupt threshold be-
havior. The underlying admissibility topology may remain stable across large perturbation
ranges before suddenly reorganizing once a critical transport boundary is crossed. The
system does not degrade gradually; it undergoes a qualitative transition in which previously
available continuations simply cease to exist. Coherence collapse is therefore topological
before it is statistical — the disappearance of a path structure, not the accumulation of noise.



Chapter 11

Admissibility Geometry and Constraint
Transport

Local coherence is easy to achieve. Global coherence is hard. A photonic lattice can have perfectly
well-behaved modes in every small patch while still failing to support a globally consistent transport
organization — because the patches, when assembled, refuse to fit together. This is not a pertur-
bation problem or a fabrication problem. It is a topological problem: the local descriptions carry
conflicting information that accumulates as you travel around the system. This chapter develops the
sheaf-theoretic framework that makes such global failure precise and shows how it connects to the
obstructions already familiar from topological physics.

11.1 The Local-to-Global Problem

Local coherence organization does not automatically guarantee global coherence com-
patibility. A photonic system may possess locally admissible transport structures which
nevertheless fail to extend into globally consistent operational organization. A coherent
photonic system is most naturally interpreted as a sheaf-like admissibility structure whose
operational behavior depends upon the existence of globally compatible coherence transport

organization.

11.2 Local Coherence Sections and Restriction

Let B denote a deformation base space. Over each sufficiently small region U C B, there
exists a coherence type C(U). An element ¢ € €(U) represents an admissible local coherence
section defined over the region U. For V' C U, restriction operations p; y : C(U) — (V)
govern recursive compatibility across overlapping admissibility domains.

The sheaf condition may be stated directly. Suppose local coherence sections ¢; € €(U;)
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satisfy compatibility on overlaps:

Pu,,u,nU; (c;) = Yij (PUj,UimUj(Cﬂ) .

A global coherence section is an element ¢ € C(U) such that p;; ;; (¢) = ¢; up to the
admissibility-preserving transition structure. The existence of such a global section is not
guaranteed; it requires that the local transition data be recursively compatible around every

overlap cycle.

11.3 A Concrete Gluing Obstruction

Consider a photonic transport lattice covered by three overlapping admissibility regions
U;,U;, Uy, each supporting local coherence sections ¢; € C(U;), ¢; € C(U;), ¢, € C(Uy).

On pairwise overlaps, admissible transport relations determine transition automorphisms

where g, ; represents an admissibility-preserving transport automorphism relating local co-
herence sections across overlapping domains, and composition denotes recursive transport

composition.

If recursive coherence compatibility extends globally, transport around the overlap cycle

must compose trivially:
9i;95k9ki = L.

Suppose instead that g,,9,,9;; # 1. Then recursive transport compatibility fails globally

despite local admissibility across all pairwise overlaps.

The failure of the cocycle condition defines an obstruction class
9 € H'({U;}, 9),

where § denotes the sheaf of admissibility-preserving transport automorphisms and H' ({U, }, §)

is the first Cech cohomology group measuring persistent recursive incompatibility.

This obstruction has direct physical interpretation closely related to Berry holonomy. Trans-
port around the admissibility loop accumulates nontrivial coherence phase structure rather
than returning trivially to the original organization. A transport mode may remain locally
stable while failing to extend globally because recursive coherence accumulation around

the lattice generates incompatible transport holonomy.

In general, G need not be abelian. Admissibility-preserving transport automorphisms
may fail to commute under recursive composition, particularly in coherence architectures

supporting nontrivial gauge-like transport organization. The obstruction theory therefore
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naturally extends into nonabelian Cech cohomology, where obstruction classes classify
recursive transport bundle structure — an entire admissibility transport gauge organization
— rather than merely scalar phase accumulation. A single sentence for future development:
the quotient structure H'({U,}, §) with nonabelian § classifies principal $-bundles, giving
the photonic obstruction a richer gauge-theoretic interpretation.

11.4 Global Sections, Admissibility Morphisms, and Local-to-
Global Coherence

A global coherence section, defined consistently across the entire deformation base, cor-
responds to a fully coherent photonic system whose local transport structures remain
recursively compatible globally. Admissibility morphisms — transport-preserving maps
between coherence structures preserving recursive compatibility under admissible defor-

mation — formalize coherence-preserving realization transfer.

Coherence is fundamentally local-to-global. A coherent photonic system stabilizes oper-
ationally only when recursively compatible transport organization extends consistently
across overlapping admissibility domains. Topological robustness becomes persistence
of globally compatible transport organization. Resonance stabilization becomes recursive

coherence extension. Defects become obstruction structure.

11.5 Admissibility Curvature and Transport Resistance

Not all coherence manifolds permit transport equally. Certain regions of admissibility space
strongly resist recursive continuation, while others permit stable coherence propagation
across broad deformation classes. This variation motivates the introduction of an admissi-
bility curvature functional R , measuring the local resistance of coherence transport under

admissible deformation.

