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Preface

This book asks how a physical world acquires a space of possible continuations, how those
continuations compose, and how observers recover only part of that structure. The question
is posed at a level of generality that allows quantum theory, thermodynamics, gravitation,
and cosmology to be treated as instances of one mathematical problem, while allowing each
instance to develop its own machinery and to be judged on its own terms.

The organizing distinction is between a physical history and its observable represen-
tation. A history carries everything that has happened and, with it, a set of admissible
continuations. An observation carries less. Whether the less is enough, whether two obser-
vationally identical presents can be followed by different futures, is a precise question that
has a definite answer in each model, and the answer determines what additional structure
a theory must retain.

The development proceeds in a deliberate order. History, projection, and composition
form the foundation, because they supply the definitions and the first theorems on which
every later part depends. Transport and holonomy, irreversible memory, continuum field
descriptions, and accessibility in cosmology are built on that foundation, and each is claimed
only to the extent that its construction is carried out. Conjectural bridges are labelled as
conjectures, and the assumptions that would be needed to close them are stated as part of
the problem rather than hidden in the exposition.

The appendices collect material that supports several parts. Appendix A is a table
of notation with a list of the symbols that carry more than one meaning. Appendices B
to E give the proofs of the information-theoretic inequalities, the Lie—Poisson structure of
the fluid bracket, the geometry of the probability projection, and the growth and horizon
formulas of the cosmological background. Appendix F lists the script that reproduces every

numerical and symbolic check.



Part 1

Histories and Their Observable

Representations



Chapter 1

Histories and Admissible

Continuations

A physical theory, before it is a set of equations, is a specification of what can happen next
given what has happened so far. The first task is to make that specification a mathematical

object that does not presuppose a state space.

Definition 1.1 (History structure). A history structure consists of a set H of histories, a
set F of future segments, and a map A: H — P(F) assigning to each history h its set
A(h) C F of admissible continuations. A history is terminal if A(h) = @.

The set F is common to all histories. This is the only structural demand, and it encodes
the idea that a continuation is described relative to the present moment and not relative to
the past that produced it. A deterministic theory is one in which every A(h) is a singleton.
A stochastic theory enriches A(h) with a measure, which is deferred until it is needed. The

bare set-valued form is enough to formulate the questions of this part.

Example 1.2 (Free particle with hidden velocity). Let H be the set of finite position records
h = (xo,...,x,) of a particle on the line moving at constant velocity v € R, sampled at
unit time steps, with n > 1. Let F be the set of sequences (y1,¥2,...) of displacements
from the present position. Then A(h) is the single sequence y; = kv with v = x,, — zp_1.

The history determines its continuation, but the present position z,, alone does not.

Example 1.3 (A bare branching rule). Let H be the set of finite words over {a, b} and let
F = {a,b}" be the set of infinite words. Declare

{a,b}Y,  aa has not occurred in h,
A(h) =

b{a,b}", aa has occurred in h.
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There are exactly two continuation classes, and membership in the second class is a global
feature of the word that no bounded window of final letters can detect. This is only a
bare history structure. Its continuation sets do not satisfy the extendability identity of

Chapter 6, because they do not shrink consistently when a letter is appended.

Example 1.4 (A branching rule with sequential dynamics). Let L be the prefix-closed
language of finite words over {a, b} in which no a occurs after the first occurrence of aa. Let
H =L, F =1{a,b}", and let A(h) be the set of infinite words ¢ such that every finite prefix
of hy lies in L. Appending a letter and removing it from the continuations then satisfies
the extendability identity. There are three continuation classes: words in which aa has not
occurred and which do not end in a (including the empty word), words in which aa has not

occurred and which end in a, and words in which aa has occurred, for which A(h) = {b"}.

The examples show the two ways a present can underdetermine its future. In the first,
a single numerical datum is missing from the instantaneous description. In the second,
the relevant information is a global feature of the past. The theory of the next chapters

separates these cases and measures how much must be retained in each.



Chapter 2

Observation and the Sufficiency

Question

An observation is a map out of the space of histories. It is the formal representative of what

an observer, an instrument, or a coarse description retains.

Definition 2.1 (Observation). An observation of a history structure (H, F,A) is a surjec-
tive map m: H — X. Two histories are observationally equivalent if w(hy) = w(ha). The

observation is sufficient if
7T(h1) = 7T(h2) — A(hl) = A(hz),

and insufficient otherwise.

Insufficiency is exactly the phenomenon
7T(h1) = 7T(h2) while .A(hl) 75 A(hQ),

that is, two observationally identical presents carrying different admissible futures. It is a
property of the pair (m,.4) and not of the observation alone, so a given measurement can

be sufficient for one theory and insufficient for another.

Proposition 2.2 (Factorization). An observation w: H — X is sufficient if and only if
there is a map f: X — P(F) with A= fom.

Proof. If  is sufficient, define f(z) = A(h) for any h with m(h) = x. Surjectivity of =
makes f defined on all of X, and sufficiency makes it well defined. Conversely, if A = fo,
then 7T(h1) = 7T(h2) gives A(h1> = f(ﬂ'(hl)) = f(ﬂ'(hg)) = A(hg) O
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Proposition 2.2 says that sufficiency is determination by the observed state: for a suffi-
cient observation the set of admissible continuations is a function of the observed value, with
no further dependence on the history. That a function exists is a set-theoretic fact. Whether
it can be computed requires effective representations of observations and continuation sets,

and an algorithm, which are not part of the definition.

Definition 2.3 (Sufficiency defect). Let d be a metric on P(F) (or on the subfamily A(H)).

For an observation 7, the sufficiency defect at x € X is
dr(z) = sup{d(A(h1),A(h2)) : m(h1) = 7w(hy) = x }.

The defect vanishes identically if and only if « is sufficient. The Hausdorff distance
is a metric on the nonempty compact subsets of a metric space F, so it is available as a
specialization only when the continuation sets are nonempty and compact. On wider classes
it can be infinite or fail to separate distinct sets with the same closure, and terminal histories
introduce the empty set. Under those assumptions a small defect says that the unobserved
part of the history changes the admissible futures only slightly, which is the quantitative

content of a statement such as “the state description is approximately closed.”



Chapter 3

The Minimal Sufficient

Observation

The sufficiency question has a canonical answer, which is a close analogue of the Myhill-
Nerode construction in the theory of automata [36] and of the causal states of computational

mechanics [6, 39].

Definition 3.1. Define m4: X — A(H) C P(F) by ma(h) = A(h). The continuation
equivalence on H is the relation hy ~4 ho if and only if A(h1) = A(h2).

The comparison class for the following theorem is the class of deterministic observations
m: H — X that are sufficient for the continuation sets A, ordered by factorization as in
Chapter 5.

Theorem 3.2 (Minimality). The observation w4 is sufficient, and it factors through every
sufficient observation w: H — X : there is a unique surjection g: X — A(H) with w4 = go.
Consequently the continuation equivalence is the coarsest equivalence relation on H whose

quotient observation is sufficient.

Proof. Sufficiency of w4 is immediate from the definition. Let m be sufficient. By Proposi-
tion 2.2 we have A = fom, so g = f satisfies m4 = g o 7w. Surjectivity of g follows from
surjectivity of w4 onto its image, and uniqueness follows from surjectivity of m. For the last
statement, if an equivalence relation ~ has sufficient quotient map ¢, then g(h1) = q(h2)
implies A(h1) = A(h2), so ~ refines ~ 4. O

The minimal sufficient observation is the answer to the question of what a theory must
remember in order to determine the continuation sets A. Everything finer than it is re-
dundant for that purpose, and everything coarser loses information about it; redundancy

is relative to the chosen continuation sets and not to every question one might ask of the
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history. In the free particle of Chapter 1, with futures described as displacements from the
present position, the minimal sufficient observation is the velocity, a datum not contained
in the position. In Example 1.4 it takes three values, recording whether aa has occurred
and, if it has not, whether the word ends in a. The bare structure of Example 1.3 has two

classes.

Remark 3.3. The theorem does not claim that the minimal observation is physically acces-
sible, finite, or small. Whether A(#) is a finite set, a manifold, or an object of no useful
structure at all is a property of the theory, and the classification of those cases is the subject

of later chapters.



Chapter 4

Memory Depth and the Hierarchy

of Observations

A natural way to repair an insufficient observation is to remember more of the recent past.
This chapter makes the repair precise and shows that it generates a strict hierarchy.
Suppose each history is a finite word h = (o1, . . ., 0, ) over an alphabet ¥ of instantaneous

observations. For k > 1 define the depth-k observation

ﬂ-k(h) = (On—k}+17 s OTL)7
with the convention that shorter histories are retained whole.

Proposition 4.1. If m is sufficient then mw,, is sufficient for every m > k.

Proof. If m,,(h1) = mp(he) with m > k, then the last k letters of the two histories agree, so
7k (h1) = mx(h2) and hence A(hy) = A(hg). O

Definition 4.2. The memory depth of the history structure over X is the least k£ for which

7y, is sufficient, or oo if no such k exists.

Proposition 4.3 (The hierarchy is strict). For every k > 1 there is a history structure of
memory depth exactly k.

Proof. For k = 1 the claim is that depth 1 is attained by a structure for which 7y is sufficient,
since the definition admits only k& > 1; take ¥ = {0,1} and A(h) depending on the last
letter alone. For k > 2, take ¥ = {0,1} and let A(h) = {1} if h has length at least k and
its last k letters are all 1, and A(h) = {0} otherwise, where 1 and 0 are two distinct future
segments. Then 7, determines A. The histories 01¥~! and 1* have the same last k — 1

letters, namely 11, but different admissible sets, so m;_; is insufficient. ]
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The history structure of Example 1.4 has memory depth co over the alphabet {a,b}:
for every k, the words aab® and v**2 have the same last k letters and different continuation
classes. Its minimal sufficient observation is nonetheless finite, with three values, which
separates two notions that are easily confused: the depth of memory needed to read the
state off the recent record, and the cardinality of the minimal state itself. A history structure
can need unbounded depth while its minimal sufficient observation takes only finitely many
values, and the passage from the first description to the second is the replacement of a

window by an internal variable.



Chapter 5

Resolution, Refinement, and the

Lattice of Observers

Observations of a fixed history structure are ordered by how much they retain, and this

order has a clean algebraic form.

Definition 5.1. For observations mi, m of H write m < mo if m; factors through ms, that

is, m1 = g o my for some g. Say that mo refines my.

Identifying observations that refine each other, the order < is the opposite of the in-
clusion order on the equivalence relations kerm C H x H, so the observations of H up to

isomorphism form the lattice of partitions of H, ordered by refinement.

Proposition 5.2. The set of sufficient observations is an upper set in the refinement order,

and by Theorem 8.2 it has the continuation partition as its least element.

Proof. If m is sufficient and m = g o g, then ma(h1) = ma(hg) forces mi(h1) = m1(h2) and
hence A(h1) = A(hg). Minimality is Theorem 3.2. O

Two observers whose instruments are incomparable under refinement can each be insuf-
ficient while their joint observation, the meet of the kernels, is sufficient. In that case the
missing information is distributed across the observers and no single one holds it. This is
the first appearance in the book of a pattern that recurs: obstructions that are invisible
to every single description can be removed by combining descriptions, and the combination
has a definite mathematical form.

The lattice picture also fixes what is meant by coarse-graining in the later parts. A
coarse-graining is a passage down the lattice, a loss of resolution, and the question of the
next part is when a dynamics defined at one level of the lattice induces a dynamics at a

lower one.

10



Chapter 6

Time Translation and Dynamics on
the Minimal State

Up to now no dynamics has been introduced; A is only a set-valued map. A dynamics ap-
pears when histories can be extended and the extension is compatible with the continuation

structure.

Definition 6.1. A history structure is extendable if ‘H carries a partial operation (h, s) —
h-s for s a one-step prefix of an element of A(h), and a shift T': F — F removing the first
step, such that

A(h-s)={T(¢): ¢ € A(h), ¢ begins with s }.

This is the compatibility between the present and the future that makes the structure

a dynamical system and not merely a list.

Theorem 6.2 (Dynamics on the minimal state). In an extendable history structure, the
extension operation descends to the minimal sufficient observation: if A(hy) = A(hs), then
A(hy-s) = A(hg-s) for every admissible one-step prefiz s. Hence A(H) carries a well-defined
partial transition A(h) — A(h - s).

Proof. By the extendability identity, A(h-s) is computed from A(h), s, and T alone. Equal
sets A(h1) = A(hg) therefore produce equal sets A(hy - s) = A(hg - ). O

The theorem is the structural reason that a state space exists at all. A physical state is
not assumed in advance; it is the quotient of histories by equality of admissible futures, and
the dynamics on it is forced by extendability. The extendability identity is what supplies
the compatibility h ~ k = h-s ~ k- s; for an arbitrary assignment of continuation sets this

implication is an additional assumption, and it can fail.

11
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A more familiar state space enters through an observation p: H — P, and the relation of
P to the minimal state needs care. If p is sufficient, Theorem 3.2 gives a map g: P — A(H),
so the familiar state determines the minimal one. A map in the reverse direction exists
only if the coordinates p are constant on continuation classes. The free particle shows the
difference: velocity determines the future displacements, while position is needed in addition
if the futures are to be described as absolute positions. Minimality is therefore relative to the
selected description of the future, including its coordinate convention. The question whether
a familiar description is closed is the question whether the corresponding observation is
sufficient for the chosen continuation sets. The next part studies what happens when it is

not, beginning with the case that motivates the book most directly.



Part 11

Projection and Composition

13
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The quantum case is the first place where the foundation of Part I meets a physical
theory in which a natural observation is demonstrably insufficient. Passing from amplitudes
to the probabilities of a fixed measurement forgets structure, and the forgotten structure
returns the moment two processes are joined. This part treats the passage in three steps.
First it shows exactly how the projected description fails to compose. Next it separates two
grades of sufficiency, one for the support of future outcomes and one for their probabilities,
and identifies the quantum state as the minimal quotient for the second grade. Finally
it asks what a description must retain in order to compose, and finds that the answer is
strictly larger than the collection of probabilities and strictly smaller than the full unitary.
The constructions follow the author’s reconstruction of quantum theory from admissible
probabilistic composition [7], which is also the source of the context-graph results of the

last chapter of this part.



Chapter 7

Amplitudes, Transition
Probabilities, and the Failure of

Composition

Let U be a unitary matrix acting on a finite-dimensional Hilbert space with a fixed or-
thonormal basis. Passing from amplitudes to transition probabilities replaces U by the
matrix

T(U)i; = Uy,
which is doubly stochastic, and a stochastic matrix arising this way is called unistochastic.
The map U +— T(U) forgets phases. Composing two evolutions gives UsU;, whereas com-
posing the projected evolutions gives the matrix product T'(Us)T (U;), and the two need not

agree.

Proposition 7.1 (The interference expansion). For unitary matrices Uy, Us,

TV = > T(U2)i T + Y _(U2)i;(U2)a (U1) (U1
j A

Proof. Expand | _;(U2)i;(U1) jk|? as a double sum over j, [ and separate the diagonal terms
j =1, which are |(Us);;|*|(U1);x|?, from the off-diagonal terms. O

The first sum is the classical composition and the second collects the interference terms,

which the product of projected matrices discards.

Proposition 7.2 (Failure of composition). There exist unitary matrices Uy, Uy with T(UyUy) #

T(U2)T(Uy).

15
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1 1
Proof. Let H = % (1 1) and take U; = Uy = H. Then H? = I, so T(H?) = I. Every
1 1 L1 2
entry of H has squared modulus 5, so T'(H) = J := 3 L 1) and J°=J # 1. O

The same phenomenon occurs in every dimension d > 2 for which a Fourier matrix is
available. For the 3 x 3 discrete Fourier matrix Fj, = wik /\/3 with w = €2™/3 one has
(F?);x = 0; _k, a permutation matrix, so T(F?) = F? while T(F) is the uniform matrix
with every entry 3 and T(F)?> = T(F). A deterministic outcome at the amplitude level
becomes maximal uncertainty at the probability level.

The physical content of the calculation needs equal precision. The product 7'(U2)T'(Uy)

is not an arbitrary wrong answer; it is the correct description of a different experiment.

Proposition 7.3 (Probability-level composition is composition with an intervening mea-
surement). Let A be the channel that measures in the computational basis and discards
the outcome, A(p) = >, |k)(k|plk)(k|. Then the probability of outcome i for the se-

quence “prepare |7), apply Uy, apply A, apply Us, measure in the computational basis’

is (T(UQ)T(Ul))ij.

Proof. The state after Uy is Upj), and A maps it to >, |(U1)k;]? |k)(k|. Applying Uz and
measuring gives Y, [(Uz2)ik|?|(U1)k;]?- O

Coherent evolution through two Hadamard operations therefore differs from evolution
with an intervening discarded measurement, and the matrix J describes the latter. The
failure of Proposition 7.2 is the difference between two interventions on the same system.

Nonmultiplicativity of T shows that one proposed composition rule fails. A stronger
statement is that the projected matrices cannot determine the composite probabilities by

any rule, and this has its own counterexample.

1
Proposition 7.4 (No rule recovers composites from projections). Let Z = (O 1) . Then
T(I)=T(Z)=1, while T(HIH) = I and

rzm - (] 1)

Proof. The first statement is immediate. Since H?> = I, T(HIH) = T(I) = I. A direct

0 1
computation gives HZH = (1 O)’ a permutation matrix. ]
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Two middle operations with identical projected description therefore produce different
observable outcomes when placed between the same preparation and recombination oper-
ations. The phase difference between I and Z is invisible to any isolated measurement in
the computational basis and becomes visible in a larger experimental context. This is the
quantum instance of the insufficiency defined in Chapter 2, and the remaining chapters of

this part make it into a structured theory.



Chapter 8

Support Sufficiency and
Probabilistic Sufficiency

The history structures of Part I assigned each history a set of admissible continuations.
That is an assertion about what can happen, and it ignores how likely each possibility is.

Quantum theory, thermodynamics, and every stochastic model require the stronger notion.

Definition 8.1 (Probabilistic history structure). A probabilistic history structure is a his-
tory structure (H, F, A) together with a map P: H — Prob(F) assigning to each history
a probability law on F whose support is contained in A(h). For a law on infinite words
the support is taken to be the set of infinite words every finite prefix of which has positive
probability, since an individual infinite word generally has probability zero. An observation
m is support sufficient if it is sufficient in the sense of Part I, and probabilistically sufficient
if
w(hy1) = w(he) = P(h1) = P(h2).

Proposition 8.2. FEvery probabilistically sufficient observation is support sufficient when
A(h) is taken to be the support of P(h). The converse fails.

Proof. Equal laws have equal supports. For the converse, let H = {hy,ho} and F = {0, 1},
with P(h;) giving probability % to each outcome and P(hy) giving probability i and %.
Both histories admit exactly the outcomes 0 and 1, so the trivial one-point observation is

support sufficient but not probabilistically sufficient. ]

The minimal construction of Chapter 3 repeats with P in place of A. The equivalence
hi & hg if and only if P(h1) = P(h2) yields a minimal probabilistically sufficient observation,
and Theorem 3.2 holds verbatim for it. Since equality of laws implies equality of supports,

the probabilistic equivalence refines the support equivalence. The probabilistic quotient

18
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is therefore at least as large as the support quotient, and the difference between them
measures how much structure must be added to the state when one passes from asking
what can happen to asking how often.

For dynamics, the compatibility needed in Theorem 6.2 acquires a probabilistic form.
The identity P(h-s) = P(h)(- | s), conditioning on the first step, is the statement that
the law of the future after h - s is the conditional law of the future after A. Under that
assumption the probabilistic quotient also carries a well-defined dynamics, now a stochastic
transition rule on the quotient, which is the structure that computational mechanics calls

the causal-state process [6, 39].



Chapter 9

The Quantum State as a Minimal
Probabilistic Quotient

The quantum case admits an exact answer to the question of what the minimal probabilis-
tically sufficient observation is. Fix a Hilbert space C¢ with computational basis {e;} and
an initial index j. Let histories be finite sequences of unitary gates, with h = (Uy,...,Uy)
denoting the product U, = U, ---U;. Let a future consist of a further unitary V followed
by a measurement in the computational basis, so that P(h) is the family of outcome laws

indexed by V' € U(d), assigning to the outcome i after the gate V' the probability
P(h)(V,i) = |(VUR)i[*.

Here the futures are allowed to use any gate before measuring, which models the freedom

to choose the measurement context.

Theorem 9.1 (Quantum state as minimal quotient). Two histories hy, hy satisfy P(hy) =
P(ha) if and only if the vectors ui = Up,e; and ug = Up,e; are equal up to a global phase.
The minimal probabilistically sufficient observation is therefore the map h — [Une;] into the

projective space CP?1.

Proof. If us = e*?u; the two laws coincide, since probabilities depend on moduli squared.
Conversely, suppose the laws coincide. Then |{e;|Vu1)|?> = [(e;|Vug)|? for all V € U(d)
and all i. Writing w = VTe;, which ranges over all unit vectors as V and i vary, this
says [(w|ui)| = [(w|ug)| for every unit vector w. Taking w = wu; gives |[(uj|uz)| = 1, and
equality in the Cauchy—Schwarz inequality forces us to be a scalar multiple of u; of unit

modulus. O

The theorem identifies the quantum state, as a ray, with the equivalence class of histories

defined by the continuation structure alone, once the futures are rich enough to include

20
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measurements in every basis. Within the assumed quantum model, which already supplies
the Hilbert space, the unitary gates, and the Born probabilities, the state need not be
posited separately: it is recovered as the quotient. The theorem does not derive those
ingredients from anything more primitive, and a reconstruction of quantum theory from
weaker assumptions is a separate task. The projected description, which retains only the

vector of probabilities p(h) = (|(Ur)i;|?); in the fixed basis, is a far coarser observation.

Proposition 9.2 (Fibres of the probability projection). The map [u] — (Jus|?); from CP41
to the probability simplex is surjective. Quver a point of the open simplex its fibre is the torus
T=1 of relative phases. Hence the projected description is insufficient for the futures of The-
orem 9.1 for every d > 2, and restricting the futures to measurements in the computational

basis alone, that is V' a permutation matriz, makes it sufficient.

Proof. Given probabilities p; the vectors u; = \/]Tieiei realize them, and rays correspond
to phase tuples (6;) modulo a common shift, which is a torus of dimension d — 1 when all
p; > 0. Insufficiency follows from Theorem 9.1, because distinct rays are separated by some
choice of V. If V ranges over permutations only, |(VU);;|? = Po(i), Which is determined by
p(h). O

The real case is smaller and instructive. If amplitudes are restricted to real orthogonal
matrices, rays lie in RPY! and the fibre over an interior point of the simplex consists of
the sign patterns modulo a global sign, a finite set of 2¢=1 points. For d = 2 the projection
forgets exactly one bit, the relative sign of the two amplitudes. This is the quantitative form
of the statement that a real unistochastic description loses a discrete invariant where the

complex one loses a continuous one, and it reappears in the gluing theorem of Chapter 11.



Chapter 10

Sufficiency for Coherent

Composition

The previous chapter asked what must be remembered about a history in order to predict
outcomes of later measurements. A different question concerns operations: what must be
retained about a transformation U in order to know the description of any experiment that

places U inside a larger one. The relevant sufficiency is a congruence property.

Definition 10.1 (Compositional sufficiency). Let G be a group (or monoid) of transfor-
mations and ¢: G — @ a map. Then q is compositionally sufficient if q(g) = q(g') implies
q(agb) = q(ag'b) for all a,b € G, equivalently if the kernel of ¢ is a two-sided congruence.

For ¢ = T on G = U(d) this fails by Proposition 7.4. As in Theorem 3.2, there is a
canonical remedy, the largest congruence contained in the kernel of T'. It is the syntactic
congruence: U = U’ if and only if T(AUB) = T(AU'B) for all A,B € U(d). It is the
coarsest equivalence that remembers enough of U to determine the projected description of

every experiment in which U is embedded.

Theorem 10.2 (The syntactic congruence of the probability projection). Ford > 2, U = U’
if and only if U' = €U for some real p. The minimal compositionally sufficient quotient
of T on U(d) is therefore the projective unitary group PU(d) = U(d)/U(1).

Proof. If U' = €U then T(AU'B) = T(AU B) because moduli are unchanged. Conversely,
suppose T(AUB) = T(AU'B) for all A, B. For a unit vector x choose B with Be; = =z,
and for a unit vector w choose A with Afe; = w. Then T(AUB)1; = [{(w|Ux)|?, and
the hypothesis gives |(w|Uz)| = |[{(w|U’x)| for all unit vectors w and z. As in the proof
of Theorem 9.1, this forces U’z = c(x)Uz with |c(x)| = 1 for each x. Hence W = UTU’

maps every vector to a multiple of itself, so every nonzero vector is an eigenvector of W.
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It We; = A\ie; and We; = Ajej, then applying the same property to e; + e;j, which must
also be an eigenvector, forces \; = A;. Hence W is a scalar, of unit modulus because W is

unitary. O

The theorem corrects a loose reading of the slogan that composition requires “restoring
the phases.” A global phase is irrelevant to every sequential context of the form AUB
considered here, and need not be restored; the theorem concerns such contexts and does
not address a coherent controlled implementation of an unknown operation, where a global
phase can become relative. The exact conclusion is that any two unitaries not related by a
global phase are distinguishable in some allowed context. The retained structure is exactly
PU(d): strictly larger than the doubly stochastic matrix 7'(U), which is not compositionally
sufficient, and strictly smaller than U itself.

The orthostochastic case is analogous. For real orthogonal matrices the same argument
gives the congruence O = +0, and the minimal quotient is PO(d) = O(d)/{%I}.

Together with Chapter 9, this exhibits the two different senses in which 7T is insufficient.
For histories, insufficiency is the failure to determine outcome laws of later measurements,
and its repair is the ray. For operations, insufficiency is the failure to determine the descrip-
tion of composites, and its repair is the projective unitary. The two repairs are linked by
the fact that a history is a product of operations, and the ray of a history is the image of

the projective element under evaluation at the initial vector.



Chapter 11

Context Graphs and the Gluing

Obstruction

Compositional sufficiency concerns a single chosen composition. A separate question con-
cerns whether many individually admissible observations can be joined into one consistent
description. This is the second obstruction in the author’s reconstruction [7]: the two ques-
tions are logically independent, and the first is meaningful on an open path where no cycle
occurs.

Let G = (V, E) be a connected graph whose vertices are measurement contexts, that is
orthonormal bases, and whose edges e = (A, B) carry observed doubly stochastic matrices
B, of transition probabilities between the bases. The graph is globally realizable over a field
F € {R,C} if there is a single assignment of frames to vertices whose relative transition
probabilities reproduce every B.. This is a continuation problem in the sense of Part I:

local data, each edge admissible by itself, are required to extend to a global object.

Proposition 11.1 (Trees carry no constraint). If each edge of a tree is individually admis-

sible over F, a global frame assignment reproducing every edge exists.

Proof. Fix a root and propagate along the unique path to each vertex, composing the chosen

lifts. Uniqueness of paths in a tree means no two propagations can disagree. ]

Theorem 11.2 (Realizability criterion). A connected graph G with spanning tree T is
globally realizable if and only if there is one choice of admissible lifts on the edges of T
whose propagated frame assignment also reproduces every non-tree edge. There are 51(G) =
|E| — |V| + 1 non-tree-edge compatibility tests, all of which must hold for the same choice
of tree lifts.

The proof is the propagation argument of Proposition 11.1 together with the observation

that any global assignment restricts to a choice of tree lifts. The theorem is existential and
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not constructive. The cycle rank counts the tests in this construction; it does not by itself
establish their functional independence or the codimension of the realizable data.

The smallest graph with a nontrivial constraint is the triangle on three contexts Z, X,Y,
with 81 = 1. Over R and for 2 x 2 matrices the constraint can be written explicitly, and

here the labelling of outcomes matters. A real 2 x 2 bistochastic matrix has the form

DAB 1—paB
1—paB  paB

) , agp = arccos /pap € [0,7/2].

Realization is required to reproduce each B4p exactly, entry by entry, with the first labelled

vector of each basis (the first outcome) tracked consistently across all edges at that vertex.

Theorem 11.3 (Triangle gluing in R?, labelled form). Three real 2 x 2 bistochastic matrices
Bzx,Bzy, Bxy are realized by a single assignment of real orthonormal bases to Z, X,Y if
and only if

pPXY = cos2(5 azx — nozzy) for some e,n € {—1,1}.

Proof. Necessity: place the first vector of Z at angle 0. The first vector of X then sits
at an angle congruent to +azx modulo 7, since cos? of that angle must equal pzy, and
likewise the first vector of Y at an angle congruent to +azy. The entry pxy is cos? of
the difference, which is unchanged by shifts of 7, and so has the stated form. Sufficiency:
given signs e, satisfying the equation, place the first vectors of Z, X, Y at angles 0, cazx,
nazy, and complete each to an orthonormal basis by the orthogonal partner. The entries
Pzx, Pzy are reproduced by construction, pxy by hypothesis, and the off-diagonal entries
are then forced by bistochasticity. O

The criterion remains a theorem if one instead gives edge data only up to independent
permutations of outcomes on each edge, in which case the relevant invariant is the canonical
angle 6 € [0,7/4] and the condition is xy = +0zx £ 07y (mod 7/2). That is a different
realization problem, because independent permutations on different edges need not come

from a consistent relabelling at each vertex. For example, take Bzx = Bzy = [ and
Bxy = L0 : all three canonical angles vanish, yet the labelled problem has no solution,

since the first two matrices force the labelled vectors of X and Y to coincide with those of
Z and hence with each other.

The proof exhibits the fibre of the projection in the real case: the data pzx,pzy leave
undetermined exactly one relative sign, and pxy can take one of two values. This is the

one bit of Chapter 9 for d = 2, now seen as a constraint on a cycle.

Corollary 11.4 (No three real mutually unbiased bases in the plane). There do not exist

three pairwise mutually unbiased orthonormal bases of R?.
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Proof. Mutual unbiasedness requires pzx = pzy = pxy = %, so azx = ayzy = w/4. The

criterion would require & = cos?(£m/4 F m/4) for some signs, but the right side takes only
the values 1 and 0. The same argument applies to the canonical-angle formulation, since

the unbiased matrix is invariant under outcome permutations. ]

Within the real two-dimensional setting, for finite simple graphs whose edge parameters
are sampled independently with densities, a cycle-closing edge is confined to finitely many
values once the other edges of the cycle are fixed, so global realizability on a graph con-
taining a cycle is a measure-zero condition. The statement does not extend automatically
to complex frames or to higher dimensions. What is special about mutual unbiasedness is
its symmetry and not its scarcity. Over C the triangle of mutually unbiased bases exists
in dimension two, so the obstruction distinguishes the fields R and C at the level of consis-
tent families of observations, a fact the monograph develops through the composite-system
analysis that this book treats later.

The two obstructions of this part can now be compared. Compositional sufficiency asks
whether projected data determine the projected data of a composite, and its answer is the
projective unitary group. Global realizability asks whether independently admissible local
data extend to a global assignment, and its answer is governed by the cycle rank. Both are
failures of an observation to carry enough structure, and Part VIII returns to the question

of whether they share a common mathematical form.



Chapter 12

Coarse-Graining and Effective

Stochastic Dynamics

An observation that discards information can still support a dynamics of its own. Whether
it does is a separate question from whether it is sufficient, and the two are easily conflated.
This chapter separates them in the setting of Part I and then specializes to Markov chains,
where the criterion becomes a linear-algebraic identity.

Recall that for an extendable history structure, an observation 7: H — X is sufficient

when it determines the continuation sets. It is closed if it is compatible with extension.

Definition 12.1 (Closed observation). An observation 7 of an extendable history structure
is closed if m(h) = 7(k), together with the existence of h-s and k-s, implies w(h-s) = w(k-s).
A closed observation carries a transition relation z = z’ on its values, which is the effective

dynamics of the description.

Proposition 12.2 (Sufficiency and closure are independent). A sufficient observation need
not be closed, and a closed observation need not be sufficient. The observation w4 is both,

and it is the coarsest observation that is both.

Proof. A constant observation is closed and, whenever A is not constant, not sufficient. For
the other direction, let H be the set of all finite binary words, with A(h) = F for every h,
so that every observation is sufficient. Define 7(¢) = 7(0) = 1, w(1) = 0, w(00) = 0, and
m(h) = 0 for all other h of length at least two; the value assigned to m(1) is immaterial to
the argument. Then 7(e) = 7(0) while 7(¢-0) = 7(0) = 1 and #(0-0) = 7(00) = 0, so 7
is sufficient but not closed. That 7 4 is closed and sufficient is Theorem 6.2, and that it is

coarser than every sufficient observation is Theorem 3.2. O

The proposition says that an effective dynamics at the level of a given description exists

exactly when that description is closed, and that being closed is not the same as being
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predictive. Descriptions that are closed but insufficient give a self-contained dynamics that
nonetheless fails to determine the continuations of the underlying system, and descriptions
that are sufficient but not closed determine the continuations at each moment without
supplying a rule for updating themselves. The minimal state is the only canonical object
having both properties.

For Markov chains the criterion for closure takes a precise linear form. Let X be a finite
set and M a column-stochastic matrix on R¥, so that a distribution p evolves by p — Mp.
Let ¢: X — Y be a surjection, and let C be the |Y| x | X| aggregation matrix with Cy, =1

if ¢(z) = y and 0 otherwise. Then Cp is the distribution of the coarse variable.

Theorem 12.3 (Lumpability). The following are equivalent. First, the coarse distribution
one step later depends on the initial distribution only through the initial coarse distribution:
Cp = Cp' implies CMp = CMp'. Second, there is a matriz N with CM = NC'. Third, for
all blocks A, B C X in the partition induced by c, the sum ) ;.5 M;; takes the same value
for every j € A. In that case N is column stochastic with Npa equal to this common value,

and the same statement holds for every power of M.

Proof. If CM = NC, then Cp = Cp’ gives CMp = NCp = NCp' = CMyp'. Conversely,
assume the first condition and let v € ker C. Then v has total sum zero, so v = m(p — p')
with m > 0 and p,p’ distributions obtained from the positive and negative parts of v, and
Cp = Cp' because Cv = 0. The first condition gives CMv = 0. Hence ker C C ker CM,
and since C' is surjective there is a linear N with CM = NC. The third condition is the
entrywise form of CM = NC applied to the basis vectors: (CM)p; = >, .5 M;; must equal
Np (j)- Stochasticity of N follows because CMp is a distribution for every distribution p.
Finally CM"™ = N™"C by induction. O

Lumpability is the Markov-chain form of closure [34]: the aggregated process is again

Markov, with transition matrix N, for every initial distribution.

Example 12.4 (A unistochastic chain that is not lumpable). Let 6 € (0,7/2) and U =
R(0) & 1, the rotation of the first two basis vectors with the third left fixed, so that

c s 0
TWU)=1s ¢ 0], ¢ =cos?f, s=sin?0.
0 01

Partition the three states into A = {0} and B = {1,2}. The sums of the columns of T(U)
over the rows in B are s for column 0, ¢ for column 1, and 1 for column 2. The columns 1
and 2 both belong to block B but give different sums unless ¢ = 1, so the partition is not

lumpable.
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On this example the coarse process (A versus B) cannot be written as a Markov chain
on two states, because the probability of leaving B depends on whether the system sits in
state 1 or state 2. A description that tracks only the block therefore has no dynamics of
its own, and any effective description must either refine the partition or introduce memory.
The next chapter constructs the memory explicitly.

A contrasting case shows the criterion can hold for a nontrivial unitary. Let F' be the
3 x 3 Fourier matrix, for which 7'(F') has every entry equal to % For every partition, the
sum over a block B of any column equals |B|/3, which does not depend on the column, so
every partition is lumpable with Np4 = |B|/3. In that case the coarse process forgets its

initial block entirely after one step.



Chapter 13

Memory Kernels and the
Projection Operator Method

When a coarse description is not closed, the dynamics of the observed variables can still
be written exactly, at the price of a memory term. This is the content of the projection
operator method of Zwanzig and Mori [40, 35]. The finite-dimensional discrete-time form
is elementary and suffices for the purposes of this book.

Let V be a finite-dimensional vector space with a linear map M: V — V, and let
V = W @& W’ be a decomposition with associated projections P onto W and Q = 1 —
P onto W’. Write M in block form with respect to this decomposition, with blocks
Mpp, Mpg, Mgp, Mg, and let vy = Mg, ; = Pug, yr = Quy.

Theorem 13.1 (Discrete memory-kernel equation). For allt > 0,

t—1
Tiy1 = Mpp i + Z Ki—sxs + MpgMbg vo. Ky = MPQMQmQ_lMQP (m>1).
s=0
Proof. The block form gives x441 = Mppx: + Mpqy: and yi1 = Mgpxi + Mggy:. Solving
the second recurrence gives y; = MéQyO + Zi;% M&;_‘SMQ pxs, which can be checked by
induction on t. Substituting into the first recurrence and setting m = t — s gives the stated

equation. ]

The theorem splits the observed dynamics into three parts: an instantaneous term
Mppxy, a memory term whose kernel K, records the effect of the observed state m steps
ago passing through the unobserved subspace, and an inhomogeneous term depending on
the unobserved part of the initial state. If the initial state lies in W, that is yg = 0, the last

term vanishes.
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Corollary 13.2 (Closure and memory). Suppose yo = 0. The observed dynamics is closed,
in the sense that xyy1 = Mppxy for all t and all xg € W, if and only if K, = 0 for all
m > 1. If MéQ = 0 for some r, then K, = 0 for all m > r + 1, so the recurrence for
Tyl nvolves xy together with xy_1,...,Ti—r, a window of r + 1 observed values, and for
Yo # 0 the inhomogeneous term MpQMéQyo vanishes for t > r. This is a kernel lag of r.
It is not by itself the memory depth of Chapter 4, which concerns sufficiency for complete

continuation sets, and any relation between the two would have to be established separately.

Proof. If all K,;, vanish the theorem gives closure. Conversely, closure for all xg € W means

Tiy1 = Mppxy, so the memory sum Z’;;%) K,;_sx, vanishes for every xy and every t. For

t = 1 this reads Kizg = 0, so K1 = 0. Suppose K1 = --- = K;_1 = 0. The sum at time ¢
then reduces to K;xy, which must vanish for all xg, so Ky = 0. The finite-depth statement
follows from K, = MPQMgLQ_IMQP form—1>r. O

The unitary dynamics of Chapter 7 fits this framework through the Liouville represen-
tation. Let V be the space of Hermitian matrices on C? and M = Ly the map p — UpUT.
Let P = A be the projection onto diagonal matrices, whose entries are the populations in
the computational basis, and Q = 1 — A the projection onto coherences. For an initial state

that is diagonal, yg = 0, and the first block is exactly the projected matrix:
Mpp =T(U).

This identification shows that the stochastic matrix 7'(U) is the instantaneous part of the
exact dynamics of the populations, and everything the probability description forgets is

contained in the kernel.

Theorem 13.3 (First memory kernel of coherent evolution). For the Liouville dynamics

p — UpUt with diagonal initial state, the first kernel is
Ky = MpgMgp = T(U?) — T(U)?.