Regions of high admissibility curvature correspond operationally to instability bottlenecks,
transport singularities, bifurcation boundaries, or coherence collapse frontiers. Regions
of low admissibility curvature correspond to stable coherence basins supporting broad
classes of recursively compatible transport. The geometry a photonic system inhabits is
therefore not simply the geometry of its physical substrate but the curvature landscape of
its admissibility structure — and these can differ dramatically.

Unlike ordinary geometric curvature, admissibility curvature measures recursive transport
survivability rather than metric bending alone. Two geometrically similar systems may
possess radically different admissibility curvature if one preserves recursive transport orga-
nization while the other does not. This suggests that the operational geometry governing
coherent systems is fundamentally persistence-theoretic rather than metrically geometric,

and that designing for admissibility flathess — systems with broad, stable transport basins
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— is a different engineering objective from designing for geometric smoothness.
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Part IV

Optical Computation and Semantic
Photonics
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Chapter 12

Optical Computation Beyond Symbolic
Processing

When a soap film finds the minimum-area surface spanning a wire frame, it is computing — not by
following rules, but by settling into the configuration that resolves all local tensions simultaneously.
Coherent optical systems do something structurally similar. They do not execute programs. They
stabilize. The claim of this chapter is that this kind of computation is not a metaphor or an approxi-
mation of real computation; it is a different and in some respects more fundamental form of it. And
the homotopy truncation hierarchy turns out to classify, with unexpected precision, what kind of
information a measurement device can extract from such a process.

12.1 The Limits of Symbolic Computation

Coherent optical systems are not merely faster symbolic processors. They instantiate an

alternative computational ontology.

Computation in coherent photonic systems is most naturally interpreted as
recursive admissibility relaxation over coherence manifolds rather than symbolic

rule application over sequential representations.

12.2 Constraint Relaxation as Computation

Many physical systems evolve by minimizing recursive incompatibility. Resonant optical
cavities stabilize coherence structure through recursive transport reinforcement. In each
case, the system computes operationally through relaxation. The resulting organization
emerges because recursively incompatible structures fail to persist while admissibility-

preserving structures stabilize dynamically.

43



44 CHAPTER 12. OPTICAL COMPUTATION BEYOND SYMBOLIC PROCESSING

12.3 Measurement as Homotopy Truncation

A coherent photonic system possesses higher transport structure. A detector, however, does
not preserve this higher structure operationally. Measurement projects recursive coherence

organization into observational residue.

Within HoTT, this operation resembles truncation. Let | A|,, denote the n-truncation of a
higher type A, collapsing identity structure above level n. Different measurement archi-
tectures correspond to different truncation levels, giving a type-theoretic classification of
observational architecture indexed by preserved coherence depth.

Propositional truncation | A|_; collapses coherence structure into binary observational
residue, corresponding to measurements recording only existence-type outcomes such as
detector activation.

Set truncation || A|, preserves discrete outcome distinguishability while suppressing higher
transport structure, corresponding to measurements resolving mode number or frequency
channel while discarding recursive coherence organization.

Groupoid truncation || A, preserves equivalence structure between outcomes while col-
lapsing higher homotopies, corresponding to interference-preserving measurements that
lose higher recursive phase organization.

The truncation hierarchy almost certainly extends further. A hypothetical measurement
architecture preserving second-order coherence relations while collapsing higher recursive
transport organization would correspond schematically to || A|,, preserving certain classes of
holonomy-between-holonomies. Whether physical photonic systems can realize such higher
truncation-sensitive observational architectures remains an open question. Nevertheless,
the existence of the homotopy truncation hierarchy strongly suggests that measurement
coarseness itself admits a type-theoretic classification indexed by preserved coherence
depth — a claim, to our knowledge, not previously stated in the literature.

Measurement may also be formalized as a functor. Define a measurement functor
M, :C—|C],,

mapping a coherence type to its n-truncation. The value of n determines the homotopy
depth preserved by the measurement architecture. This formulation makes explicit that
measurement does not merely reveal a pre-existing value. It selects a truncation level and
thereby determines which coherence relations remain operationally visible. Measurement
is therefore a structured projection of transport topology rather than a neutral extraction of
local state. Two measurement systems with different truncation levels cannot, in principle,
access the same coherence information even when operating on identical physical systems

— not because of instrumental resolution but because of the homotopy depth at which they
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project.

This interpretation also clarifies the relationship between symbolic systems and coherent
transport architectures. Symbolic representations are truncated admissibility projections
generated from higher transport organization. Symbolic computation operates over 0-
truncated coherence structure: elements are distinguishable but higher identity structure
is suppressed, schematically S ~ |C|,. The advantage of this truncation is stability and
manipulability. The disadvantage is loss of higher transport organization. The power and
brittleness of symbolic systems have a common source: both arise from the same collapse
of transport richness into projection stability.