Proof. The exact populations after two steps are xo = T(U?)zg. Theorem 13.1 with yg = 0
gives 11 = T(U)xg and z3 = T(U)z1 + K120 = T(U)?20 + K120. Equating and using that
xq is arbitrary gives the identity. O

In terms of Chapter 7, K; is the interference sum of Proposition 7.1 with Uy = U, = U.
A numerical check on a random 3 x 3 unitary reproduces T7'(U?) — T(U)? from the blocks

MpgMgp to machine precision, and Mpp = T'(U) to the same precision.
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Example 13.4 (The Hadamard kernel). For U = H one has T(H) = J, T(H?) = I, and
1 -1
-1

even t and x; = Jxg for odd t. The kernel equation at t = 2 reads x3 = Jxo + K121 + Koz,
that is Jog = Jxo + (I — J)Jxo + Koz, and (I — J)J =0, so K3 = 0. The block Mgq of
the Liouville map of H on the coherences is —% _11 _11 , which satisfies MEZQ = —Mgq,
so K, = (—1)" K = 0 for all m > 2. This is consistent with the periodic orbit: for even ¢
one finds Jx; + K241 = Jog+ (I — J)Jxg = Jxg, and for odd ¢ one finds Jx; + Kyjz4-1 =

J2xo+(I—J)xo = 20, because J? = J. A direct numerical computation of MpQMgglMQp

therefore K1 =1 —J = % . Since H? = I, the populations satisfy z; = x for

for m = 1,...,5 agrees. The Hadamard evolution therefore has kernel lag one: for t > 1
the populations obey the second-order recurrence z;41 = Jxy + (I — J)xy—1, which must be
started from the explicit first step 1 = Jxg with xg arbitrary, because for ¢ = 0 there is no

earlier population and only Mpp acts.

The example shows exactly what the projected description is missing. The matrix
T(H) = J would predict o = Jr1 = Jxo, but the true value is zp, and the difference
is the single kernel term Kjxy acting on the population two steps back. The kernel lag,
the number of earlier observed populations that enter the recurrence, is one here, while the
minimal sufficient state of Chapter 9 is the ray. The two statements concern different things,
since the kernel lag counts terms of a recurrence for the populations and the minimal state
concerns sufficiency for complete continuation sets, and the kernel represents the effect of

the unobserved coherences through the observed history.



Chapter 14

Consistent Histories and

Decoherence Conditions

The consistent histories approach of Griffiths [29] and the logical analysis of Isham [30] ask
the question of this part in a different vocabulary: when can probabilities be assigned to
sequences of events so that they satisfy the sum rules of classical probability. The answer
is a condition on the interference between histories, and it is the condition under which
probability-level composition is legitimate.

Fix a basis and a sequence of unitaries Uy, . . ., Uy, and consider histories o = (k1, ..., ky)
of outcomes of measurements in the basis after each step, starting from the basis state |7).

The amplitude of the history is

Ao = (Un)kpkn_y -+ (U2)koky (U1)ky g5

and the branch vector of a history a = (ki,...,k,) i8S |¥a) = Aqlkn). The decoherence

functional for pure initial states and sharp rank-one projectors is therefore

D(a, B) = (Vslta) = Aadp O, k-

Two histories with different final outcomes have orthogonal branch vectors, so D(«, 8) = 0
automatically when k,, # k],. A family is weakly consistent if Re D(«, 5) = 0 for all a # 3,
and medium decoherent if D(a, 8) = 0 for all a # .

Theorem 14.1 (Composition is a decoherence condition). For two steps and fized initial

index j and final indez 1,

T(UsUh)sj — (T(U2)T(Uh)),; = > D((k,i),(1,4)) =2 ReD((k,i), (1,1)).

k£l k<l
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Hence probability-level composition holds at the entry (i,j) if and only if the real parts of
the decoherence functional between the histories with these endpoints sum to zero. It holds
for all entries if the family of two-step histories is weakly consistent, in particular if it is

medium decoherent.

Proof. The amplitude for the composite transition is >, A5y, s0 T(U2U1)i; = | Y A a)? =
>k lAwyl® + >kt AgiyAq,iy- The first sum is 35, T(U2)ikT(Ur)g;j. The second sum is

real, because interchanging k and [ replaces each term by its complex conjugate, which also

gives the second form of the right-hand side. O

The theorem identifies the interference term of Proposition 7.1 with the sum of off-
diagonal entries of the decoherence functional. Composition at a given entry requires only

that the real parts sum to zero, which is weaker than weak consistency of the whole family.
Example 14.2 (Weakly consistent but not medium decoherent). Let U; = H and U, =
1 4 14+¢ 1
L . . . — l
7 (z 1). This Us is unitary, and UsU; 5 (1 4
squared modulus 3. Hence T(UsU) = J = T(Uz)T(Uy), and composition holds, although
neither matrix is a permutation. For ¢ = j = 0 the two histories have amplitudes Ay = %
and Ay = %, so D = AgA; = —i', which is nonzero but purely imaginary. The family is

weakly consistent and not medium decoherent.

—1
), all of whose entries have

The failure of composition for the pair (H, H) in Proposition 7.2 and its success for the
pair (H,Us) in this example show that composition of probabilities is a property of the
pair of operations together with the initial and final contexts, and not of the stochastic
matrices alone. Proposition 7.4 established that no assignment of composites to projections
can be correct for all pairs. The decoherence functional supplies, case by case, the missing

condition.

Proposition 14.3 (Decoherence by an intervening channel with a record). Implement the
dephasing channel A of Proposition 7.3 between consecutive steps by a unitary dilation
that copies the outcome into an environment record, |k)|eg) — |k)|ex) with orthonormal
records ep. In the dilated description of system and records, the probability of the history
(K1y .o kn) 38 T1; [(Ut) ko, o |* with ko = j, the family of histories is medium decoherent, and
the probabilities of coarse-grained histories are obtained by summing, so that the dynamics

of the populations is the Markov chain with transition matrices T'(Uy).

Proof. The branch vector of the history « in the dilated description is Ay |kn)|ek, <« - €k, _,),
with Ay = [[,(Ut)k.k,_,- Two distinct histories either differ in the final outcome, in which

case the system vectors are orthogonal, or agree in the final outcome and differ in some
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earlier outcome, in which case the record vectors are orthogonal. In both cases D(a, 8) =
0. The probability of a is |A,|?, the product of the squared moduli. Summation over

intermediate outcomes gives the product of the matrices T'(Uy). O

The record is needed for the medium-decoherence claim. Without it the system’s final
states alone need not make distinct histories orthogonal: two histories that agree in the final
outcome and differ earlier have the same system vector, and their cross term is the interfer-
ence term of Theorem 14.1. The reduced state of the system after the dilated evolution is
the dephased state, so the populations are those of the channel A of Proposition 7.3.

The proposition completes the picture of Chapter 7. The classical composition T'(U2)T' (Uy)
is the correct description of coherent evolution under exactly the conditions in which the
decoherence functional has vanishing real part, and of evolution with an intervening dephas-
ing channel in all cases. What the projection forgets is therefore the information needed
to decide, for a given pair of operations and a given choice of contexts, which of these two

situations holds.



Chapter 15

Which Structures Survive

Projection

The preceding chapters show what projection loses. This chapter records what it keeps, so
that the passage from amplitudes to probabilities can be assessed as an observation with a

definite kernel and a definite image.

Proposition 15.1 (Gauge invariance of the projection). For diagonal unitary matrices
D1, Dy and any unitary U, T(D1UD9) = T(U). If all entries of U are nonzero, the orbit
{D1UDs} is a torus of dimension 2d — 1 contained in a single fibre of T.

Proof. Multiplication by D; and Dy multiplies the entry U;; by a phase, which does not
change its modulus. The torus 7¢ x T? acts on U(d) by (D1, Ds) - U = D1UD3, and
D1UDy = U with all U;; # 0 forces (D1)ii(D2);; = 1 for all 4,4, so Dy = ¢l and Dy = ¢l

for a scalar phase c. The stabilizer is thus a circle and the orbit has dimension 2d — 1. [

A count of the dimensions of domain and target does not by itself give the dimension
of a fibre. At U = I the fibre T~!(I) is the set of diagonal unitary matrices, which has
dimension d, smaller than 2d—1 for d > 2. The gauge-orbit statement is therefore restricted
to matrices with all entries nonzero, where the orbit has dimension 2d — 1. If in addition U
is a regular point, in the sense that the differential of T at U, as a map into the (d — 1)2-
dimensional affine hull of the doubly stochastic matrices, has rank (d — 1)2, then by the
regular value theorem the fibre near U is a submanifold of dimension d? — (d—1)? = 2d — 1,
and the gauge orbit, which lies in the fibre and has the same dimension, coincides with the
fibre near U. Full dimension of the image alone is not enough without this regularity of the
map at U.

1 —
For d = 2 the conclusion holds globally for an interior matrix. If T'(U) = (1 b p)
-p p
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with 0 < p < 1, write the entries as \/pe™'!, \/T—pe?12, /T —pe'¥2, /pe?22. Orthog-
onality of the columns requires @11 + @22 — Y12 — 21 = 7 (mod 27), and this is the only
constraint; the matrices Dy R(#)Ds with cos?# = p have phases a; + 3; plus the pattern
(0,7;0,0) of R(0) and satisfy it, and they exhaust the solutions because three of the four
phases can be matched by choosing o, as, 81, 82 and the fourth is then fixed by the con-
straint. The complex unitary fibre is therefore a single left-right diagonal-phase orbit; a
random sample of 200 unitaries confirms the factorization to 10~'°. The finite sign ambi-
guity found in Chapter 9 belongs to the real state projection [u] — (|u;|?) and not to this
statement about the fibres of T' on U(2).

Proposition 15.2 (Zero patterns survive). T'(U);; = 0 if and only if U;; = 0. Moreover, if
B =T(U) for a unitary U then no two columns of B have supports that intersect in exactly

one row.

Proof. The first claim is immediate from T'(U);; = |U;;|?. For the second, distinct columns
u,u’ of a unitary are orthogonal, so Y . w;u; = 0. If the supports meet in exactly one row

1o, the sum reduces to the single term uiougo, which is nonzero. O

Corollary 15.3 (Not every doubly stochastic matrix is unistochastic). Forn = 3 the doubly
110
1

stochastic matriz B = 5 | 0 is not of the form T(U).
1

1 1
0 1
Proof. The supports of the first and second columns are the rows {1,3} and {1, 2}, which
intersect in the single row 1. By Proposition 15.2 no unitary has T'(U) = B. O

For n = 2 every doubly stochastic matrix is unistochastic, as noted in Chapter 17, so the
corollary marks the dimension at which the image of the projection becomes a proper subset
of the doubly stochastic matrices. This is a constraint on the observation that cannot be
seen from the observation alone: it expresses the fact that probabilities arising from unitary
dynamics satisfy relations the abstract notion of a reversible stochastic process does not.

The levels of description studied in this part can now be compared. Each is an observa-
tion of the underlying unitary dynamics, and each is characterized by what it determines.

The table summarizes the main result of Part II. The projection to transition probabili-
ties keeps gauge-invariant information and the zero pattern and loses relative phases. What
a theory must retain depends on the use made of it. To predict the next measurement
in a fixed basis, T(U) is sufficient. To predict measurements in arbitrary bases the ray is
the minimal state. To predict the behaviour of an operation inside larger experiments the

projective unitary is the minimal operation. To assemble many partial descriptions into
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Determines

Description Retains

TU) moduli of entries; zero
pattern; gauge-invariant
data

Ray [Ue;] state up to global phase

PU(d) element operation up to global
phase

Context graph data  edge matrices on a graph

single-step transition probabili-
ties in the fixed basis

outcome laws of every later
measurement and gate

the projected description of ev-
ery sequential composite AUB
global frame assignment only
when cycle compatibilities hold

Table 15.1: Levels of description of unitary dynamics and what each determines.

38

one the cycle compatibilities are the additional constraints. Part III confirmed these state-

ments in small models, and Part IV asks whether the phases that composition retains can

themselves be organized as a connection on a bundle of continuation spaces.



Part 111

Finite Models and Worked

Examples
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The first two parts built definitions and theorems at a level of generality that can hide
errors. This part tests them on models small enough that every quantity can be computed
by hand or by a few lines of code. The models are chosen to exhibit, one at a time,
the phenomena that the later parts treat in larger settings: a finite state hidden behind
unbounded memory, a gap between support and probabilistic sufficiency, interference in a
two-level system, local rules with global consequences, and the dependence of the minimal
description on the class of questions asked. Each chapter ends with a quantity that can be

checked independently, and the numerical values quoted were verified by direct computation.



Chapter 16

Finite History Structures and

Their Minimal Automata

Let @ be a finite set of states, ¥ a finite alphabet, go € @, and §: Q x X — @ a partial
transition function. Call the automaton trim if every state reachable from ¢y admits an
infinite run. Define a history structure by taking H to be the set of finite words h for which
5(qo, h) is defined, F = N, and

Ah) = {p € =N : 6(6(qo, h), 1 - - - @) is defined for every k}.

This history structure is extendable in the sense of Chapter 6, and Example 1.4 is of this

form.

Theorem 16.1 (Minimal sufficient observation of a finite automaton). Write A(q) for the
set of infinite words admitted from the state q. Then A(h) = A(d(qo,h)), so the minimal
sufficient observation of the history structure is the quotient of the reachable states by the
relation ¢ ~ ¢ if and only if A(q) = A(q¢'). In a trim automaton, q ~ ¢' if and only if ¢ and
q admit the same finite words, and ~ is the limit of the relations ~y, defined by q ~q ¢ for

all q,q" and

q ~ki1q <= the same letters are defined at q and ¢,

and §(q,a) ~ (¢, a) for every defined letter a.

The sequence of relations stabilizes after at most |Q| — 1 steps.

Proof. The first statement is the definition of the run from g after reading h. In a trim
automaton, a finite word is admitted from g exactly when it is a prefix of an element of A(q):

one direction is trivial, and for the other, extend the run to an infinite one using trimness.
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Hence A(q) = A(¢’) if and only if ¢ and ¢’ admit the same finite words, and ¢ ~j ¢’ says
that they admit the same words of length at most k. The relations ~j form a decreasing
chain of equivalence relations on a finite set. Once ~j1=~y the chain is constant from
that point on, because ~j9 is computed from ~j 1 by the same rule. A strictly decreasing
chain of equivalence relations on |@Q| points has at most |Q| — 1 strict steps, since each step

increases the number of classes. O

This is the partition-refinement algorithm of Moore [11], here read as the computation
of a minimal sufficient observation. Applied to Example 1.4, take as automaton the three-
state machine with states N (no aa yet, last letter not a), A (no aa yet, last letter a) and D
(dead zone, after aa). From N both letters are defined, with §(/N,a) = A and 6(N,b) = N;
from A both are defined with §(A,a) = D and §(A4,b) = N; from D only b is defined, with
d(D,b) = D. Then ~; separates D from N and A, and ~g separates N from A because
d(N,a) = A admits b and a whereas 6(A, a) = D admits only b. The automaton is already
minimal at three states. A five-state presentation that records the length of the current run
of b would collapse onto the same three classes, which is the sense in which memory depth

and minimal state differ.

Proposition 16.2 (Finite state versus finite depth). A structure of memory depth k over
Y has at most |S|¥ minimal states among histories of length at least k, together with at
most Y. .. |5 further classes from shorter histories. The converse fails: Example 1.4

has three minimal states and infinite memory depth.

Proof. If m, is sufficient then A factors through the map sending a history of length at least
k to its last k letters, which takes at most |X|* values, and shorter histories are retained

whole. The failure of the converse was shown in Chapter 4. O



Chapter 17

Two-Level Systems and

Unistochastic Chains

The smallest quantum system is also the setting in which Part II is fully explicit. Every
unitary U € U(2) satisfies |Ugo|? = |U11|?> = p and |Up1|?> = |Uo|> = 1 — p, so

T(U) = <1€p 1;p>7

and every such matrix arises: given p € [0,1] take 6 with cos?(#/2) = p and the real

0 s 0
COS§ —sm§

0 0

rotation Ry(0) = | |
sing  cosg

>. Thus the unistochastic matrices coincide with the

doubly stochastic ones for n = 2, as in the manuscript’s degeneracy theorem [7].

Proposition 17.1 (Interference in the qubit rotation family). For rotations about a com-
mon azis, Ry(02)Ry,(61) = Ry(61 + 02), and the probability of remaining in the initial state
18 P

cos%%) = [cos2 %1 cos? %2 + sin? %1 sin? %2 — % sin 64 sin 5.
The bracket is the entry of the product T (R, (62))T(Ry(01)), and the last term is the inter-

ference contribution of Proposition 7.1.

Proof. Write a = 6#1/2 and b = 65/2. Then cos?>(a + b) = (cosacosb — sinasinb)? =
cos? acos? b + sin? asin? b — 2sin a cos a sin b cos b, and 2sinacosasinbcosb = % sin 64 sin 6.

O]

For 1 = 02 = w/2 the bracket is % and the interference term is —%, so the coherent

probability vanishes, which is the Hadamard-type cancellation of Chapter 7 in a rotation
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form. A numerical check at 81 = 0.7, 62 = 1.9 gives the same value, 0.3048, for the difference
between the bracket and cos?((6; + 62)/2) and for  sin 6; sin 6.

Proposition 17.2 (Coherent evolution is not a Markov semigroup). Let U(t) = R,(2t)

and T(t) = T(U(t)), so that T(t) has stay-probability p(t) = cos®>t. The family t — T(t) is
01

not a semigroup: T'(s +t) # T(s)T(t) in general. For example T(w/2) = L0 whereas

T(r/4)? =T (r/4) = J.

Proof. A matrix of the symmetric form above has eigenvalue 2p — 1 on the vector (1, —1)T,
and the product of two such matrices has eigenvalue equal to the product of the eigenvalues.
A semigroup would require cos2(s + t) = cos2s cos2t. At s =t = w/4 the left side is —1
and the right side is 0. O

The proposition separates two ways of passing to a classical chain. The chain obtained
by measuring and discarding between steps, in the sense of Proposition 7.3, has n-step stay
probability %(1+cos” 6) and relaxes to the uniform distribution. The coherent evolution has
stay probability %(1 +cosn#) and oscillates indefinitely. For histories consisting of rotations
about the y-axis, with futures drawn from the same family followed by a computational-
basis measurement, the ray of the state after n steps is fixed by nf modulo 2w, so by
Theorem 9.1 the minimal probabilistically sufficient state is a point on a circle, which no

single stay probability determines, since cosné fixes the angle only up to sign.



Chapter 18

Hidden Markov Models and

Insufficient Observations

A hidden Markov model supplies observations through a state that the observer does not
see. It is the standard setting in which a natural observation, here the most recent output

symbol, fails to be sufficient.

Example 18.1 (The even process). Take hidden states A, B, output alphabet {0, 1}, start
in A. From A, emit 0 and stay in A with probability %, or emit 1 and move to B with
probability % From B, emit 1 and move to A with probability 1. Histories are the output
words with positive probability, and A(h) is the set of infinite output words every finite
prefix of which has positive conditional probability after h. The state reached after a word
is A if the number of trailing 1s is even and B if it is odd, counting from the last 0 or from
the start.

Proposition 18.2. In the even process, the minimal sufficient observation has exactly two

values, the parity of the current run of 1s, while the memory depth is infinite.

Proof. After a word ending in an odd run the next symbol must be 1, so A contains only
words beginning with 1, whereas after an even run both symbols are possible. The parity
therefore separates two classes, and the transition structure shows that the classes form
the two states A and B with no further distinction. For depth, fix k and compare 01* and
015+, They share their last k letters, both being 1%, but have runs of lengths k and k + 1

of opposite parity. Hence no  is sufficient. ]

Each of the laws P(h) is also determined by the parity, since the law of the future is
determined by the hidden state reached and the hidden state is determined by the parity.
The support quotient and the probabilistic quotient therefore coincide here. The next

example shows that they need not.
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Example 18.3 (A coin of unknown bias). A hidden bit selects, with probability % each,
one of two coins: one gives 1 with probability p and the other with probability 1 — p, where
O<p<landp# % The process then emits independent flips of the chosen coin. Every
finite word has positive probability, so every finite prefix of every infinite word has positive

conditional probability after every history, and the support of every future law is all of
{0, 1},

Proposition 18.4. In Fxample 18.3 the support quotient has a single class, while the
probabilistic quotient is in bijection with Z via h — ni(h) — ng(h), the excess of ones over

zeros. The family of laws, however, spans a space of dimension two.

Proof. Support: every future is admissible after every history, so A is constant. Probabili-
ties: with » = p/(1 — p) the posterior probability of the first coin after a word with n; ones

and ng zeros is
_ prt(l—p)m _ 1
S (L =p)mo At (L=p)mpro 14 pm(mmno)?

which is strictly increasing in ny — ng if p > % (so r > 1) and strictly decreasing if p < %
(so 7 < 1); in either case it is injective in ny — ng, which is all that is needed. The future
law is the mixture w Bern(p)®N + (1 — w) Bern(1 — p)®Y, and the probability that the next
symbol is 1 equals wp + (1 —w)(1 — p) = 1 + (w— 3)(2p — 1), which is injective in w. Thus
distinct values of n1 — ng give distinct laws, and the quotient is indexed by Z. Every future

law lies in the span of the two component laws, so the span is two dimensional. ]

The example shows that the minimal probabilistically sufficient observation can be an
infinite set even though the laws it indexes lie in a two-dimensional linear space. The next
chapter returns to this point, because it separates the cardinality of the minimal state from

the dimension of the smallest linear representation of the process.



Chapter 19

Lattice Gases and Local
Admissibility

Local rules constrain global configurations, and the interplay between the two is the finite-

size version of the continuation problem of Part I. Two models make it concrete.

A hard-core constraint

Let the configurations be words over {0,1} in which no two adjacent symbols are both 1.
Read left to right as a history structure, A(h) is the set of admissible infinite continuations,

and two histories are equivalent if they have the same last symbol being 1 or not.

Proposition 19.1. The hard-core words have a minimal sufficient observation with two
values, the indicator that the last letter is 1. The number of admissible words of length n is
the Fibonacci number Fyyo (with Fy = Fy = 1), and their exponential growth rate is log ¢
with ¢ = (1+/5)/2.

Proof. After a word ending in 1 the next letter must be 0, and after a word ending in 0 both
letters are possible, so these are the two classes and no finer distinction arises. Let a,, count

admissible words of length n ending in 0 and b,, those ending in 1. Then a,4+1 = a, +b, and
11
bn+1 = aGn, So the transfer matrix is L o with largest eigenvalue ¢. The totals a, + b,

forn=1,...,8 are 2,3,5,8,13,21, 34,55, which are F}, 12, and the growth rate is log. 01O

The model shows a local constraint, one forbidden pair, producing a global count gov-
erned by a two-state transfer matrix, with the minimal state equal to the number of rows

of that matrix.
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A conservative lattice gas

Let particles on a ring of N cells update synchronously by the rule that a particle advances
one cell to the right if the cell ahead is empty and otherwise stays, which is the cellular
automaton known as Rule 184 [12]. In formulas, 2} = z;—1(1 — 2;) + ;241 with indices
modulo N.

Proposition 19.2. Rule 184 conserves the particle number n = Y, x;. The observation

x — n 1s insufficient for the continuation sets.

Proof. Conservation: summing the update over i gives (n - xi_lxi) + >, Tiriy1, and
the two sums of products coincide after reindexing, so the total is n. Insufficiency: on a
ring of four cells, the configurations 1100 and 1010 both have n = 2. The first update gives
1100 — 1010 and 1010 — 0101, which differ, so the one-step continuations are different. [

Here the dynamics is deterministic, so the continuation of a configuration is its sequence
of successors. If the continuation excludes the present configuration, two configurations
have the same continuation exactly when they have the same image under the update, since
the first successor determines all later ones. The minimal state is then the image of the
update and not the configuration, and the quotient can identify distinct configurations: on
four cells both 1100 and 0101 map to 1010, so Rule 184 is not injective. If the present
configuration is included in the continuation, the minimal state is the configuration itself.
Particle number is a conserved coordinate on the state space, not a coordinate system for
it. The distinction generalizes to every model in the book that has a conserved quantity: a
conserved observable is sufficient for the question of whether it will remain the same, and

insufficient for most other questions.



Chapter 20

Computing Minimal Sufficient

Observations

Theorem 16.1 gives an algorithm for support sufficiency in finite automata, with at most
|Q| — 1 refinement rounds, each of which inspects every state and letter once. For proba-

bilistic sufficiency the right object is the Hankel matrix of the process.

Definition 20.1. For a process assigning probability P(w) to each finite word w, the Hankel

matriz has rows and columns indexed by finite words, with entry H(u,v) = P(uv).

The rows of H are proportional to the future laws after the histories u, since P(v |
u) = P(uv)/P(u). Two histories have the same future law if and only if their rows are
proportional, so the minimal probabilistically sufficient observation is the set of distinct
normalized rows. The number of distinct rows can be infinite, as Proposition 18.4 shows,

but the rank of H is a different measure of size.

Theorem 20.2 (Hankel rank; Fliess, Jaeger). A process has a finite-dimensional linear
(observable-operator) representation if and only if its Hankel matriz has finite rank, and the

minimal dimension of such a representation equals that rank [8, 10].

For the coin of unknown bias, P(w) = 1a(w) 4+ 1b(w) with a(w) = p™ (1 — p)™ and
b(w) = (1 — p)™p", both multiplicative under concatenation, so H(u,v) = ta(u)a(v) +
2b(u)b(v) has rank at most two. A direct computation on all words of length up to four
with p = 0.8 returns rank exactly two. The same process thus has an infinite minimal
probabilistic quotient and a linear representation of dimension two. The first measures how
many distinct futures can occur and the second measures how many independent directions
they span, and both are legitimate answers to the question of how much a theory must
remember, depending on whether the remembered object is required to be a point or a

vector.
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Chapter 21

A Catalogue of Obstructions in
Small Models

The models of this part and of Part II can be arranged by what kind of insufficiency each
exhibits, which prepares the comparison of obstructions in Part VIII.

The even process of Chapter 18 exhibits support insufficiency of the instantaneous sym-
bol, repaired by a two-valued internal state, with infinite memory depth. The coin of
unknown bias exhibits the gap between the two grades of sufficiency: one support class, a
countably infinite probabilistic quotient, and linear dimension two. The projection T on
the qubit exhibits probabilistic insufficiency with a hidden phase relative to the Born prob-
abilities, repaired by the ray, and compositional insufficiency, repaired by PU(2). Rule 184
exhibits insufficiency of a conserved coordinate. The triangle of three real contexts exhibits

a failure of local data to extend globally, with the single relative sign as the fibre.

Model Support Probabilistic Linear dim. Depth
FExample 1.4 3 not defined not defined infinite
Even process 2 2 2 infinite
Unknown-bias coin 1 countably infinite 2 not applicable
Hard-core words 2 not defined not defined 1
Qubit rotation chain not defined circle not computed not computed

Table 21.1: Sizes of the minimal description in the finite and low-dimensional models of
this part. Entries marked “not defined” indicate that the model carries no probability law
in the form used in the corresponding chapter.

Two patterns emerge from the table. First, finite state does not imply finite memory
depth, and finite memory depth is a rare special case rather than the rule. Second, the three
measures of the size of the description, number of classes, cardinality of the probabilistic

quotient, and linear dimension, can take independent values. A theory that claims to have
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found the state of a system has to say which of these it has computed. The remaining parts
of the book return to this question in settings where the answer carries physical weight: the
geometric structure of the quotient in Part IV, its behavior under coarse-graining in Part V,

and its continuum limit in Part VI



Part IV

Transport, Bundles, and Holonomy
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Chapter 22

Families of Continuations as
Bundles

The preceding parts construct states by identifying histories that support the same predic-
tions. They also establish that a reduced description may fail to preserve composition. We
now ask a further question: how can predictive or distinguishable structure at one state be
compared with corresponding structure at another?

An assignment of continuation sets does not answer this question. Even when every
state carries a vector space of the same dimension, the assignment alone specifies neither
a topology on their union nor a rule for comparing their elements. Bundle structure and
transport must therefore be constructed from additional data.

Throughout this part, let M be a smooth manifold representing a chosen family of
continuation states. Its existence as a smooth manifold is an assumption about the model,

rather than a consequence of the set-theoretic quotient construction of Part I.

Definition 22.1 (Distinction bundle). A distinction bundle over M is a smooth real or
complex vector bundle
p: E— M.

The fibre E, = p~!(x) represents a specified vector space of distinction data at the state x.

The interpretation of the fibre must be supplied in each application. It may contain
linearized perturbations, observable contrasts, amplitudes, or another explicitly constructed
family of quantities. These interpretations are not interchangeable merely because they

share a vector-space representation.

Proposition 22.2 (Constant-rank construction). Let W and Z be finite-dimensional vector
spaces and let
C: M — Hom(W, Z)
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be smooth with constant rank. Then
E={(z,w)e M xW:C(z)w =0}

s a smooth vector subbundle of M x W.

Proof. Constant rank permits a nonvanishing maximal minor to be selected near each point.
After a fixed reordering of coordinates, the corresponding equations express the pivot coor-
dinates smoothly in terms of the free coordinates. These free coordinates provide a smooth
local frame for the kernel. Its dimension is dim W — rank C', independently of the base

point. O

This construction applies when admissible infinitesimal distinctions are the solutions
of smooth linear constraints. If the rank changes, the fibre dimension changes and the
result need not be a vector bundle. Singular families will require a stratified or otherwise

generalized treatment.

Remark 22.3. Equal fibre dimensions alone do not specify the topology, local trivializa-
tions, or transition functions of a bundle. The kernel construction supplies these structures

through its smooth constant-rank hypothesis.



Chapter 23

Distinction Transport Along

Histories

A physical history can carry distinction data from one state to another. To formulate this

without assuming reversibility, begin with a category of admissible paths.

Definition 23.1 (Admissible path category). An admissible path category has states as
objects and admissible directed paths as morphisms. It contains constant paths and is
closed under concatenation, with paths identified under the reparametrizations needed to

make concatenation associative.

Closure under reversal is not required. A history-dependent model may need an enlarged
state space before admissibility is closed under concatenation: two paths that meet at the
same reduced state need not be physically compatible if that state has discarded relevant

history.

Definition 23.2 (Linear transport). Linear transport assigns to each admissible path = :
T — y a linear map
P, :E, — E,

such that
Pidl- = idEa:’ Pwom - P72P'Y1-

Thus transport is a functor from the admissible path category to the category of vector

spaces. The maps may be invertible, contractive, or rank deficient, depending on the model.

Proposition 23.3 (Loss under composition). For composable transports,

rank(P,, Py, ) < min{rank P, ,rank P, }.
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Moreover,
ker Py, C ker(P,,Py,).

Proof. The image of the composite is the image under P,, of a subspace of im P,,, which

gives both rank bounds. If P, u = 0, its image under P,, is also zero. O

Once a distinction has been annihilated, subsequent transport cannot recover it from
the transported vector alone. Recovery requires additional retained data or an enlarged
description.

When all maps are invertible, two paths with common endpoints can be compared.

Definition 23.4 (Relative transport). For 71,72 :  — y with invertible transports, define
H(y1,72) = P,'Py, : By — E,.

The inverse in this expression is an algebraic comparison. It does not assert that the
reverse of o is a physically admissible history. This distinction is essential in a theory

whose history extensions are directed.



Chapter 24

Connections on Continuation

Spaces

A smooth connection provides a local differential rule for invertible transport along smooth

paths.

Definition 24.1 (Connection). A connection on F is a linear operator
V:T(E) — [(T*M @ E)

satisfying
V(fs)=df ® s+ fVs.

In a local frame, write

V=d+ A,
where A is a matrix-valued one-form. A section u(t) along 7(t) is parallel when

du :
2 T A )u®) =0.

Proposition 24.2 (Parallel transport). A smooth connection determines invertible parallel
transport along every piecewise smooth path. It satisfies concatenation and

P

_ p—1
1= P,

Proof. In a local frame, the parallel equation is a linear ordinary differential equation with
smooth coefficients. Existence and uniqueness give a linear solution operator. Solving
along the reversed path yields its inverse. Uniqueness also identifies the solution along a

concatenation with the composition of the solutions along its pieces. ]
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A connection can be restricted to physically admissible paths, but its mathematical
reverse transport remains defined even when the reversed path is physically forbidden.

Connections therefore describe a specific class of transport models. They do not directly
represent rank loss at finite time. For example, a smooth finite-dimensional linear evolution
may contract vectors while its finite-time solution operator remains invertible. Exact erasure
requires a singular limit, a projection, or a more general noninvertible transport rule.

Nor does every assignment of path maps arise from a connection. Smooth dependence,
locality, and appropriate compatibility with path parametrization impose additional require-

ments. We assume a connection only where those requirements have been established.



Chapter 25
Holonomy of Closed Histories

Definition 25.1 (Holonomy). For a piecewise smooth loop = based at z, the parallel
transport
P, :E, — FE,

is its holonomy. The transports of all based loops form the holonomy group at x.

A loop in a reduced state space need not be a loop in the space of complete histories.
The reduced state can return while the record of the journey grows. Holonomy therefore

concerns return in a specified base description, not deletion of the intervening history.

Proposition 25.2 (Endpoint independence). Suppose M is path connected. Parallel trans-

port depends only on its endpoints if and only if every loop has identity holonomy.

Proof. Endpoint independence makes transport around every loop equal to transport along
the constant path.

Conversely, let 71,72 : © — y. The loop obtained by following 7, and then ~5 ! has
transport P;;PM. If every loop has identity transport, then P, = P,,. O

Trivial loop holonomy consequently permits a global identification of fibres by transport
from a fixed reference state. Nontrivial holonomy obstructs that particular identification.

This gives a precise form of path dependence. The base endpoint alone does not deter-
mine the transported distinction. A sufficient description must retain enough information

to distinguish the relevant transport classes, or retain the resulting fibre value.
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Chapter 26

Curvature, Holonomy, and

Irreversible Memory

The curvature of a connection is

Fy = V2.

In a local frame,

F=dA+ ANA.

It measures the local failure of covariant derivatives to commute:
F(X,Y)s=VxVys—VyVxs— V[ny]s.

Curvature and holonomy are related but distinct. Curvature is local differential data.

Holonomy records transport around finite loops and can also detect global topology.

Example 26.1 (Flat connection with nontrivial holonomy). On the trivial complex line
bundle over the circle, let
V =d+iadb, a € R,

where df is the globally defined angular one-form. The curvature vanishes, but transport

once around the circle is
__—2mia
P,=e .
It is nontrivial whenever a ¢ Z.

Thus vanishing curvature does not imply globally path-independent transport. A flat

connection may retain the homotopy class of a path.

Definition 26.2 (Transport record). Given u € F, and a loop 7 at x, the transport record
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of the loop relative to u is

my(u) = Pyu.

The record distinguishes two loops when their resulting vectors differ under the allowed

observations.

This is a mathematical model of path-sensitive storage. Its interpretation as physical
memory requires a preparation, a readable variable, and a mechanism that preserves the

record.

Proposition 26.3 (Holonomy does not imply erasure). Parallel transport around a loop is

invertible. Consequently nontrivial holonomy alone does not imply information loss.

Proof. The inverse transport is P,-1. Hence distinct input vectors remain distinct after

transport. O

Neither nontrivial holonomy nor curvature alone establishes positive thermodynamic
entropy production. Such a conclusion requires a physical dynamics, a thermodynamic
state description, and an entropy balance. Geometric path dependence can occur without
irreversible erasure.

This separates three questions that the later thermodynamic development must answer
independently: whether transport depends on the path, whether the transported description

loses distinctions, and whether the physical process produces entropy.



Chapter 27
Gauge Structure From Transport

Choosing a local frame gives numerical coordinates to fibre elements. A different frame
changes those coordinates while leaving the represented element unchanged.
Adopt the convention

— g_lu

for a smooth change of frame g. Covariance of the parallel equation requires
A =g tAg+ g tdyg.
Proposition 27.1 (Gauge covariance). Under a change of frame,

F'=g7'Fg, P, =g(y(1))"'Pyg(7(0)).
For a loop based at x, its holonomy therefore changes by conjugation at x.

Proof. Substitution of v = gu’ into the parallel equation yields the connection transforma-
tion law and the endpoint transformation of its solution operator. Expanding dA’ + A’ A A’

gives g1 Fg. O

In finite dimensions, the trace, determinant, and spectrum of loop holonomy are conse-
quently invariant under changes of frame. If the bundle carries a preserved inner product,
unitary or orthogonal frame changes are natural, and corresponding invariant norms can
also be used.

A proposed repair cost must respect this structure. For example, given a Hermitian

metric,
L(v,u) = || Pyu — ul®

for a based loop is independent of the chosen orthonormal frame when both the vector and
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transport are transformed consistently.

The construction establishes gauge covariance as freedom in the description of transport.
It does not by itself derive a physical gauge field. A physical theory must additionally specify
the structure group, observable quantities, admissible couplings, and equations governing

the connection. A field equation for A cannot be inferred from frame covariance alone.



Chapter 28

Geometric Phase as Retained

Information

Quantum pure states provide a concrete bundle in which transport and observational pro-
jection interact.

The unit sphere in C? projects onto projective space,
§2-1 et e W)

Its fibres are the phase orbits {e™X) : x € R}.

For a normalized local representative 1, define the real one-form

A = —i(h, dip).
Under ¢ = X4,
A= A+ dy.
Its curvature
F=dA

is therefore independent of the local phase convention.

For a closed ray path admitting a periodic normalized representative, define

Vg = —j{A (mod 2m).

Its exponential is independent of periodic changes of phase representative, since such changes

alter the integral by an integer multiple of 2.
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Example 28.1 (A two-level loop). Let

cos(9/2)
YV, p) = (ew Sin(§/2)> '

Then

1 1
A= %Sﬁd@, F = Ssinddd Adp.

For the loop at fixed ¥ with ¢ increasing from 0 to 2,
Ye = —7m(1 —cos?¥) (mod 2m).

The ray returns to its starting point, while parallel transport retains a phase associated
with the path. This phase is observable through comparison with a reference branch after
dynamical contributions have been controlled or accounted for.

There is no conflict with the projective quotient of Part II. A common phase multiplying
the complete state remains unobservable. In an interference experiment, the phase accumu-
lated on one branch is relative to another branch, and the combined system contains that
relative distinction.

Geometric phase therefore supplies an explicit instance of the book’s organizing problem.
An endpoint description can be sufficient for some predictions while failing to determine a
comparison that depends on the route taken. The required repair is specified by transport
and its holonomy.

The later field-theoretic construction must establish whether RSVP variables define an
appropriate bundle, connection, and observable transport law. The present part supplies
the mathematical conditions for that investigation. It does not identify an entropy field

with curvature or infer a connection from a vector flow without an additional construction.