12.4 TransportLogic, Admissibility Descent, and Topological Com-
putation

Transport logic replaces symbolic logic with admissibility-preserving coherence transport as
primitive. Logical consequence becomes admissibility continuation. Contradiction becomes

transport obstruction. Inference becomes recursive coherence stabilization.

The admissibility PDE acts directly upon coherence organization rather than merely numer-
ical representation, performing admissibility descent over coherence topology. Topological
photonics acquires a direct computational interpretation: protected transport modes cor-
respond to recursively stable admissibility structures resistant to local perturbation, and
topological robustness becomes computational robustness.



Chapter 13

Recursive Coherence Architectures

The most interesting optical systems are not those that simply stabilize. They are those that requlate
their own stabilization — systems where the pattern of coherence actively reshapes the conditions
under which future coherence is possible. A cavity that locks alters the effective admissibility landscape
for modes that arrive afterward. A topological transport network that routes one signal changes
what paths remain available to the next. This self-referential quality, where coherence organization
feeds back into the conditions for coherent organization, is what distinguishes a recursive coherence

architecture from a mere relaxation system.

13.1 From Relaxation to Recursive Organization

Many coherent systems regulate their own coherence evolution recursively. Instability
regions are detected dynamically. Constraint propagation reorganizes itself adaptively.
Persistent transport structures alter future admissibility accessibility. The resulting systems

become recursive coherence architectures.

13.2 Active Instability Frontiers and Hierarchical Organization

The active instability frontier 7 C € concentrates computational activity. Stable regions
require little reorganization once recursive admissibility has converged. Instability frontiers
remain dynamically active. Recursive coherence evolution therefore behaves selectively,

resembling focused topological repair rather than blind global optimization.

The frontier admits a schematic definition. Pulling the admissibility field .4 back along
coherence configurations induces an accessibility gradient over transport space. The active

instability frontier is the region where this gradient exceeds a threshold:
Ty ={ceC|[VAle,)] > 0}.
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This is the interface where admissibility structure is still being decided. Computation
localizes near 7, because stable regions require little further reorganization, while unstable
regions lack coherent continuation. Recursive coherence architectures compute by moving,
shrinking, splitting, or stabilizing instability frontiers.

Many coherent photonic systems exhibit layered transport organization across multiple
scales. Local resonance loops stabilize within larger transport structures. Constraint propa-
gation occurs recursively across nested coherence hierarchies. The resulting architectures
possess genuinely hierarchical admissibility topology, resembling recursive sheaf gluing
across nested coherence manifolds.

13.3 Lamphron-Lamphrodyne Regulation

Recursive coherence architectures require both stabilization and reintegration. Excessive
lamphron pressure produces rigid transport fixation — over-specialized transport archi-
tectures incapable of tolerating deformation. Excessive lamphrodyne pressure produces
perpetual destabilization — transport organization never converges. Operational persis-
tence emerges through recursive regulation near the critical balance.

This balance governs mode locking (sufficient stabilization to preserve coherence loops,
sufficient flexibility for recursive compatibility under perturbation), topological robustness
(protected admissibility structure without catastrophic rigidity), and recursive photonic
computation (stable transport organization without collapse into frozen symbolic residue).

13.4 Recursive Memory and Semantic Organization

Persistent transport organization does not merely preserve prior coherence structure pas-
sively; it actively reshapes future admissibility evolution. The system “remembers” because
recursive coherence persistence alters the transport accessibility landscape itself. Memory

is infrastructural rather than retrospective.

At sufficiently high levels of recursive coherence organization, transport stabilization begins
to resemble semantic organization. This reflects a structural principle: a recursive coherence
architecture organizes transport evolution according to global admissibility compatibility
rather than merely local interaction rules. This provides the bridge between photonic

admissibility computation and broader recursive organizational systems.

13.5 Memory as Homotopy Class of Transport History

Many coherent optical systems exhibit hysteresis, path dependence, and stabilization mem-
ory. Such effects are difficult to interpret purely through instantaneous state descriptions

because the operational behavior depends explicitly upon prior admissible transport history.
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Within the present framework, memory is represented directly through higher transport
organization. Let p, ¢ : Ideo(c;, ¢y) be distinct admissible transport witnesses connecting
identical endpoint configurations. The operational behavior of the resulting configuration
may depend upon which transport witness generated it. Two systems that arrived at
the same local configuration by different admissible paths may behave differently under
subsequent perturbation because they inhabit different homotopy classes of transport

history:.

Memory therefore resides not in local configuration alone but in the homotopy class of
admissible transport history. Recursive coherence architectures preserve traces of prior
admissibility evolution because admissible transport paths themselves participate in future
coherence organization. This suggests that certain forms of optical memory — hysteretic
mode selection, path-dependent locking, history-sensitive interference — are fundamentally
topological rather than representational, and cannot in principle be captured by descriptions

that record only instantaneous state without tracking the transport history that produced it.