Chapter 29
Gluing as Holonomy

Part II treated the gluing of measurement contexts as a question about the existence of
frames, and Part IV developed transport and holonomy as a theory of path dependence.
This chapter connects the two. The connection is exact but narrower than a first reading
suggests: the obstruction to gluing is not the nontriviality of a predetermined holonomy, but
the impossibility of choosing the lifts of the edge data so that every cycle closes. The cases
of real and complex frames, the relation to the projective unitary group, and the difference

from Berry holonomy are treated in turn.

Labelled frames and edge lifts

Fix a field F € {R,C} and a dimension d. A frame is a matrix Fy in O(d) or U(d) whose
columns are the labelled vectors of an orthonormal basis, the context a. For an oriented
edge a — b of a connected graph G set

Loa=FFi,  Buu=I|Lul®  La=IL; =L}

ba’

where the modulus square is taken entrywise. The matrix By, is the transition-probability
matrix from the labelled vectors of a to those of b, and By = BIL. For a cycle ¢ =

(v, v1,...,v, = vg) define its cycle product
Hc = L’U[ﬂ)n—l T Lv2v1 L'Ul'U()'

The observed data consist of the matrices B, alone. A [lift of an edge datum By, is a matrix
Lys € O(d) or U(d) with |Lye|°? = Bpe. A lift assignment chooses a lift for each oriented
edge, consistently with L, = Ll;ll. A lift assignment is a connection in the discrete sense

of Part IV: it is a rule for transporting a frame along each edge, and H. is its holonomy
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around the cycle c.

Theorem 29.1 (Gluing is the existence of a flat lift assignment). The following are equiv-
alent for edge data {B.} on a connected graph G with spanning tree T'. First, the data are
globally F-realizable: there are frames Fy with |FbTFa|02 = By, on every edge. Second, there
1s a lift assignment for which H. = I for every cycle c. Third, there is a lift assignment for
which H. = I for each fundamental cycle of T.

Proof. (First implies second.) Take Ly, = FJ F,. This is a lift of By,, consistent with
inversion, and the product around any cycle telescopes: Ly, Lyjv, = FJQFUIFJIFUO =
FJQFvO, and in general H. = FJOFU0 =1.

(Second implies third.) Fundamental cycles are cycles.

(Third implies first.) Fix a root r and set F, = I. For a tree edge from a vertex a
with F, already defined to a child b, set Fy, = F,Lg,. This is orthogonal or unitary, and
FJ F, = leF(I F, = Lzb = Lyp,, so every tree edge is reproduced and the propagated frames
satisfy the telescoping identity along tree paths. Let e = (a — b) be a non-tree edge and let
a = ug,Ui,...,Un = b be the tree path from a to b. By telescoping, Ly, u,, ;- Lujuy =
FJ F,. The fundamental cycle of e is this path followed by the edge b — a, and H = I gives
LabFJFa = I, that is FbTFa = Lgl = Lp,. Hence the edge is reproduced, and |FbTFa|02 = By,
on every edge. Identity holonomy is invariant under conjugation, so the choice of base point

on each fundamental cycle is immaterial. O

Theorem 29.1 restates Theorem 11.2 in the language of Part IV: the tree criterion
becomes the statement that the discrete connection is flat on the fundamental cycles, and
the common choice of tree lifts becomes the requirement that a single lift assignment serve

every cycle at once.

The obstruction is a nonexistence

The probabilities do not determine the lifts. An edge datum has in general a whole set
of lifts, and the holonomy of a lift assignment is a property of the assignment and not of
the data. A nonidentity cycle product for one chosen lift assignment therefore establishes
nothing about realizability. The obstruction is that no lift assignment has trivial cycle
products. This is a different kind of statement from the nontriviality of a given holonomy,
and it is the reason the obstruction cannot generally be read as a Zg or U(1) invariant of
the data.

Proposition 29.2 (The real mutually unbiased triangle). Let Bxz = Bzy = Byx = J,
where J is the 2 X 2 matriz with all entries % Each edge has exactly eight lifts in O(2),
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namely R(6) and R(9) diag(1, —1) for 8 € {m/4,3nw /4,57 /4, Tr/4}. For every choice of lifts
of the three edges, the cycle product is neither I nor —I. In particular, three lifts all equal
to R(mw/4) have the cycle product R(3m/4).

Proof. An orthogonal matrix with all entries of modulus 1/+/2 has first column (£1, +1)/v/2,
which determines it up to the sign of the second column, giving the eight matrices listed.
Write each lift as R(6;) P* with P = diag(1,—1), k; € {0,1}, and #; an odd multiple of 7 /4.
The determinant of the product is (—1)* %253 5o a product equal to I or —I requires
k1 + ko + ks € {0,2}. Using PR(0)P = R(—0), the product with zero or two reflections is
a rotation R(£6; & 09 £ 03). The angle £6; + 05 + 03 is a sum of three odd multiples of
/4, hence an odd multiple of 7/4, and so is not a multiple of 7. The product is therefore
neither R(0) = I nor R(w) = —1. O

An exhaustive check of all 8 = 512 triples confirms that none has product +I. The
proposition shows that the holonomy of a lift assignment can be a rotation through 37 /4,
an element of SO(2) of order 8, so the obstruction cannot be recorded as a sign. What
does reduce to a discrete choice is the selection among the lifts of each edge, the signs and

m-shifts above. These discrete choices constrain a rotation-valued closure equation.

Proposition 29.3 (The real triangle as a closure equation). Let By, (ba € {XZ,ZY,YX})
be real 2 x 2 bistochastic with parameters p. € (0,1) and o, = arccos \/p. € (0,7/2). Each
edge has the eight lifts R(0)P* with 0 € {*a.,+a. +7}, and there is a lift assignment with
trivial cycle product if and only if

g1a] + egcig +e3a3 =0 (mod ) for some signs e; € {£1}.

This is equivalent to the criterion of Theorem 11.3.

Proof. As in the previous proof, a product of three lifts with zero or two reflections is a
rotation by £6; & 0 £ 03, and the product has determinant 1 only in these cases. Each 6;
ranges over +a; + {0, 7}, and the signs of the three terms can be absorbed into the choice
of #;. The rotation equals I if and only if the angle is a multiple of 2w, and because each
0; can be shifted by m independently, this is possible if and only if > e;a; =0 (mod 7) for
some signs. The equivalence with Theorem 11.3 follows from pxy = cos® axy, the evenness

of cos?, and its period . O

For the unbiased triangle all o; = 7/4, and the sum +7/4+7/4+7/4 is an odd multiple
of /4, never a multiple of 7, which is the content of Proposition 29.2 and of the no-three-
real-MUBs corollary. The relative sign of Chapter 9 is the choice of the & in the closure

equation, and the equation itself is the constraint.
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The projective unitary bridge

Suppose instead that the edge data are projective unitary operations [We] € PU(d) and
that their cycle products are the identity in PU(d). Choose unitary representatives. The
kernel of U(d) — PU(d) is the central circle {AI : |A\| = 1}, so each cycle product of
representatives is a scalar A\.J with |[A\.] = 1. In the real projective case the kernel of
O(d) — PO(d) is {£I} and A\, € {£1}. These scalars are well defined only under the
hypothesis of projective closure, that the cycle products are trivial in the projective group,
and they are not available for arbitrary probability-labelled context graphs, whose edge
data are not projective operations to begin with.

Nor are the scalars gauge invariant without further structure. Replacing the represen-
tative W, by W, multiplies \. by the product of the u. along the cycle. If every phase is
allowed on every edge, any scalar can be removed, and no invariant remains. An invariant
exists only when the permitted changes of representative are restricted, for example by fix-
ing the representatives on a spanning tree, by a determinant normalization, or by a specified
transport structure. The scalar cycle phase is therefore a cocycle for a stated gauge group

and not a property of the unlabelled data.

Frame gluing is not Berry holonomy

The cycle product of Theorem 29.1 is the identity whenever a global family of frames exists,
because the relative transformations telescope. Parallel transport in a bundle of rays is a
different structure. It is governed by a connection whose holonomy around a loop can be
nontrivial even when every ray is described by a globally defined vector in some trivialization,
as in the two-level loop of the preceding chapter on geometric phase. A global assignment of
frames and a connection that transports along paths are different data, and neither implies
the other.

The two structures meet in a gauge-invariant quantity of a closed cycle of frames. Choose

from each context v, one labelled vector vy, = Fy, e1. The Bargmann invariant

A = (Wolvr) () - (Pnalto) = [ [(Lugoesn)1n

k

is unchanged by phase changes of each v, separately, and for a closed polygon of rays it
is the Pancharatnam phase that tends to the Berry phase as the polygon is refined. Its
modulus is fixed by the probability data, |A[?> = [[,(B)11 over the edges. Its argument is
not determined by the edge probabilities alone in general. For three qubit states with Bloch
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vectors ni, N9, ng one has

A = Tr(p1p2ps) = 1 (14 n1-ng + na-ng + nz-ny +ing-(n2 X ng)).
The pairwise probabilities |(1);]¢);)|> = (1 + n; - n;) fix the dot products and hence, by the
Gram determinant, the magnitude of the triple product, but not its sign. The probability
data therefore determine the Bargmann phase of a qubit triangle up to complex conjugation,
which is the orientation of the triangle on the Bloch sphere. A numerical check on random
triples reproduces the displayed formula.

The distinction clarifies the roles of the two chapters. The frame-gluing holonomy an-
swers whether a consistent global assignment exists, and the answer is a yes-or-no existence
statement. The Berry or Bargmann holonomy is a numerical invariant of a realized config-
uration, and the geometric phase of the preceding chapter is an instance. With a global
frame assignment in hand the first is trivial by construction and the second is in general not,
which is exactly why a description that retains only endpoint probabilities can be sufficient
for single transitions and insufficient for the phase accumulated around a cycle.

The question that opens Part V follows from the same observation. Everything above
concerns invertible transport. What changes when the transport ceases to be invertible, or
when an observer projects away part of the transported information, is the subject of the

next part.



Part V

Irreversible Dynamics and Memory
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Part IV concerned invertible transport, and it showed that path dependence, in the
form of holonomy, does not by itself imply any loss of information. This part begins where
invertibility ends: what changes when transport ceases to be invertible, or when an ob-
server projects away part of the transported information. The preceding parts show that a
description can lose information in two distinct ways. It can fail to determine the contin-
uations of the system, which is insufficiency, and it can fail to determine its own update,
which is the lack of closure. This part asks what each loss means for irreversibility. Three
questions are kept apart throughout, in the spirit of the caution recorded at the end of
Part IV. The first is whether the induced dynamics of a description is logically reversible,
that is, whether distinct descriptions can evolve into the same one. The second is whether
the process, observed through the description, is statistically distinguishable from its time
reversal. The third is whether a physical process produces entropy, which requires a thermo-
dynamic state description and an entropy balance that no purely informational argument
supplies. The results below concern the first two questions and the way both depend on the
chosen observation. Statements about physical entropy production are made only where a

thermodynamic setting is specified.



Chapter 30
Irreversibility as Loss of Sufficiency

For a deterministic dynamics f: X — X on a set of states, logical reversibility means that f
is injective, so that the present state determines the past one. The question of this chapter
is how reversibility of a dynamics relates to reversibility of its descriptions. Let 7: X — Y
be a surjective observation that is closed in the sense of Chapter 12, so that there is a map

g:Y =Y withmo f=gom.

Proposition 30.1 (Finite reversible dynamics has reversible closed descriptions). If X is
finite and f is a bijection, then every closed surjective observation has an induced map g

that is a bijection.

Proof. Surjectivity of f and of 7 gives gom = 7o f surjective onto Y, so g is surjective. A

surjection of the finite set Y to itself is a bijection. O
The hypothesis of finiteness cannot be dropped.

Proposition 30.2 (Irreversibility from projection). Let X = 7Z and f(n) = n+1, a bijection.
Define m(n) = min(n, 0) with values in Y ={0,—1,—2,...}. Then 7 is closed, with induced
map g(0) =0 and g(—k) = —k + 1 for k > 1, and g is not injective: g(—1) = g(0) = 0.

Proof. If m(n) = n(m) =0thenn,m >0,son+1,m+1>1land r(n+1)=n(m+1)=0.
If m(n) = w(m) < 0 then n = m. Hence 7 is closed. The values of g follow from g(m(n)) =
m(n + 1), and the states —1 and 0 of the description are both sent to 0. O

The mechanism is the identification of an infinite family of microstates into one macrostate,
after which the description cannot recover which member it came from. Information about
the past is not destroyed in the underlying dynamics; it is destroyed in the description. This
is the sense in which irreversibility at the level of a description is a property of the pair of

a dynamics and an observation.
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The quantitative form of the loss is the elementary inequality for the entropy of a push-

forward.

Proposition 30.3 (Entropy and non-injective maps). Let p be a probability distribution on
a finite set and g a map. Then H(g.p) < H(p), with equality if and only if g is injective on
the support of p.

Proof. Let X ~ p. The chain rule gives H(X) = H(g9(X)) + H(X | g(X)), because g(X)
is a function of X. The conditional entropy is nonnegative and vanishes exactly when X is

determined by g(X) almost surely, which is injectivity on the support. O

The difference H(p)— H(g.p) = H(X | g(X)) is the number of nats of information about
the state that the step discards. This is the information-theoretic quantity that Landauer’s
principle [33] relates to a minimum heat cost when the discarding is carried out by a physical
process; the relation requires the thermodynamic setting of Chapter 32 and is not assumed
here.

For stochastic dynamics the analogue of reversibility is bistochasticity, which the manuscript
identifies as the natural admissibility constraint. Closed descriptions of bistochastic dynam-

ics need not inherit it.

Proposition 30.4. Let M = J3 be the 3 x 3 matrix with all entries %, and lump the states
into the blocks A = {0} and B = {1,2}. The aggregated chain has column-stochastic matriz
~(1/3 1/3
B (2 /3 2/3
proportional to the block sizes.

, which is not bistochastic, and its stationary distribution is (1/3,2/3),

Proof. By Theorem 12.3, Npao = ) ;. M;; for j € A, which gives the stated matrix. Its
row sums are 2 and 3, and N(1/3,2/3)T = (1/3,2/3)T. O

A reversible fine dynamics therefore yields a coarse dynamics that is stochastic but has
a nonuniform invariant measure, weighted by the number of microstates in each block. This
is the point at which Boltzmann’s counting entropy In|B| enters, and Chapter 32 makes

the role of that weighting precise.



Chapter 31

Entropy Production Under

Projection

Statistical irreversibility is the asymmetry between a process and its time reversal. Let M
be an irreducible column-stochastic matrix on a finite set X with stationary distribution

m, and assume that My, > 0 implies M., > 0. The forward path measure on paths

w=(x0y...,Tp) is
n—1
Pn(w) = Tz H Mﬂck+1$k7
k=0
and the reversed measure is R, (w) = P, (w"), where w" = (zp,...,x0). The entropy produc-

tion of the process up to time n is the relative entropy

S = D(P, || Ry) ZP EZ)) > 0.

For a stationary chain X,, = nX; with

X = ZWIM ln
x7y

Myx
T M, yac )

y

the second form following from stationarity [37]. It vanishes exactly when detailed balance
Mg Myg = 7y My, holds.

Given a map c: X — Y the observed process is the sequence c(zy), . .., c(z,). Its forward
and reversed path measures are the push-forwards of P,, and R, under the coordinatewise
map ¢!, because reversing a path commutes with applying ¢ coordinatewise. The coarse
entropy production is ¢ = D(c?*!P, || ¢»*!'R,). No Markov property of the coarse process

is assumed.
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Theorem 31.1 (Projection cannot create entropy production). For every n, 3¢ < ¥,.
More generally, D(po ¢~ t||vo¢™t) < D(u|v) for any measures p,v on a finite set and
any map ¢.

Proof. For ablock B = ¢~ !(b) the log-sum inequality gives " _p p(w)In 58‘3 > u(B)In %gg
Summing over blocks gives the claim. Applying it with ¢ = "', u = P,, v = R,, gives the

first statement. O

The theorem is the relative-entropy data-processing inequality in path space. The coarse
forward and reverse measures in it are pushforwards of P, and R,, under the same map ¢"*1,
which is all the inequality uses. Reading c?*!'R,, as the law of the time-reversed observed
process is an additional step. In the present setting, where reversal is only the reversal
of the order of indices, it holds because reversal commutes with the coordinatewise map.
In a physical setting where time reversal acts on states by an involution 6, as it does on
momenta, the reversed observed process is the pushforward under c o 0, and it agrees with
the pushforward under c only if the observation is compatible with time reversal in the sense
cof = c. Under that compatibility the theorem says that a coarser description exhibits no
more irreversibility than a finer one. The following example shows the inequality can be

strict, with the coarse description exhibiting none.

Example 31.2 (A biased cycle observed through its parity). Let X = Z, and let the chain
step forward with probability ¢ € (%, 1) and backward with probability 1 — g. Then = is

uniform and

> 0.

21:(2q—1)1n1 a

Let ¢(z) = x mod 2. The parity alternates deterministically, since both forward and back-
ward steps change it, so the observed process is the alternating sequence started in either
phase with probability % The reversal of an alternating sequence is again alternating, and
the two phases have equal weight, so ¢?*'R,, = ¢»*1P, and ¢ = 0. For ¢ = 0.8 one has
Y1 =~ 0.8318, and an exact enumeration of all paths of length 4 gives ¥4 = 3.3271 = 43
and X7 = 0.

The example shows that irreversibility is a property of a process together with an ob-
servation. The biased cycle has a strong direction, and an observer who records only parity
cannot detect it. This does not contradict the second law, which concerns the fine dynamics;

it records that a coarse description is blind to part of what the fine one carries.



Chapter 32

Thermodynamic Descriptions as

Observations

A thermodynamic description summarizes a microscopic system by a small set of macro-
scopic variables. In the vocabulary of this book it is an observation, and the questions of
sufficiency and closure apply to it. This chapter shows that the classical equilibrium de-
scription is a minimal sufficient observation in a precise sense and that a second law holds
for descriptions that are closed.

Let X be a finite set of microstates and f: X — R an observable such as the energy.
For 3 in a set B C R with at least two elements, let ps(z) = e /() /Z(3) be the Gibbs
distribution. By Jaynes’ principle [32], pg is the maximum-entropy distribution with the
given mean of f. Consider the family {pg}gep in place of the family of futures of Part I: call
two microstates equivalent if their likelihood functions S +— pg(x) are proportional, which

is the construction of Chapter 3 with the likelihood in place of the continuation set.

Proposition 32.1 (The energy is the minimal sufficient observation of the Gibbs family).
Two microstates x,y are equivalent for the family {pg}ser if and only if f(x) = f(y).
The observation f is sufficient in the sense that the conditional law of the microstate given

f(x) = m is uniform on the level set f~1(m) for every B, hence independent of /3.

Proof. The ratio pg(x)/ps(y) = e P @=F¥) is independent of 5 € B exactly when f(z) =

f(y), because B has two distinct elements. For the second statement, pg(z | f = m) =

e/ (If 1 m)le=m) = 1/|f~H(m)]. =

The proposition is the sufficiency principle of statistical inference in the language of
Part I. Equilibrium thermodynamics works because a one-parameter family of ensembles is
determined, on the level of inference about the microstate, by the value of the energy and

nothing else. The phrase “nothing else” is the minimality statement.
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Sufficiency does not provide dynamics. For the thermodynamic variables to evolve
autonomously the description must also be closed. For doubly stochastic microscopic dy-
namics, which is the reversible stochastic case of Part II, a coarse second law follows from

closure.

Theorem 32.2 (Second law for closed descriptions of bistochastic dynamics). Let M be a
doubly stochastic matriz on a finite set X with |X| =n, and c: X =Y a surjection whose
partition is lumpable, with aggregated matriz N and blocks By, = c Y(y). For a distribution
p on X with block distribution P = Cp define

S(P)=H(P)+> P,In|B,|,

the Shannon entropy of the block distribution plus the mean Boltzmann entropy of the blocks.
Then S(P) =1nn — D(P ||u) with uy, = |By|/n, and S(NP) > S(P).

Proof. Direct computation gives D(P [|u) =3, PyIn % =ln—-H(P)-3, P/In|By|=
Inn — S(P). Since M is doubly stochastic the uniform distribution on X is invariant, and
its aggregate is u, so Nu =u by CM = NC. Relative entropy to an invariant distribution
does not increase under a stochastic matrix, hence D(NP || u) = D(NP | Nu) < D(P || u),

which is the claim. O

The quantity .S is the entropy of the uniform-within-block lift of P to X, and its nonde-
creasing behaviour under a closed coarse dynamics is the classical H-theorem in finite form.
Three features should be noted. First, the monotonicity requires closure: for a non-lumpable
partition the aggregated evolution depends on the within-block distribution and no function
of P alone is guaranteed to increase. Second, when M is a permutation matrix and the
partition is lumpable the blocks are mapped to blocks of equal size, and S is constant, so
the monotone increase is a property of genuinely stochastic reversible dynamics. Third, the
theorem is a statement about the information-theoretic entropy S of a stated description;
identifying S with a physical entropy needs the thermodynamic setting of a heat bath and
a Hamiltonian, which the theorem does not supply. In the example of Proposition 30.4,
started at P = (0.9,0.1), one finds S(P) =~ 0.394 and S(NP) =In3 ~ 1.099.



Chapter 33

Fluctuation Relations and Path

Ensembles

The path measures of Chapter 31 give the entropy production a pathwise form, and the
pathwise form has an exact symmetry [4, 38]. For a path w with P,(w) > 0 define

-1
Pu(w) _ ) Too + HZ n Mownze
M )

n k=0 TpTr41
so that 3, = Ep,_[o].

Theorem 33.1 (Fluctuation relations). Under the support-symmetry assumption, (i) the
detailed relation R, (w) = P,(w)e~“) holds, (ii) the integral relation Ep,[e=?] = 1 holds,
and (iii) consequently ¥, = Ep, [0] > 0, with equality if and only if o =0 on the support.

Proof. Part (i) is the definition of o. For (ii), Ep,[e™7] = X . p, ()50 Bn(w) = 1, because
the support of R, lies within the support of P, by symmetry of the transition support. For
(iii), Jensen’s inequality for the convex function ¢t +— e~! gives 1 = E[e™?] > e %7, hence

Eo > 0, with equality only if o is almost surely constant, necessarily zero. O

Example 33.2 (The biased cycle). In Example 31.2, with 7 uniform the boundary term
vanishes and o(w) = (N4 — N-)A with A = In ;4 where Ny count forward and backward
steps. The integral relation reduces to the per-step identity q - % +(1—-gq)- %_q =1, and
the mean per step is (¢ — (1 — ¢))A = (2¢ — 1)\ = 1. Negative values of o occur, on paths
with more backward than forward steps, and they are exponentially rarer than the positive

values of the same magnitude by the detailed relation.

The pathwise relation allows the effect of an observation to be stated at the level of

individual coarse paths, which refines Theorem 31.1.

79



CHAPTER 33. FLUCTUATION RELATIONS AND PATH ENSEMBLES 80

Theorem 33.3 (Coarse fluctuation relation). Let w’ be a coarse path with P (') =
AP, (W) > 0, and set o’ (w') = In(P)(w') /R, (")) with R), = ¢!'R,,. Then

e W) =Ep e ‘ W', hence o'(W') <Ep,[o } W',

The coarse process satisfies its own integral relation Eps [e_"/] =1.

Proof. Write R, (w') = Y, Ra(w) = 3 Pa(w)e @), Dividing by P’(w') = 3, Pu(w)
gives the conditional expectation of e~?. The inequality is Jensen’s inequality for the con-
ditional law. The coarse integral relation is Theorem 33.1(ii) applied to the push-forward

measures. O

Averaging the pathwise inequality over P}, recovers Theorem 31.1. The refinement shows
where the apparent production is lost: on each coarse path it equals minus the logarithm of
the average of e~? over the fine paths compatible with it, which is smaller than their average
of ¢ whenever those fine paths differ in . Heterogeneity among the hidden refinements of

a coarse path is what the observer fails to see.



Chapter 34

Non-Markovian Dynamics and
Retained Variables

An observed process that is not Markov can still be the projection of a Markov process on a
larger state. The question is how much must be retained. Part I answers with the minimal

sufficient observation, and the answer is a Markov process by construction.

Theorem 34.1 (Markov embedding by the minimal state). Let (X;) be a stationary process
over a finite alphabet, and let sy = €(X<;) be its minimal probabilistically sufficient state in
the sense of Chapter 8, so that s, determines the law of the future and si+1 is a function
of sy and Xy11. Then the joint process (s, X¢+1) is Markov, and (X;) is its projection onto

the second component.

Proof. By sufficiency, the conditional law of X; 1 given the entire past depends only on s;.
By the extension compatibility of Theorem 6.2 in its probabilistic form, s;11 = ®(s¢, X¢41)
for a deterministic map ®. Therefore the law of (si41, X¢42) given the whole past depends

only on (s¢, X¢+1), which is the Markov property. O

The even process of Example 18.1 illustrates the situation completely. It has no finite
Markov order, since no window of final symbols determines the next-symbol law, and yet
it is the projection of a Markov chain on two retained states. In its stationary version the
weights are found from 74 = %TI'A—I—WB and mg = %ﬂ'A, which give m4 = % and mg = % The
entropy of the retained state, the statistical complexity of computational mechanics [6, 39],
is then

C= —%ln% — %ln% ~ 0.6365 nats,

while the entropy rate, the uncertainty per symbol remaining after the state is known, is

h = %IDQ ~ (0.4621 nats, since only the state A has a random output. The retained state
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therefore carries more information than the process generates per step, and the excess is
the price of the long-range parity constraint.

The memory-kernel equation of Chapter 13 expresses the same fact in linear terms. The
observed populations z; do not form a closed system when the kernel is nonzero, while the
pair (z,y;) of populations and the retained coherences evolves under a single linear map.
The retained variables of the Markov embedding are the unobserved block of the projection,
and the kernel is what remains of that block after elimination. For the Hadamard evolution
of Example 13.4 the kernel lag is one.

The retained variables are a mathematical device, and the cost of keeping them depends
on their physical realization. In the biased cycle of Example 31.2 the parity-only description
is closed and shows no irreversibility, but it does not retain the position, and the irreversible
circulation is a property of the retained variable. The relation between the size of the
retained state, the entropy production visible to an observer who holds it, and the work
needed to maintain it is an area of active study in stochastic thermodynamics [38]; the
present book records only the qualitative connection. Retaining the variables that make a
description closed and sufficient restores the entropy production that projection hid, and it

does so as a matter of mathematics, with no input from physical dynamics.



Chapter 35

Arrows of Time and Admissible

Orderings

The history structures of Part I are directed from the start. The extension operation
h — h-s is defined in one direction, and the set of histories is partially ordered by the prefix
relation. Reversing the order requires a second structure, which for a stochastic process is
the time-reversed path measure of Chapter 31. An arrow of time for an observation is the
statistical asymmetry between its forward and reversed laws.

The asymmetry has an operational meaning. Suppose an observer is given a path and
told only that it is a sample either of the forward measure P, or of the reversed measure R,,,
and is asked to decide which. The statement can be made precise under the hypotheses of
the earlier sections: a finite state space, an irreducible stochastic matrix M with stationary
distribution 7, started in 7, and the support condition that M,, > 0 if and only if M, > 0.
For a threshold € € (0,1) let 8,(€) = min{R,(A) : P,(A) > 1 — €}, the smallest probability
of declaring a reversed path forward-directed among tests that recognize a forward path

with probability at least 1 — e.

Theorem 35.1 (Stein exponent of the arrow of time). Under these hypotheses, —% In B, (e) —
Yy for every e € (0,1).

Proof. The log-likelihood ratio is In %(w) =InZ2 43, . In % The boundary term
n Tn TRTh

is bounded, and the sum is an additive functional of a finite irreducible chain, so by the

ergodic theorem %ln}% — 31 in P,-probability. For achievability, fix § > 0 and take
Ap ={3+In = > %1 — 6}, Then Py(An) — 1, and Ry (A4,) < e 179 P, (A,) < g0,
For the converse, let P,,(4) > 1—¢€ and put G, = {Z In }% < ¥;+46}. Then P,(ANG,) >
1 —e—o(1) and R,(A) > R,(ANG,) > e ™Z1H)Pp (ANG,). Taking n — co and then
0 — 0 gives the claim. O
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Thus X1 is the rate at which the direction of time becomes detectable. An observer
restricted to a coarse description cannot do better, because any test that uses only the
coarse path is an event of the form ¢~1(A’) for the fine path, and has the same probabilities
under P, and R, as A’ has under their pushforwards. The Stein exponent of the coarse
observer, when it exists, is therefore at most >;. This is consistent with Theorem 31.1, and

it gives that theorem an operational reading.

Proposition 35.2 (The arrow is relative to the observation). Let 3§ denote the rate of
entropy production of an observation ¢ when it exists. Then 0 < 3¢ < X1, and each bound
can be attained. In Example 31.2, the identilty observation attains 31 = (2g — 1) In 1—3(1 and

the parity observation attains 0.

Proof. The inequalities are Theorem 31.1 applied to path measures of length n and divided

by n. The two values for the example were computed in Example 31.2. O

Two consequences deserve emphasis. A process can have a pronounced arrow at one
level of description and none at a coarser one, and it is meaningless to ask whether a
process “has” an arrow without specifying what is observed. And the arrow in the sense of
path-measure asymmetry must be kept apart from logical irreversibility, the non-injectivity
of an induced map. A reversible fine dynamics can have a logically irreversible coarse
description, as in Proposition 30.2, where two states of the description are sent to one:
that is a loss of information about the past and not an asymmetry of probabilities. The
two notions are independent, and Proposition 51.3 exhibits all four combinations. For
a deterministic dynamics the path-measure notion is degenerate: the reversed path of a
nonconstant orbit has probability zero under the forward measure, so the support condition
My, > 0 = M,, > 0 fails, the relative entropy %, is infinite, and the direction is perfectly
detectable from a single transition. The framework of Theorem 35.1 therefore concerns
stochastic dynamics with symmetric transition support.

The forward and reverse descriptions of a process each have a minimal sufficient state,
and these need not coincide. Ellison, Mahoney and Crutchfield [5] show that the forward
and reverse causal states of a stationary process can differ in number and in the information
they store, so the cost of predicting a process and the cost of retrodicting it are different
quantities. In the language of Part I this is the statement that the forward and reversed his-
tory structures of one process have different minimal quotients. Whether such asymmetries
are related to the entropy production ¥; is a question the framework poses and this book
does not answer. It is recorded among the open problems of Part VIII together with the
corresponding question for the geometric holonomy of Part IV, which has been shown above

to be independent of entropy production unless a thermodynamic dynamics is specified.



Part VI

Continuum Fields and the RSVP

Construction
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This part constructs a continuum field description from the history framework and
develops one model in full. The organizing decision is to separate three layers that are
easily run together. The first layer is a definition of the fields from a family of probability
measures on histories, with conservation treated as an assumption that has consequences
and not as a consequence of a name. The second layer is a closed dynamics for those
fields, written so that the reversible transport and the irreversible relaxation are generated
by different structures and so that every property claimed for it can be verified. The third
layer comprises the extensions: an effective propagation metric extracted from the equations,
a bridge to unitary evolution, and a gravitational sector with its own metric and connection.
Each extension is stated with the additional structure it needs, and any identification among
the layers is labelled as a conjecture. The fields are the scalar capacity ®, the directed flow
v and the entropy S, in the notation of the author’s RSVP programme. The results of
this part concern the specific model constructed here and do not assert that any earlier

formulation of that programme reduces to it.



Chapter 36

From Histories to Fields

Let (H, F,.A) be a probabilistic history structure as in Chapter 8, realized as a Markov chain
or a continuous-time Markov process on a configuration space 2 of a spatially extended
system, and let P be a family of path measures. A spatial observable is a collection of
additive quantities C;(n) attached to sites i of a lattice, for example the number of particles
at site 7. Fix a coarse-graining scale ¢, a partition of the lattice into blocks By of linear size
£, and set
Dy(1,1) = LE[Z Ci(nt)]'
‘Bl ‘ 1€EBy

This is the capacity density at scale £. It is operationally defined by an additive observable
and an expectation, and it carries no information beyond them.

Suppose the capacity is conserved microscopically, in the sense that over each time step

the change at a site equals the net inflow across its two bonds:

Ci(Ne+r) — Cilne) = Jiz1y2 — Jig1/2,

where J; 1 /5 is the net transfer from site ¢ to site i+1 during the step. This is an assumption
about the model and not a consequence of any definition. Its consequence is exact and

requires no limit.

Proposition 36.1 (Coarse-graining preserves the balance law). Under the microscopic
balance above, the block content ®y(I,t)|By| satisfies

(Pe(I,t +7) = (1,1))|Br| = E[Jy-1] — E[Jo+/],

where OFI are the left and right boundary bonds of the block. In particular the coarse
capacity obeys a continuity equation with a flux that is the expected transfer across the block

boundary.
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Proof. Sum the microscopic balance over the sites of the block. The interior fluxes cancel

in pairs, leaving the two boundary fluxes. Take expectations. ]

The proposition states what conservation gives for free. It does not state that the flux
is a function of the coarse capacities, and that is the closure problem treated in Chapter 38.

The directed flow is defined from the flux by the operational rule

V=, P, >0,
¢ Y ¢
so that vy, is a transport velocity of the capacity and not an independent primitive. With
this definition the continuity equation takes the conservative form 0;® + V- (®v) = 0 in
the continuum limit, whenever the limit exists. If the microscopic model permits creation,

destruction, or exchange of the capacity, a source term must be retained.

Example 36.2 (Symmetric exclusion: a closed capacity field with a diffusive velocity). Let
particles on a ring of N sites obey the symmetric exclusion process in which each bond
{i,i + 1} exchanges the contents of its two sites at rate 1. The generator applied to the

occupation variable gives Ln; = (1,41 — n;) + (ni—1 — 1), so that

 Eln] = Efnia] + Elia] — 2En]

exactly, for every initial law (Liggett [23]). With ®; = E[n;] the flux across a bond is
Jig1/2 = ®; — P41, a function of the capacities, so the field is exactly closed at the level
of the mean. The velocity defined by the rule above is v; /9 = —(®ip1 — D)/ Pit1)9, 2
discrete form of v = —0; In ® for the interface density ;1 = %(@Z + ®;41), and it is a
diffusive velocity with no ballistic part. The hydrodynamic limit of the process, in which

the empirical density converges to a solution of the heat equation, is classical [22].

The example shows that the operational velocity can be an entirely diffusive quantity,
and that the closure of the mean field holds for this model for a special reason, the self-
duality of the exclusion process. The correlation functions of each order also satisfy closed
equations among correlation functions of the same order, but those of order two are not
functions of the mean field alone, and for generic dynamics even the mean-field equation
does not close. The general situation is the one described in Chapter 12: the coarse fields
are closed only if the partition is lumpable, and otherwise the dynamics of the fields carries

memory or requires additional variables.



Chapter 37

Scalar Capacity, Directed Flow,
and Entropy

The three fields of the construction are the capacity density ®, the momentum density
m = ®v, and an entropy density S. The first two have been defined in the previous chapter
from conservation and flux. The entropy needs a separate construction, because several
quantities carry the name and are not interchangeable.

The first is the logarithm of the number of continuations compatible with a coarse
description, a counting entropy of the kind used in Chapter 32. The second is a Shannon
entropy of a law of futures, as in the statistical complexity of Chapter 34. The third is
a thermodynamic entropy density defined through a local equilibrium family. These are
different functionals with different monotonicity properties, and the arguments of this part
do not transfer monotonicity from one to another.

For the first closed model the entropy is defined thermodynamically. Let €(®, S) be an
internal energy density, a function on the space of local equilibrium states, and define the

temperature, the chemical potential and the pressure by
¥ =eg, co = Ooé, p=degp + 59 —e.

The family of local equilibrium states is the family of Gibbs states of Chapter 32 indexed by
(®,S) and the velocity. The continuation entropy of the earlier chapters remains available
as a second functional, and its relation to S is a question to be investigated for each model;
the dynamics below involves only S.

The earlier RSVP equation 0;® +v-V® = —AV - v [18] is kept here in its original form

as a historical model, and the conservative equation is introduced separately. On a periodic

89



CHAPTER 37. SCALAR CAPACITY, DIRECTED FLOW, AND ENTROPY 90
domain the historical model gives

% S dxr = /@V-vdm— /\/V-Vda:,
because — [v - V® = [®V - v by integration by parts. For a constant A the last term
vanishes, leaving [ ®V - v, which is not zero in general, so the historical model does not
conserve f ® in general; whether a particular model does depends on its complete form and
its boundary conditions. The conservative equation ;® + V - (®v) = 0 has the advective
form 0;® +v-V® = —® V- v, which is the historical equation with the constant coefficient
replaced by the field ®. That replacement is a change of the dynamics and not a rewriting
of it, and the two models should not be identified. The model below takes conservation as
an explicit assumption. Whether other couplings have a useful physical or informational

interpretation is a separate question that this part does not decide.



Chapter 38
Closure of the Field Equations

Closure is the question whether the selected fields determine their own future, and it is
the content of Chapters 12 and 13 applied to the continuum. A local field equation can
arise in one of two ways. It can be exact in a restricted model, as in Example 36.2, or it
can be an approximation in which the dependence of the flux on the discarded degrees of
freedom has been replaced by its value in the local equilibrium family. The second case is a
named approximation: the first-order Chapman—FEnskog expansion about local equilibrium
produces viscous and heat-conduction terms proportional to gradients, and the discarded
dependence is the memory term of Theorem 13.1, which is of higher order in the ratio of the
microscopic relaxation time to the macroscopic time under the standard scaling assumptions
of the expansion, assumptions that are not verified here.

The model constructed here is the one-dimensional compressible conducting fluid on a
circle St of length £, in the variables z = (®,m, .S) with m = ®v and e = ?—; +¢e(®,S5) the

total energy density. The equations are

0,D + 9, (Bv) = 0, (38.1)
Orm 4 Oz (mu + p) = 0z (1 Oxv), (38.2)
005 + 9, (Sv) = % [1(00)” + 0,5 0,)]. (38.3)

with viscosity p > 0 and thermal conductivity £ > 0, and with 9 > 0. The first two terms
on the left of each equation are the reversible transport of Chapter 36; the right-hand sides
are the first-order relaxation terms.

The structure of the model is displayed by writing it in the form

atzzﬁ(z)%+ﬂ/l(z)(;—j E—/edw, S—/Sdm, (38.4)
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which is the GENERIC structure of Grmela and Ottinger [19, 26]. The operators have to
be supplied and their properties verified, which the rest of this chapter does.

Definition 38.1 (The reversible operator). For functionals F, G of z = (®,m, .S) define
(F.G}=— / (@ (B 0:Ga—Gin 00 Fy) +1(Fin 02 Gin— G 02 )+ (Fi 0, G5~ Giom 0, F's) | i,

and let £ be the antisymmetric operator with (JF, £LJG) = {F, G}.

Theorem 38.2 (The reversible part is a Lie-Poisson system). The bracket {-,-} is an-
tisymmetric and satisfies the Jacobi identity. It generates the reversible parts of FEqua-
tions (38.1)~(38.3): LIE/éz = (—0,(Pv), —0y(mv + p), —05(Sv)). The functionals N =
[®dx and S = [ Sdx are Casimirs, so L6S/5z = 0.