Chapter 14

Coherence as Computation

The history of computation is largely a history of deciding what to ignore. Punch cards ignored the
physical properties of the cards. Transistors ignored the quantum mechanics of their electrons. Tokens
in a language model ignore the admissibility structure that organizes meaning. Each reduction
was productive and each one carried a cost. This chapter asks what would change if the ignored
structure — the transport topology, the recursive admissibility, the coherence geometry — were taken
as primary rather than projected away. The answer, tentatively, is that computation itself becomes a

different kind of thing: not the execution of rules, but the stabilization of admissible continuation.

14.1 The Historical Reduction and Its Reversal

The history of computation is largely the history of progressive symbolic reduction. Even
contemporary machine learning systems largely preserve this inheritance through sequen-

tial token processing.

Computation is not fundamentally symbolic manipulation. Computation is

recursive stabilization of admissibility-preserving coherence organization.

Symbolic representations are not primary computational objects. They are projection
residues generated by recursive coherence organization occurring in higher admissibility
spaces. This explains many limitations of purely symbolic computational systems: the
operational coherence structures generating stable admissibility evolution remain partially

hidden beneath projection compression.

14.2 Computation Without Representation

A recursive coherence architecture computes insofar as admissibility evolution reorganizes
transport topology toward stable recursive continuation. Inference becomes transport

continuation. Memory becomes persistent coherence topology. Optimization becomes
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recursive incompatibility suppression. Topological protection becomes computational
robustness.

Coherent photonic systems provide unusually direct physical realizations of recursive
coherence computation. Unlike many electronic architectures, photonic systems natu-
rally preserve transport topology, phase coherence, recursive interference structure, and
admissibility-sensitive propagation organization. They compute directly through coherence

evolution itself.

The recursive coherence framework also suggests a possible explanation for why similar
organizational principles appear across apparently unrelated systems. Physical coherence
systems, biological regulation, cognitive organization, and distributed computation all
require recursive admissibility preservation under constrained evolution. The common

feature is not shared material substrate. It is recursive coherence topology.



Part V

Formal Verification and
Machine-Verified Photonics
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Remark on Formalization. All code presented in Part V is schematic Lean-like pseudocode
intended to illustrate the transport-theoretic organization of the framework rather than fully
verified industrial implementations. The formalization program developed in this work
remains ongoing. Many constructions presented here would require substantial refinement,
library development, and foundational specification before machine-checkable verification
could be completed rigorously within Lean, Agda, or related proof assistants. The purpose
of these chapters is therefore architectural rather than exhaustive: to demonstrate that
admissibility-preserving coherence transport admits constructive representation within
proof-theoretic systems and that the resulting organizational principles align naturally with
homotopical transport logic.



Chapter 15

Formalizing Coherent Photonic Systems

There is a difference between saying a transport exists and exhibiting one. In ordinary mathematical
writing, existence proofs often work by indirect arqument: assume it does not exist, derive a con-
tradiction, conclude it must. But in constructive proof theory, that move is not available. To prove
a transport exists, you have to build it. The remarkable thing about coherent photonic systems is
that they already work this way: a mode either actually propagates through a structure or it does not,
and no indirect arqument changes the physics. This chapter explores what it would mean to take
that operational parallel seriously, by expressing photonic coherence constructions in the language of

proof assistants.

15.1 Why Formal Verification Matters

If coherent photonic systems genuinely instantiate admissibility-preserving
transport structure, then their operational organization should be expressible

directly within constructive proof-theoretic systems.

Proof assistants such as Lean and Agda become important not merely because they increase
rigor externally, but because the very logic governing coherent transport already resembles
the constructive transport logic internal to HoTT itself.

15.2 Coherence Types and Transport in Lean-like Pseudocode

structure CoherenceState where
phase ' R
amplitude : R
admissible : Prop

def transport
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(c1 c2 : CoherenceState)
: Type :=
{ p : Path c1 c2 //
preserves admissibility p }

The admissibility condition forms part of the structure itself. One may then define coherence-
preserving transport operations, with identity transport formalized directly as operational

coherence continuation.

15.3 Dependent Resonance Families

structure Geometry where
radius : R
index : R

def ResonanceFamily
: Geometry - Type

def resonance transport
{g1 g2 : Geometry}
(p : g1 = g2)
: ResonanceFamily g1 - ResonanceFamily g:

Each geometry determines its own admissible coherence type. Transport between geome-

tries induces corresponding transport between resonance manifolds.

15.4 Formalizing Admissibility

def admissible
(c : CoherenceState)
: Prop :=
coherence constraint c A
transport stable c a
energy compatible c

A transport witness must preserve admissibility constructively rather than merely symboli-
cally. The proof assistant becomes a computational realization of admissibility-preserving

transport logic itself.
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15.5 The Epistemic Shift and Its Limitations

The integration of proof assistants produces an important epistemic shift: coherent physical
systems already instantiate transport logic operationally. Formal proof systems do not
merely describe coherent transport externally. They partially reproduce its organizational

structure internally.