Proof. Antisymmetry is visible. For the Jacobi identity, let g = Vect(S') x (C*°(S') @
C’OO(Sl)) be the semidirect product of the vector fields on the circle with two copies of the

functions on which they act by differentiation, with bracket
(X, £, h), (Y, f 1)) = ([X,Y], X =Y [, Xh' —Yh), (X, Y] =XY' -YX'

This is a Lie algebra, because the action of vector fields on functions is a representation
of Vect on a vector space. The dual of g is the space of triples (m, ®,S) of a momentum
density and two densities, and the Lie-Poisson bracket {F, G} = —(z, [0F, 0G]) with 0F =
(Fin, Fp, Fg) expands to the displayed formula. The Lie-Poisson bracket of the dual of any
Lie algebra satisfies the Jacobi identity, because it inherits it from the Jacobi identity of g
[21, 25]. For the generation of the equations, take F' = [ f ® with a test function f, and use
E,, = v. The first component is —0;(®E,,) = —0,(Pv). For the momentum component
take F' = [ fm and use Eg = —%—i—&’@ and Fg = -

—®0,Ep — m Oy Eyy — S0, Es — 0p(mEy,) = —®cly — S — 0,(P0?) = —0,p — 0 (P0?),

because p, = Pep , + SVUz by €5 = 6P, + ¥S,. The entropy component is —0,(SEy,) =
—0,(Sv). For the Casimirs, N = (0,1,0) and 6S = (0,0,1) are constant, and each term
of the bracket with G = N or § contains either a derivative of a component of dG, which
vanishes because that component is constant, or the component G,,, which is zero, so the

bracket with them vanishes. O

Definition 38.3 (The dissipative operator). Let u,x > 0 and ¢ > 0. Define M(z) by the

symmetric bilinear form on covectors a = (ag, am, as)

(@ M8) = [ [0 x@0x®)+ 0 @), x(@) = duan =" as. - cla) = 0u(%5).
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Theorem 38.4 (The dissipative part). The operator M is symmetric and positive semidef-
inite, and it satisfies the degeneracy condition MOE/éz = 0. It generates the relaz-
ation terms of the model: M 6S/5z = (0, 0x(pdyv), F[(dzv)? + 05(k0x0)]). Moreover
(68, M S) = [ odx with o = ()2 /¥ + k(9,9)?/9* > 0.

Proof. Symmetry and semidefiniteness are immediate from the form of the bilinear ex-
pression. The energy covector is F = (Eg¢, Ep,, Eg) = (—% + eg, v, V), so x(0F) =
Opv — %29 =0 and ((0E) = 0;(1) = 0, which is the degeneracy. For the entropy covector
58 = (0,0,1) one has x = —9,v/9 and ¢ = —0,9/9%. Then, for any test covector a,

(a, M8S) = /[—M By Dyt + “(a;“)QaS ) &;(C%S)]dx

_ / [ 0 (1020) + %2 (1(220)* + 0u(50,0) |

where the second line follows by integration by parts, and it identifies M §S. Taking a = S
gives the entropy production. O

Remark 38.5. The dissipative operator was constructed by writing the standard Navier—
Stokes—Fourier dissipation in the variables (®,m, ), where the entropy gradient is ( (v?/2 —
£3)/9, —v/9, 1/9), and transforming the bilinear form to the variables (®,m,S) by the
chain rule. The form is covariant under this change of variables, which is a point transforma-
tion without derivatives, and the same is true of the Poisson structure. The operator M is
required to be symmetric and positive semidefinite and to satisfy the degeneracy condition;

no Jacobi-type identity is required of it.



Chapter 39
Conservation Laws and Stability

The structure of the previous chapter implies the conservation and monotonicity properties

of the model by short calculations.

Theorem 39.1 (Balance laws). For smooth solutions of (38.1)~(38.3) on the circle, N =

f@da:, the momentum P = fmda:, and the total energy £ = fed:c are constant in time,

d/SdaZ:/O'd:L‘ZO.
dt

Proof. Mass and momentum are conserved because their equations are divergences. For the

and

energy, differentiate e = g"—; + ¢ along the equations to obtain die = v Oym — %&CI) +e90;®+
¥ 9;S. The terms coming from the reversible parts combine to —d,((e + p)v), which is an
identity in e, = 6P, + 9.5, and which was checked symbolically for an arbitrary smooth
g(®,S). The relaxation terms contribute v 9, (uvy) + o2 + 0z (kz) = Oz (pvvy) + Oz (KVy),
a divergence. Hence Oe is a divergence and F is conserved. The entropy statement is the
integral of Equation (38.3) rewritten as 0uS + 0,(Sv — k¥, /0) = o, using 0,(kV,) /U =
Oz (K04 /) + K92 J92. O

A numerical integration of the system with ideal-gas internal energy, a pseudo-spectral
discretization with 128 modes and a fourth-order Runge-Kutta step, started from smooth
nonconstant data, reproduces the theorem: over the interval 0 < t < 2 the drifts of mass,
momentum and energy are of the order of 107°, and the entropy, sampled at ten times,
increases at every sample.

Linear stability about the uniform rest state follows from the structure and can be stated
exactly. Let (®o,0,Sp) be a constant state with temperature Jo, and let H = Hess(g g) €

be the Hessian of the internal energy at that state.

Theorem 39.2 (Linear stability of the rest state). Assume that H is positive definite, which
is the condition of thermodynamic stability of the local equilibrium family, and that p > 0
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and k > 0. Let (6®,6v,05) be a solution of the linearized system on the circle, and set
0g = €330P + 3505, 09 = ep50P + £550S. Then

Q- /[;q»o 50° + 3(60,55) H (5%, 55) | da

s nonnegative and satisfies

% _ —/[u (0,60) + 1950(635519)2] dz < 0.

Moreover, for every wavenumber q # 0 the linearization at q is a 3 X 3 complex matrix all

of whose eigenvalues satisfy Re A < 0.

Proof. The linearized equations are 9;0® = —®,0,6v, Pg0;6v = —0,(Podg + Sod¥) + ud2v
and 0;65 = —So0,6v+(k/90)0259, where the linearized pressure gradient is 9, (®gdg+Sod0).
Differentiating () and using %%(5@, S§SYH(6®,05)T = 69 0;6® + 69 0,08 gives

% = [ [~ @0(6v 09, + g 5u2) = So(60 60, + 89 60) + 116V vy + 500 60| dor
0

The first two groups are total derivatives and integrate to zero; the last two integrate by
parts to the stated dissipation. The inequality alone does not give strict decay of every
nonconstant mode, so the spectral argument is made separately. Fix ¢ # 0, let u be an
eigenvector of the linearization at g with eigenvalue A, and let Q(u) be the Hermitian form
with the same expression as (), which is positive for u # 0 since H and ®q are positive.
Along the solution eMu one has Q = e?R*Q(u), so 2Re A Q(u) equals the negative of the
dissipation of u, which is nonnegative, and hence Re A < 0. Suppose Re A = 0. Then the
dissipation of u vanishes; as p > 0 and x > 0 this forces g dv = 0 and ¢ 49 = 0, hence dv =0
and 69 = 0 since g # 0. The momentum equation at wavenumber ¢ then gives iq ®¢dg = 0,
so dg = 0. Since H is nonsingular, §g = 69 = 0 implies 0® = §5 = 0, contradicting u # 0.
Hence Re A < 0. O

Remark 39.3. The hypotheses are used. If k = 0, the state with v = 0 and ®gdg+ Spd = 0,
a perturbation of the entropy at constant pressure, is a nonzero stationary solution at every
wavenumber, an eigenvalue A = 0 with Re A = 0. Positivity of H and a decreasing ) alone
therefore do not exclude undamped modes; the exclusion needs the transport coefficients to
be positive. The theorem concerns the linearization about the uniform rest state, and the

numerical comparison below supports only the ideal-gas instance.
For the ideal gas € = ®¢,¥ with specific heats c,, ¢, per unit capacity and ¥ determined

by the entropy through S/® = ¢,In9 — RIn® up to a constant, the eigenvalues at small

wavenumber can be compared with the classical dispersion relation of a damped sound wave.
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With ¢, =2.5,¢, =35 (R=1), o =1.3, So =2, = 0.05 and x = 0.08, direct numerical
diagonalization of the three-by-three matrix at ¢ = 0.01,0.02,0.04 gives sound eigenvalues
A= +icqg—T'¢? with ¢ = yRUg and

=gl )]
_2<I>0'u KCU ep/ L

with relative error of the eigenvalue 6 x 1079 at the smallest wavenumber ¢ = 0.01, growing
as ¢? (sixteen times larger at ¢ = 0.04) as expected for the neglected higher-order terms in
the expansion. The decay of all non-constant modes was also confirmed numerically on the
grid 0.05 < ¢ < 5. The nonlinear stability of the rest state and the long-time behaviour of

the nonlinear system are not addressed here.



Chapter 40

Effective Metrics From Field Data

Two constructions that are often described by the same phrase should be kept apart. The
first extracts from the field equations a metric governing the propagation of small distur-
bances. The second introduces a metric as an independent field of a gravitational theory.
This chapter treats the first.

Write the nondissipative part of the model in the variables u = (®, v, S) as a first-order

system Oyu + A(u)0,u = 0. Direct computation gives

) [0 0
A= |ps/® v pg/P
0 S v

Proposition 40.1 (Characteristics and hyperbolicity). The eigenvalues of A are v and
v+, with ® = ps + %ps = %wTHw and w = (®,9)T. If H is positive definite then
c® > 0 and the system is strictly hyperbolic when c # 0.

Proof. Subtract vI and write p for the eigenvalue of the result. The characteristic polyno-
mial is f,u(,u2 — Py — %ps). For the second form, pg = Pegpg + Seps and pg = Pegpg + Segg
so that ®c? = ®%egq + 20Segs + S?ess. O

2 — yRY, and the numerical eigenvalues of A at a

For the ideal gas the formula gives ¢
test state confirm the speeds v — ¢, v,v 4 ¢ both at rest and for a flow of speed 0.4. Three
observations limit the use of this result.

First, in one space dimension the characteristic directions dz/dt = v £ ¢ are the null
directions of any two-dimensional Lorentzian metric in the conformal class of the acoustic

metric
Gac = (dx —vdt)? — 2 dt*.

The characteristics determine the metric only up to a conformal factor. A genuinely metrical
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statement beyond the null cones, for example about lengths or curvature, needs more than
the principal symbol.

Second, the entropy mode propagates along the flow lines with speed v, which is not null
with respect to g,c. The system has a sound sector with a Lorentzian cone and an entropy
sector with a different characteristic, so no single metric governs all of its disturbances.
In higher dimensions the same separation holds, and the familiar acoustic metric g,, o
(—(02 —v?), —vj; —v;, 5ij) is valid for irrotational, barotropic flow [27, 28].

Third, the dissipative terms make the full system hyperbolic-parabolic. The acoustic
cone describes the high-frequency propagation of the ideal system at wavenumbers where
the damping rate I'¢? is small compared with cq, that is for ¢ < ¢/I', and not the complete
signal propagation of the model.

Nor does the acoustic metric satisfy gravitational field equations. Visser [28] emphasizes
that it is determined by the fluid variables and does not obey the Einstein equations. The
hyperbolicity calculation therefore provides a propagation geometry that can be used as an

analogue, not a candidate gravitational metric.



Chapter 41

Unistochastic Dynamics and the
RSVP Bridge

A classical continuum closure does not by itself establish unitary evolution. The bridge
to the unistochastic projection of Part II has to supply a complex amplitude space, an
inner product, and conditions ensuring unitary transport, and only then can T;; = |Uij|2
be invoked. This chapter records the one exact construction of this kind that connects a
conservative fluid to a unitary evolution, and states what it does and does not give.

Let ) : S' — C be nowhere vanishing and write 1) = vV® e with ® = |1)|2. Define
v = (h/mg) 0:0.

Proposition 41.1 (Madelung transformation). If1) solves the Schrédinger equation ihdyp =
i 024 + Vo with real V, then ® and v satisfy the continuity equation ;@ + 9, (Pv) =0

T 2mg

and the Euler-type equation

G
2moy Vo

the second being the equation of an inviscid fluid with an additional pressure-like potential Q)

8tv+08xv:—i3x(V+Q), Q=
mo

[24]. Conversely, a smooth solution of these two equations with irrotational v = (h/mg)0,0
defines a solution of the Schridinger equation, up to a time-dependent phase factor, since
the Fuler equation is the gradient of the Hamilton—Jacobi equation and fizes the phase only

up to a function of time.

The proposition is classical, and its proof is a substitution of the polar form into the
Schrodinger equation and separation of real and imaginary parts. Its content for the present
programme is conditional. The conservative capacity equation holds for the fluid image of

a unitary evolution, as it does in Part II for the populations of a fixed basis, but the
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Euler equation carries the quantum potential ). A classical closure of the form of Equa-
tions (38.1)—(38.3) with an equation of state p(®, S) contains no such term, and it does not
produce unitary evolution unless () is added as an assumption on the pressure.

The proposition clarifies the relation to Chapter 9, with care about what the velocity
retains. A nowhere-vanishing v on a connected domain is determined up to a global phase
by ® = |¢|? and the phase 0, and @ is determined up to an additive constant by its gradient,
hence by v. In the discretization where ®; = |1/;|> are the populations of Part II, the
projection T'(U) retains the populations and discards the relative phases. The velocity field
retains the spatial gradient of the phase, which is the continuum counterpart of the phase
differences between neighbouring sites, so it carries part of what the projection discards; it
does not by itself carry every relative phase. Recovering ¢ from (®,v) requires three further
conditions. The circulation of v around every loop must satisfy the quantization condition
below. The nodes of ¥, where ® = 0, 0 is undefined and v is singular, must be excluded or
treated separately. And the relative phase between disconnected components of the support
of ® is not determined by v at all, since the phase of each component is fixed only up to
its own constant. When these conditions hold, (®,v) determines the ray, and Theorem 9.1
identifies the ray with the minimal probabilistically sufficient state for measurements in all
bases; without them (®,v) determines less. The memory kernel of Chapter 13 is then what
the retained phase gradient contributes to the dynamics of the density alone.

Single-valuedness of 1 on the circle gives a quantization of circulation:
fmov dxr = 2mhn, n € 7.

This is the statement that the flat connection V = d — i (mov/h) dx on the trivial line

imo §vdz/h equal to

bundle over the circle, whose parallel sections are e, has holonomy e
the identity on the node-free domain, the condition that the connection define a global
section. Trivial holonomy does not mean zero circulation: the integer n can be nonzero,
and then v has a nonzero mean. The condition is a concrete place where the holonomy of
Part IV enters the continuum description. It requires ® > 0 so that 6 is defined; at zeros
of 1 the velocity is singular.

The unistochastic bridge proposed in the earlier RSVP work, that coarse-grained field
dynamics yields a transition matrix T;; = ]Uij\Q for a unitary U, is therefore a conjecture
whose precise form is the following. A family of RSVP-type fluid closures whose pressure
contains the quantum potential () and whose velocity is irrotational is equivalent to a
Schrodinger evolution, so that its coarse-grained populations are the diagonal projections
of a unitary dynamics on a Hilbert space of amplitudes. Whether the closure of Chapter 38

can be modified to contain such a term from a derivation, rather than by postulate, is not



CHAPTER 41. UNISTOCHASTIC DYNAMICS AND THE RSVP BRIDGE 101

shown here.



Chapter 42

Gravitation and Effective

Geometry

A gravitational sector requires an independent metric g and an affine connection I', a covari-
ant action in which they appear, and field equations obtained by variation. This chapter
states the minimal setup and records the places at which the RSVP fields can be attached.

In the Palatini formulation the action is
1
Z[g,T, matter] = oy / V—=99" R, (T) d*z 4 Tu[g, matter],
Kg

with Ry, (I') the Ricci tensor of a torsion-free connection and the matter action independent
of I'. Variation with respect to I' gives V(y/—gg"”’) = 0, whose solution in dimension
greater than two is the Levi-Civita connection of g up to a projective transformation, and
variation with respect to g gives the Einstein equations with the stress—energy tensor of
the matter. This is a standard result, and it identifies the connection with the Levi-Civita
connection of the metric only as a consequence of the field equations under the stated
coupling assumptions.

The RSVP fields enter as matter. The relativistic version of the capacity—flow—entropy

system has the perfect-fluid stress tensor
" = (e +p) u'u” + pg"”,

with conserved capacity current J* = ®u* and conservation of T#" following, on solutions
of the matter equations, from diffeomorphism invariance of Z,. Adding dissipation to a
relativistic fluid is not a straightforward extension of Chapter 38: the first-order relativistic
dissipative theories are known to have generic instabilities [20], and a causal and stable

relativistic version requires a different structure, for example one with relaxation of the
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fluxes. The dissipative sector of the nonrelativistic model above is not asserted to have a
covariant extension in this book.

The distinction between the two geometries is the main point of the chapter. The
acoustic metric of Chapter 40 governs the propagation of small disturbances in the fluid
and is determined by the fluid variables. The gravitational metric g is a dynamical field
with its own equations, which fluid matter sources. The two coincide only if a theorem
or a postulate says so. An identification of the form g = gac, up to a conformal factor, is

therefore recorded as follows.

Conjecture 42.1 (Coincidence of propagation and gravitational geometry). There exists
a choice of the RSVP closure, of its coupling to the metric g, and of the conformal factor,
for which the gravitational metric of the Palatini theory coincides with the acoustic metric

of the fluid sector to the order at which the Einstein equations are satisfied.

The conjecture is not supported by the results of this part. Analogue-gravity arguments
show that the acoustic metric reproduces kinematic aspects of curved spacetime, such as
horizons and Hawking-type emission, for which the field equations of the metric are not
required; they do not show that the acoustic metric obeys the Einstein equations [28].

One further remark concerns the nonlinearity of the connection in the metric. The
Christoffel symbols are nonlinear functionals of g and its first derivatives, so the average
of the connection over fluctuations of the metric does not in general equal the connection
of the averaged metric. An elementary example in one dimension: take the metrics g, =
(1 4+ wr)dz? with w = :I:% equally likely, so that (g) = dx? has connection zero. The
connection coefficient of g, is 'Y, = w/ (2(1 + wx)), whose average over w at x = 1 is
%(% — %) = —% = 0. This is an instance of the effect formalized by the affine quantum
deformation principle of the author’s earlier work [17], in which the averaged connection of
a fluctuating geometry differs from the connection of the averaged metric by a correction
tensor; the example here shows only the elementary nonlinearity and not the evaluation of
that correction in any physical setting.

The ledger for this part is as follows. Established: the definition of the capacity density
and its exact balance law under conservation; a closed model with an explicit Lie-Poisson
reversible operator and an explicit dissipative operator, with the degeneracy conditions, en-
ergy conservation, entropy production and linear stability proved; the characteristic speeds
and acoustic cone of the ideal sector; the Madelung correspondence between conservative
irrotational flow with a quantum potential and unitary evolution. Not established: closure
from microscopic dynamics beyond the cited exact example; nonlinear stability; a covariant
dissipative theory; a derivation of the quantum potential; the identification of the propaga-

tion metric with a gravitational metric.



Part VII

Accessibility and Cosmology
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This part makes precise a distinction that Parts I and V introduced in other settings:
the structure a system has and the structure an observer can access are different quantities,
and the second can decline while the first grows. The treatment begins with an operational
definition, in which structure is the distinguishability of two candidate alternatives and
access is mediated by a measurement channel, and it proves the exact mechanisms by
which accessibility declines and the conditions under which it does not. A cosmological
background enters only as an explicitly specified model, namely a spatially flat universe
with matter and a cosmological constant, whose expansion history, linear growth factor
and horizons are inputs. Nothing in the part derives expansion or redshift from declining
accessibility, and the quantitative statements about the background are statements about

that model and not about observation.