This convergence has a precise form. In a constructive proof assistant, a proof of admissible
transport is not merely a statement that transport exists. It is a witness inhabiting the
corresponding type. If Transport(c,, c,) is defined as the type of admissibility-preserving
transports from c; to c,, then a proof p : Transport(c,, ¢,) is itself a transport certificate.
Proof assistants therefore do not merely verify propositions about photonic systems. They
require explicit construction of the transport structures whose existence is being claimed.
Constructive proof mirrors physical admissibility in the strongest possible sense: both

demand that coherence continuation be operationally realized, not merely asserted.

However, formal verification does not magically solve physical uncertainty. Many admissi-
bility structures remain only partially understood. Real photonic systems contain noise,
dissipation, fabrication variation, and nonlinear effects difficult to capture completely within
simplified formal systems. The broader cross-scale claims suggested throughout the text
remain partly conjectural. The distinction between rigorous derivation and suggestive

universality must remain explicit.

15.6 Proof Assistants as Operational Laboratories

A proof assistant is not merely a verification environment. Within the admissibility frame-
work, it becomes an operational laboratory for coherence transport itself. The act of formal-
izing a photonic system inside a proof assistant does not just check whether a claim is true.
It forces every admissibility condition to become computable, every transport witness to be

explicitly constructed, and every coherence dependency to be tracked rather than assumed.

Machine-verifiable photonic design therefore becomes possible in principle: coherence
architectures may be verified at the level of recursive transport compatibility before fabri-
cation occurs physically. A design that admits no proof of global admissibility within the
formal system is a design that lacks a certified global transport organization — and that
failure has operational consequences. The distinction between theorem and operational
transport witness begins to collapse.

This perspective also illuminates why the pseudocode in these chapters, though schematic,
is not arbitrary. Each type declaration, each proof obligation, each theorem statement
corresponds to a real structural claim about admissibility organization. When the full
formalization program is eventually completed, the transition from schematic to verified

will not require reconceptualization. It will require precision where precision was previously
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deferred.



Chapter 16

Machine-Verified Resonance Architec-

tures

The test of a formal framework is whether it can be made to work in practice — whether the con-
structions that look coherent on paper remain coherent when subjected to the discipline of machine
verification, which has no patience for vague gestures and no ability to infer what you meant when
what you wrote was ambiguous. This chapter works through several concrete photonic architectures
in schematic proof-assistant form, not because the code is ready to run, but because the exercise of
writing it forces every admissibility claim to become explicit, and explicit claims can be evaluated,

extended, and corrected.

16.1 Verified Ring Resonators

structure ResonatorState where
phase 'R
amplitude : R
admissible : Prop

def resonance loop
(s : ResonatorState)
: Type :=
{p:s=s1//
phase closed p A

preserves coherence p }

theorem resonance stable
(s : ResonatorState)
: 3 p : resonance loop s,
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recursively stable p

The theorem certifies that admissibility-preserving recursive transport exists constructively
for the specified coherence architecture. Resonance stabilization becomes machine-verifiable

recursive transport persistence.

16.2 Interferometric Coherence Networks

structure Interference where
left path : transport ci1 c2
right path : transport ci c2
compatible
coherence relation left path right path

theorem interference preserved
(I : Interference)
recursively compatible I

The interferometer computes through recursive coherence interaction between transport
histories. Interference becomes formalized higher coherence compatibility.

16.3 Topological Transport Verification

structure TopologicalMode where
transport class
CoherenceState - CoherenceState - Type
protected
V perturbation,
admissible perturbation -
preserves transport class perturbation

theorem topological protection
(T : TopologicalMode)
: transport persistent T

This theorem states constructively that admissibility-preserving transport organization
survives recursive perturbation. Topological robustness becomes formal persistence of
transport equivalence classes.

16.4 Recursive Coherence Stabilization

def update
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(C : CoherenceSpace)
: CoherenceSpace

def stabilize

: N - CoherenceSpace - CoherenceSpace
| 0, C=>2"C
| n+ 1, C => stabilize n (update ()

theorem recursive convergence
(C : CoherenceSpace)
: 3 limit,
admissibly stable limit a
converges to (stabilize) C limit

This theorem certifies that recursive admissibility evolution converges toward stable trans-
port organization. Coherence stabilization becomes machine-verifiable admissibility de-

scent.

16.5 Constraint Sheaves and Global Coherence

def LocalSection
(U : Region)
: Type

def restrict
{U V : Region}
(h : VcU)
: LocalSection U - LocalSection V

theorem global gluing
(sections : M i, LocalSection (U 1))
: compatible sections -
3 global, extends global sections

This theorem expresses recursive coherence stabilization across distributed admissibility
domains. Topological defects correspond precisely to failure of such extension. The phys-
ical interpretation is direct: a verified gluing theorem is a defect-exclusion result. If the
proof assistant verifies that compatible local coherence sections admit global extension, the
theorem certifies that no obstruction prevents coherent organization across the entire lattice.
Conversely, failure to construct such a global witness may indicate either missing proof
information or a genuine coherence obstruction. Machine verification thereby separates ap-

parent numerical stability from genuine global admissibility: modes that look well-behaved
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locally but whose local coherence sections fail to compose into globally consistent transport
organization are operationally inadmissible even when they appear energetically stable.
Proof objects are themselves admissibility-preserving transport witnesses inhabiting the
corresponding identity structure.



Part VI

Cross-Scale Admissibility and
Recursive Persistence
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Chapter 17

Cross-Scale Coherence and Recursive

Persistence

The same organizational logic keeps appearing in unexpected places. A metabolic network that must
remain viable under environmental fluctuation faces a structurally similar problem to a topological
photonic lattice that must remain coherent under fabrication disorder. A mind that must preserve
inferential continuity across successive states faces a structurally similar problem to an optical
cavity that must preserve resonance under deformation. The question is whether this resemblance
is superficial — a loose family of analogies — or whether it reflects something genuine about what
recursive persistence requires of any system that must maintain it. This chapter investigates that
question carefully, and with the specific morphism criterion needed to tell the difference.

17.1 The Problem of Structural Recurrence

Similar organizational principles have appeared repeatedly across apparently different
domains throughout this text. This raises an unavoidable question: why do structurally
similar organizational patterns recur across systems differing radically in scale, substrate,

and implementation?

One possible answer is that the similarities are superficial metaphors. Another possibility is
more ambitious: recursive admissibility-preserving transport organization may constitute a
genuine structural principle recurring across multiple classes of physical and informational
systems. The present chapter investigates this possibility carefully, with explicit attention to

the distinction between rigorous transport-preserving morphisms and suggestive analogy.
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17.2 Persistence Before Representation

Systems capable of sustaining recursive persistence under admissibility constraints may
converge toward similar transport organizations regardless of substrate. The commonality
therefore lies not in material identity but in persistence topology.

17.3 Recursive Compatibility as a Scale-Independent Principle

Requirements of local-to-global coherence extension, persistence under deformation, con-
straint propagation, and operational continuity through higher coherence compatibility
appear in coherent photonic systems (phase locking, resonance stabilization, topological
transport), biological systems (metabolic regulation, developmental stability, adaptive
persistence), cognitive systems (semantic stabilization, inference continuation, memory
integration), and distributed computational systems (synchronization, consistency mainte-

nance, persistent operational organization).

The resulting recurrence suggests that recursive compatibility may function as a scale-

independent organizational constraint.

17.4 Admissibility Morphisms Across Scales

Admissibility morphisms preserve transport organization, not substrate realization. This
permits structural comparison across apparently different systems. A resonance stabiliza-
tion process in a photonic cavity and a recursive semantic stabilization process in a cogni-
tive architecture may differ materially while exhibiting structurally similar admissibility-

preserving transport organization.
The criterion for such comparison is precise. A cross-scale admissibility morphism
F:C,—=Cy

between coherence systems in different domains is meaningful only if it preserves admissible
continuation:
p:lde (c,d) = F(p):lde,(F(e), F(d)).

Cross-scale comparison is therefore not based on superficial resemblance. It is based on
whether recursive transport structure is preserved under the morphism. This criterion
sharply separates rigorous admissibility analogy from loose metaphor. Two systems are
comparable in the admissibility sense only when their transport topology can be related
by a structure-preserving morphism, not merely when their dynamical descriptions use

similar vocabulary.
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17.5 The Danger of Overextension

The present claim is intentionally limited. The framework does not assert that all coherent
systems instantiate identical equations, identical substrates, or identical mechanisms. The
claim is structural: systems required to preserve recursive admissibility under constrained
transport evolution may converge toward similar higher organizational principles. This
remains a mathematically investigable hypothesis rather than a completed theorem. The
distinction between rigorous transport-preserving morphism and suggestive analogy must

remain explicit at all times.

17.6 Toward a Persistence Topology and Constructive Logic

Perhaps operational persistence itself possesses a topology: structures surviving recur-
sive deformation under admissibility constraints may naturally organize into transport
equivalence classes independent of specific substrate realization. Such a persistence topol-
ogy remains speculative, but the mathematical machinery developed throughout this text
suggests it may be formally approachable.

The convergence between constructive proof theory and recursive coherence organization
now becomes especially significant. A proof stabilizes recursive compatibility within
formal coherence space. A coherent physical system stabilizes recursive compatibility
within admissibility space. Both operate through recursive transport organization. The

relationship between proof and persistence may be unusually deep.



Chapter 18

Conclusion: Toward a Persistence-First
Physics

Every theoretical program eventually reaches the point where it must say clearly what it has actually
claimed, as distinct from what it has suggested, gestured toward, or left open as a research program.
This conclusion tries to do that honestly. The framework developed across these chapters has a definite
thesis: that physical persistence is prior to representation, that transport is prior to state, and that
coherence-preserving equivalence is more fundamental than local identity. Some of this has been
formalized precisely. Some remains schematic. The distinction between those categories matters, and

this chapter tries to keep it visible.

18.1 The Central Inversion

The central argument developed throughout this text may now be stated plainly.

Modern physical and computational theory has generally treated representation as pri-
mary. The framework developed in this work reverses this explanatory order. Persistence
becomes primary. Coherent structures survive because admissibility-preserving transport
organization remains recursively available under constrained deformation. Representation

emerges afterward as projection residue generated by stabilized coherence topology.

This inversion changes the meaning of identity, computation, topology, coherence, and
operational equivalence simultaneously. Identity becomes admissible transport. Persistence
becomes recursive compatibility preservation. Computation becomes admissibility relax-
ation. Topology becomes operational transport invariance. Meaning becomes recursive

coherence participation.
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18.2 The Interpretive Loop
The core load-bearing architecture of the book is the interpretive cycle:
¢ — lde — transport topology — A(x,t) — recursive accessibility evolution.

The coherence type determines admissible transport structure. Identity transport deter-
mines persistence relations. Admissibility dynamics determines which transports remain

globally sustainable. Recursive evolution reshapes the accessibility topology itself.

18.3 Three Original Contributions

The strongest original contributions of the framework are three. First, admissibility-preserving
transport as the operational meaning of persistence: structures survive because admissible
transport remains recursively sustainable under constrained deformation, not because local
configuration remains fixed. Second, recursive accessibility evolution as distinct from local
geometric evolution: the admissibility field A (z, ) governing global transport sustainability
is not reducible to the underlying Maxwell field dynamics. Third, the Measurement Trun-
cation Correspondence: detector architectures are characterized by preserved homotopy
depth, giving a type-theoretic index of measurement coarseness from | — |_; (binary detec-
tion) through | — |, (mode-resolved) and | — |; (interference-preserving) to potentially
higher levels corresponding to exotic observational regimes. This classification does not, to
our knowledge, appear in this form in existing literature.

18.4 Homotopy Type Theory as Physical Logic

Types became admissibility spaces. Identity types became coherence-preserving trans-
port witnesses. Dependent types became resonance manifolds indexed by admissibility
parameters. Higher identities became recursive coherence relations between transport his-
tories. Univalence became operational equivalence between coherence structures. Higher
inductive types became recursively generated optical coherence architectures.

The convergence suggests that HOTT may capture something structurally fundamental
about recursive persistence itself rather than merely serving as an abstract formal language
applied externally to physical systems.

18.5 Limitations and Future Directions

The framework remains incomplete in many respects. The admissibility evolution equa-
tion remains schematic. Many proposed coherence-topological structures require deeper

categorical formalization. The relationship between admissibility geometry and existing
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physical field theories remains only partially developed. The cross-scale persistence con-
jecture remains mathematically underdetermined. The formalization presented here is
architectural rather than industrial-strength.

Several directions appear especially important. First, the categorical foundations require
substantial refinement: higher categorical definitions of admissibility stacks, rigorous vari-
ational derivation of the admissibility PDE from first principles (likely connecting to the
Allen-Cahn and Ginzburg-Landau gradient flow tradition), formal transport categories,
explicit functorial semantics. Second, photonic implementations of recursive coherence
computation deserve experimental investigation. Third, constructive proof verification
should be expanded substantially toward actual machine-checked Lean libraries. Fourth,
the cross-scale persistence conjecture requires careful mathematical investigation to deter-
mine precisely which transport-preserving structures genuinely recur across admissibility-
preserving systems. Fifth, the measurement truncation hierarchy deserves investigation
both theoretically (what does || — ||, measurement require physically?) and experimentally

(can topological photonic systems realize it?).

18.6 A Different Physical Imagination

The purpose of this work was not merely to apply homotopy type theory to photonics. It was
to investigate whether coherent physical systems themselves already instantiate a transport-
oriented logic whose mathematical expression naturally appears within homotopical and

constructive frameworks.

If so, then photonics may represent more than a technological substrate. It may provide one
of the clearest experimentally accessible windows into a deeper persistence-first organization

governing recursive coherence across physical systems generally.

18.7 Toward a Persistence-First Physical Ontology

The historical trajectory of physics has repeatedly displaced primitive substance in favor
of deeper relational organization. Matter gave way to fields, fields to symmetries, and
symmetries to gauge structure. The admissibility framework suggests a further transition

in the same direction.

Persistence itself becomes primary. Objects are no longer primitive entities moving through
a fixed substrate. They are recursively stabilized admissibility structures surviving within
transport space because recursive coherence continuation remains possible. When the con-
tinuation conditions fail, the object does not merely change — it ceases, in the operationally

relevant sense, to exist.

Physical reality, under this interpretation, becomes persistence geometry. The universe is

not fundamentally composed of things. It is composed of recursively admissible transport
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relations whose stable regions appear observationally as enduring structure. Measurement
extracts projections of this structure at various truncation levels. Computation stabilizes
portions of it. Memory preserves the homotopy classes of paths through it. And physical law
expresses the constraints on which transport organizations remain recursively sustainable

across scales.

This is not a claim about the ultimate nature of reality. Itis a claim about which mathematical
language is most natural for describing what coherent physical systems actually do. The
evidence from photonics, topological physics, and constructive proof theory converges on

the same answer: transport, not state. Persistence, not position. Equivalence, not identity.
The theory remains unfinished. But the transport structures are already visible.

The complete framework may be summarized by the following dependency chain:
coherence configuration — admissible transport — recursive persistence — operational identity — pz

Classical representation-first ontology reads this chain backward. It begins with projected
representation and attempts to infer persistence from symbolic continuity. The present
framework reads the chain forward. Persistence is generated by admissible transport, and
representation is the residue of stabilized coherence organization. What changes the world
is not the representation but the admissibility landscape from which representations are
projected.



Appendix A

Mathematical Foundations of Admissi-
bility Geometry

A theoretical framework earns trust in two ways: by explaining things, and by being checkable.
The first eighteen chapters did the explaining. This appendix attempts the second. It collects the
central formal objects of the framework — admissibility spaces, coherence configurations, transport
witnesses, dependent families, the evolution equation, sheaf structure, univalence, and the truncation
hierarchy — in a single compressed form, stripped of motivation and analogy, so that any reader who
wants to stress-test a specific claim knows exactly where to find its formal statement.

A.1 Admissibility Spaces

Let 2 C R™ denote a physical or abstract transport domain. An admissibility space consists

of a coherence configuration type € together with an admissibility functional
A Q xRy — Ry

governing recursive accessibility across the coherence manifold.

A.2 Coherence Configurations

C = {(E,H)

VxE=—p2 VxH=cZE
V-(eE)=0, V-(uH)=0, Adm(E,H)

where Adm(E, H) collects phase continuity, energy boundedness, mode stability, and
boundary coherence compatibility constraints as defined in Chapter 5.
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A.3 Admissibility Transport

Given ¢y, ¢, : €, an admissibility transport witness p : lde(c;, ¢y) is a one-parameter ad-
missible homotopy (E,, H,), t € [0,1], with (E,_q, H,_y) = ¢, (E,_1, H,_;) = ¢y, and every
intermediate configuration admissible. Identity becomes admissible continuation.

A.4 Higher Transport Structure

Given p, g : ldg(cy, ¢y), a higher transport witness « : Idy (., ., (p, ¢) represents recursive
compatibility between coherence transports themselves.

A.5 Dependent Resonance Families

A dependent resonance family A : B — Type is defined by A(b) = €, where €, denotes
the admissible coherence type induced by geometry parameter b. Transport in parameter

space induces coherence transport between resonance manifolds.

A.6 Admissibility Evolution

0A

= = AV2A — u|VA|? +vC(Q)
The diffusive term smooths recursive accessibility gradients. The nonlinear sharpening term
concentrates instability frontiers. The recursive correction term encodes higher coherence

organization influencing admissibility evolution globally.

A.7 Admissibility Sheaves

Transition automorphisms g,; : €(U; N U;) — C(U; N U;) encode coherence transport
betweven overlapping local sections. Failure of g,;9,,9;; = 1 defines an obstruction class
lg] € H'({U;}, G) where § is the sheaf of admissibility-preserving transport automorphisms.
In general G is nonabelian, and the full obstruction theory extends into nonabelian Cech

cohomology classifying principal G-bundles.

A.8 Univalence and Operational Identity

idtoequiv : 1d, (A, B) — Equiv(A4, B)

is canonical and constructive. The univalence axiom asserts Id, (A, B) ~ Equiv(4, B).
Coherence-preserving equivalence becomes identity. The physically meaningful object is

admissibility-preserving transport organization rather than substrate realization alone.
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A.9 Measurement and Truncation

The truncation hierarchy classifies observational architectures according to preserved co-

herence depth:
|A|_; (binary detection), |[A|, (mode-resolved), |[A|; (interference-preserving),

The truncation level of a detector is a physically meaningful operational property.

A.10 Recursive Persistence Principle

Persistent structures survive because admissibility-preserving transport remains recursively
sustainable under constrained deformation. Operational identity is determined by recursive
coherence continuation rather than static local realization. Computation emerges through
recursive admissibility stabilization. Topology emerges through persistence of transport
organization under deformation. The resulting framework replaces representation-first

ontology with persistence-first coherence organization.

A.11 Future Mathematical Directions

A fully rigorous formulation requires integration with higher category theory, cohesive
homotopy type theory with persistence-sensitive modalities, nonabelian obstruction theory,
and derivation of the admissibility PDE from variational principles (likely connecting to
the Allen-Cahn and Ginzburg-Landau gradient flow tradition). The relationship between
admissibility transport and derived geometric structures remains largely unexplored. The
possibility that recursive persistence admits a universal higher categorical organization
across multiple physical scales remains speculative but mathematically approachable. The
present framework should be understood as an emerging transport-oriented mathematical

research program centered upon recursive admissibility-preserving coherence organization.
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