Chapter 43

Physical Structure and Accessible

Structure

Let X be a measurable space of physical configurations and pg, p1 two probability laws
on it, the smooth reference and the structured alternative. A distinguishability measure
D(po, p1) € [0,00] is a functional of the pair; the examples used here are the total variation
distance, the relative entropy, and the other f-divergences, together with the Bayes error
of the optimal test between the two. A channel is a Markov kernel C' from X" to a space )
of data, and it maps a law p to the law Cp of the data. The physical structure of the pair
is ®(po, p1), and the accessible structure for an observer with channel C' is ©(Cpg, Cp1).

Proposition 43.1 (Accessible structure does not exceed physical structure). For every
f-divergence ® and every channel C, ©(Cpo,Cp1) < D(po,p1). For the relative entropy
on a finite space with po, p1 of full support, equality holds if and only if the likelihood ratio
p1/po is determined by the data, in the sense that C' is sufficient for the pair {po, p1} in the

sense of Part I.

Proof. The inequality is the data-processing inequality for f-divergences, due to Csiszar [13];
for the total variation it follows from the triangle inequality and for the relative entropy
from the log-sum inequality, as in the proof of Theorem 31.1. For the equality statement on
a finite space, equality in the log-sum inequality holds for each data value y if and only if
the ratio of the joint masses p1(z)C(y|x)/po(z)C(y|x) is constant in x over the support of
C(y|), that is, if p1(x)/po(z) is constant on the set of configurations compatible with each
datum, which is the statement that the likelihood ratio factors through the data. O

The proposition says what the channel can lose, and it is the exact form of the claim in
Part I that an insufficient observation discards predictive information about alternatives. It

does not say that structure cannot grow. A Markov dynamics applied to both alternatives,
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taken as laws, also contracts the divergence by the same inequality, so growth of structure
cannot mean growth of the divergence between the laws of an ensemble evolving under a
stochastic dynamics. It means growth of the separation of two particular configurations
under a deterministic flow, which is a different quantity, and the observer’s channel turns

that separation into a distinguishability between laws of data.

Definition 43.2 (Structure under a flow). Let ¢;: X — X be a flow, zy a structured
configuration and pg a smooth reference, and write x; = ¢(x0), e = @i(po) and Ay = zp—py
in a vector-space chart. The separation of the pair is a norm ||A;||, and the accessible

structure at time t is D (Ctdy,, Ci6,,) for the channel C; of the observer at time t.

The flow ¢ is a bijection, so no information about the initial pair is lost physically:
(¢, ut) determines (xq, pp). The separation can nonetheless grow, as it does in gravitational
instability, and the data of an observer whose channel degrades faster than the separation

grows can become less informative at the same time. Chapter 45 gives this a closed form.



Chapter 44
Accessibility Kernels

Two objects are commonly called a kernel in this setting, and they support different argu-
ments. An instrument response kernel is a linear operator W acting on a signal field 4, for
example a spatial convolution with a window of finite width, possibly with a gain below or
above one. A mormalized probabilistic channel is a Markov kernel, as defined above. The

first is not a channel and does not inherit the data-processing inequality.

Proposition 44.1 (A normalized channel contracts; a weighted integral need not). For a
Markov kernel C' and signed measures v = p1 — po of total mass zero, |Cv||rv < ||v|Tv.
For a linear response Wi(y) = [w(y,x)d(z) dz with nonnegative weights that are not nor-

malized, |W |1 can exceed |31, even for signals of total mass zero.

Proof. The first statement is the contraction of total variation under a Markov kernel. For
the second, take the response with gain two, w(y, x) = 2 dy,, which has nonnegative weights
and is not normalized. Then W¢ = 26 and ||Wé||; = 2||d]|1 > ||d]|1 for every nonzero ¢, in

particular for those of total mass zero. O

A response kernel enters the data-processing argument only after it is combined with a

noise model that makes the pair a channel. The standard case is the Gaussian channel.

Proposition 44.2 (Gaussian channel and signal-to-noise ratio). Let Y = W§ + £ with
€~ N(0,X). For two deterministic signals 6o, 1 the laws of the data are N(Wdg,X) and
N(W, %), and

KL(N(W61, %) | N(W&,%)) =1s, 5= ||S7V2W (5 — )|,
and the total variation distance between them is 2®N(\/s/2) — 1, with ®x the standard

normal distribution function. Both are increasing functions of the signal-to-noise ratio s.
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Proof. Both are standard computations for Gaussian laws with common covariance: the
relative entropy is half the squared Mahalanobis distance of the means, and the optimal
test is the likelihood-ratio test on the projection of the data onto S~ W (&, — &), in which

the two laws are unit-variance normals with means 0 and /s. O

In the Fourier-diagonal case, with independent modes k& with response W} and noise
variance Ny, the ratio is s = >, |[Wi|*|Ak|?/Ng, and each mode contributes its own sg.
The response enters only through [Wy|2/Ny, the effective gain-to-noise ratio of the mode.
A response kernel that attenuates the signal by a factor g lowers s by g2 unless the noise

variance falls as well, which is why attenuation and noise cannot be treated independently.

Proposition 44.3 (Cascade of Gaussian channels). Compose a first channel Y1 = g1+ &1,
&1 ~ N(0, Ny), with a second Yo = goY1 + &2, &2 ~ N(0, Na), with independent noises. Then
Ya = 91920 + € with € ~ N(0,93N1 + No) and the signal-to-noise ratio of the cascade is

L= GBIAF _glAPr
gsN1 +No = Ny ’

with equality if and only if No = 0.

Proof. Substitute Y7 into Y2 and add the independent noise variances. The inequality is
gsN1 + No > g3 Ny, an equality only for N = 0. It is the data-processing inequality for the
particular cascade, since the second channel is a Markov kernel applied to the data of the
first. O

Finally, a restricted causal domain is a kernel with support. If the response W; is
supported on a domain By, in the sense that W;0 depends only on §|p,, then two signals
that agree on B; produce identical laws of data and ® = 0 for every divergence, however

large their separation outside Bj.



Chapter 45

Distinction Functionals

The scale-dependent distinction functional of a mode k at time ¢ is the divergence between
the laws of the data under the structured and the smooth alternative. Two forms are used.
For a deterministic structured configuration against a smooth reference it is the Gaussian
shift of Proposition 44.2, and for a random structured field against a smooth reference it is

the divergence between zero-mean Gaussians of different variance.

Proposition 45.1 (The two forms depend on the signal-to-noise ratio only). Let a mode
have signal variance P (for a random field) or squared amplitude |A|? (for a configuration),
effective response W and noise N, and put s = |W|>P/N (respectively |W|?|A|?/N ). Then
the relative entropy of the structured data law from the smooth one is %s in the deterministic
case and g(s) = £ (s—In(1+s)) in the random case with the structured law N(0,|W|>P+N)

and the smooth law N (0, N). Both are strictly increasing in s for s > 0.

Proof. The deterministic case is Proposition 44.2. For the random case the relative entropy
of N(0,0%) from N(0,02) is 1 (0}/08 — 1 —1n(0?/0?)), and 07 /0% = 1+ s. The derivative
g (s)=3(1- 1%—3) is positive. O

Because both forms are increasing functions of sg, the sign of the time derivative of the
distinction of a single mode is the sign of $;, and their turnover times coincide. The balance

equation follows from writing s; as a product.

Theorem 45.2 (Balance of the distinction of a mode). Write the signal variance of a mode
as Py(t) = D4 (t)2 Ty(t)? P, where Dy is the growth factor of the structure, Ty € (0,1] is
a physical smoothing (transfer) factor, and P,S is fized, and write the effective gain-to-noise
ratio as v (t) = |[Wi(t)[?/Nk(t). Then s = vDITZPY and, with the formation rate F =
2D+/D+, the smoothing rate Smy, = —2dIn Ty /dt and the access-loss rate Ay, = —dIn~yy/dt,

dln sy,

7 = F — Sm;, — A;.
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The distinction of the mode increases exactly when the formation rate exceeds the sum of

the smoothing and access-loss rates.

Proof. Take the logarithm of s, = ’ykDiT ,3P,S and differentiate; the constant P,? drops out,
and the three remaining terms are —Ag, F' and —Smy, by the definitions. The smoothing
and access rates are defined with the signs that make them nonnegative when the transfer
factor decreases (physical smoothing) and when the effective gain-to-noise ratio decreases

(loss of observational access). O

The three terms separate three mechanisms that are often conflated: structure formation,
which increases the signal; physical smoothing, which decreases the signal itself; and loss
of observational access, which decreases the signal that reaches the data without changing
the signal. The decomposition is exact for the factorized form, and a model that does not

factorize needs its own decomposition.

Theorem 45.3 (Turnover). Let r(t) = F — Smy — Ay be continuous on an interval. If
r(to) > 0 and r(t1) < 0 for some tyg < t1, then sy attains a mazimum over [to,t1] at an
interior point t, with r(t.) = 0. If r has exactly one zero in (to,t1), that zero is the unique
point of maximum on the interval. A zero of r without a change of sign is a stationary

point of In s and need not be a maximum.

Proof. The function In s, is continuously differentiable with derivative r. Since r(tg) > 0
the function is increasing at tg, and since r(¢;) < 0 it is decreasing at ¢1, so the maximum
of In s over the compact interval is interior, and at an interior maximum the derivative
vanishes. If r has one zero, then r > 0 before it and r < 0 after it by the intermediate value
theorem, and the zero is the unique maximum. For the last statement, Ins = (¢t — 1)3 has

derivative 3(t — 1)2 > 0, vanishing at ¢t = 1, and is increasing through it. O

Turnover is therefore a testable property of the three rates, not a definition: it is the
first-derivative test applied to an explicit balance. Different modes have different smoothing
and access rates and generally peak at different times. The total distinction summed over
modes has derivative Y, ¢'(si) sk r in the random form, a weighted sum of the individual
rates, and a turnover of the total is not implied by turnovers of the modes without further

assumptions.



Chapter 46

Mixing, Attenuation, and Causal

Separation

Three mechanisms reduce what an observer can distinguish. They are different mathemati-
cal objects, and each supports its own exact statement.

The first is mizing of the physical state. If the dynamics is a doubly stochastic Markov
chain and the description is lumpable, Theorem 32.2 shows that the relative entropy of the
coarse state to the uniform reference does not increase: the state approaches the smooth
reference. This is physical smoothing in the sense of the balance equation, a decrease of the
signal itself, and it is a data-processing statement about the dynamics and not about the
observer.

The second is attenuation, the lowering of the effective gain-to-noise ratio of a channel,
treated in Proposition 44.3: any stage added to a channel can only lower the signal-to-noise
ratio, and the attenuation of a stage reduces the ratio by the square of its gain when its
noise is fixed. This is loss of access, a decrease of v, with the signal unchanged.

The third is causal separation. Let the observation at time ¢ depend on the signal only

on a domain B, as in the end of Chapter 44.

Theorem 46.1 (Nested domains and monotone accessibility). Suppose the data at time t
areYy = (0|p,, &) with independent noise, or any channel that factors through the restriction
to B, and that By, C By, for ta > t1. Then the channel at ta factors through the channel

at t1, and for every divergence satisfying data processing,

Q(Ctzp(]v Ctzpl) < Q(CtUOO; Ctlpl)

for any fized pair of alternatives (pg, p1). In particular, if pg and p1 coincide on By then

the accessible structure vanishes.
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Proof. A restriction from By, to By, C By, is a deterministic map, hence a Markov kernel,
so Ct, = K o Cy, for the kernel K that restricts the data. Proposition 43.1 then gives the

inequality. For the last statement, equal restrictions give equal data laws. ]

The hypothesis that the later channel factors through the earlier one is essential. It fails
when new signals arrive, when the instrument changes, and when fresh structure forms inside
By, because then the alternatives themselves change with time. In those cases accessibility
need not decline, and nothing in the theorem implies that every evolving observer loses
information.

A cosmological geometry supplies an exact example of nested shrinking domains. In
a spatially flat Friedmann-Lemaitre universe with scale factor a, Hubble rate H(a), and

comoving coordinates in which light travels along dy = dt/a, the comoving event horizon

[e’e} da/
xel) = | @)

the comoving radius of the region from which a signal emitted now can still reach the

at scale factor a is

observer, whenever the integral converges. In a matter-only universe with H = Hya 3/2
the integrand is a/~1/2 /Hp and the integral diverges, so there is no event horizon and no such
shrinking. In a universe with a cosmological constant the integral converges and, because
H — Hp as a — 00, Xe(a) ~ 1/(aHy), which tends to zero. For the background used below,
matter fraction €, = 0.3 and cosmological-constant fraction 0.7, with E(a) = H/Hy =
\/m, the event horizon in units of ¢/Hp is 1.1407 at a = 1, 0.5937 at a = 2,
0.2389 at a = 5 and 0.1195 at a = 10, against the asymptote 1/(a+/Qx) with values 1.1952,
0.5976, 0.2390 and 0.1195. The comoving particle horizon over the same range grows from
3.31 to 4.33 and saturates, which is the contrast: the region that has been seen saturates
while the region that can still be influenced shrinks. These numbers are properties of the
assumed model. An event horizon alone does not establish the nesting of Theorem 46.1: the
domains By, their identification across times (for example by comoving coordinates), and
the factorization of each later channel through the earlier one must be specified. Shrinking
comoving reach describes the region that can still influence the observer, and it is a different
object from the information that an observer has accumulated in a retained record, which

behaves oppositely (Theorem 54.2).



Chapter 47

What an Approach to Smoothness
Establishes

The Smoothness Paradox is the observation that a universe which continues to form struc-
ture can appear increasingly smooth to a bounded observer. The preceding chapters allow it
to be stated as a precise claim with explicit conditions, and also to be bounded: a declining
accessible distinction establishes less than it might seem to.

An observer class O is a set of channels, and a tolerance is a number € € (0,1).
The structured alternative p; and the smooth reference pg are e-indistinguishable by O
if supcecp [[Cp1 — CpollTv < €, where the total variation distance is normalized so that
it equals 2®xN(y/s/2) — 1 for the Gaussian case. By the standard relation between total
variation and the error of the optimal test, the Bayes error of equally likely hypotheses

1

is 5(1 —TV), so e-indistinguishability bounds the advantage of every observer in O over

guessing.
Theorem 47.1 (Exact criterion for the Gaussian channel). For the Gaussian channel of
Proposition 44.2 the alternatives are e-indistinguishable if and only if s < a2, where ac =

2@1(]1 (%) If the observer class is a nested family of Gaussian channels with signal-to-noise

ratios s¢ ordered by factorization, the supremum is attained at the finest channel.

Proof. By Proposition 44.2, TV = 2®y(+/5/2) —1 < ¢ is equivalent to /s < 20" ((1+¢)/2).
For a nested family, finer channels have larger s by Proposition 44.3 and the monotonicity

of the total variation in s. O

The theorem makes indistinguishability a quantitative threshold on the signal-to-noise
ratio. For € = 0.1 the threshold is a. ~ 0.2513, and for ¢ = 0.5 it is a. ~ 1.349, so an

observer needs a signal-to-noise ratio above a2 to reach advantage e.
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The next result limits what a decline of the accessible distinction can be taken to mean.

It concerns a single mode with the factorization of Chapter 45.

Proposition 47.2 (A decline of accessibility does not imply a decline of structure). Let
s(t) = ~v(t)P(t) with v > 0. Then s can decrease while P increases, if vy decreases fast
enough: for instance P = t%/3 and v = e~/ give §/s=2 -1 <0 fort> %T. Conversely,

3t T
if s(t2) < s(t1) and y(t2) > ~y(t1) then P(t2) < P(t1).

Proof. The first statement is the computation of the logarithmic derivative. For the second,
P(ta) = s(t2)/v(t2) < s(t1)/v(t2) < s(t1)/y(t1) = P(t1). O

The statement “the universe is approaching smoothness” is therefore, as a statement
about data, a statement about the product of the signal and the channel. It supports a
statement about the signal only under an additional assumption that the channel quality

does not degrade.

Theorem 47.3 (Indistinguishability from a shrinking domain). Let the structured alter-
native differ from the smooth reference by a deterministic signal with squared-amplitude
density bounded by j(t) < j < oo per unit comoving volume, and let the observer’s chan-
nel be the Gaussian channel restricted to a comoving domain By of volume V(t), with
unit effective gain-to-noise ratio inside the domain. Then the signal-to-noise ratio satisfies
s(t) < V(). If V(t) — 0 then for every e > 0 there is a time after which the alternatives

are e-indistinguishable, for this observer.

Proof. By Proposition 44.2 with independent unit noise per mode inside B; and no response
outside, s = | B, |A[2dV < jV(t). By Theorem 47.1 the alternatives are e-indistinguishable
once jV (t) < a2, which holds for large t because V' — 0. O

In the background of the previous chapter the comoving event horizon tends to zero,
so the volume of the ball of radius x. tends to zero like a3, and the theorem applies to
an observer whose channel is limited to the region that can still be influenced, provided
the domains and the factorization between channels are specified as in Theorem 46.1. Two
features of the claim should be kept in view. It holds for an observer class defined by a
causal restriction and a bounded signal density, and it says nothing about the existence
of other observers, for example one who has recorded earlier data. And it establishes
indistinguishability of a particular structured configuration from a smooth reference by a

specified class, and does not establish that the configuration is smooth.



Chapter 48

Turnover and Indistinguishability
Results

The balance equation, the turnover theorem and the indistinguishability theorem combine
in a model that can be computed. Let the structure grow linearly with the growth factor
D, (a) of the background, let the signal density per comoving volume at fixed mode content
be j D, (a)? with j constant, and let the observer’s channel be the Gaussian channel of
Theorem 47.3 on the ball of comoving radius x.(a) with constant gain-to-noise ratio. Then

the signal-to-noise ratio of the best test is

s(a) = 4§ j D+(a)® xe(a)®.

This is a toy: the growth is linear, the spectrum is flat and bounded, and the instrument
is idealized. It is useful because every ingredient is explicit and every conclusion can be
checked.

The linear growth factor of a flat universe with matter and a cosmological constant is

a da/
Do) Bo) [ s,

a result due to Heath [15] and derived in Appendix E, which solves the growth equation
D"+ (3/a+ dlnE/da)D’ — 3Q,,a ®E~?D = 0 with primes denoting d/da. A numerical
integration of this equation from a = 10~3 with initial condition D = a reproduces the
integral formula to 107! at a = 0.5, where D, (0.5)/D (1) = 0.6118.

Proposition 48.1 (Turnover condition in the model). Let f = dIn Dy /dIna. Then

dlns 3
dlna
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in units with c = Hy = 1, so that H = E, which is the balance equation with formation rate
2f, no physical smoothing, and a loss of access given by the shrinking of the event-horizon

volume.

Proof. Differentiate the logarithm of s and use dx./da = —1/(a?H), which gives dIn x./dIna =
~1/(aHxe). n

In a matter-only universe there is no event horizon, the second term is absent, the growth
rate is f = 1, and s increases monotonically with a: there is no turnover. In the universe
with €2, = 0.3 the growth rate decreases (it is 0.5128 at a = 1, against Q%;5° = 0.5157, and
0.0093 at a = 10) while the second term tends to —3 because aH x. — 1. Numerically, the
right-hand side is 1.472 at a = 0.1, 0.749 at a = 0.3, —0.044 at a = 0.5 and —1.604 at a = 1,
with a single sign change at

a, = 0489 (z, =1.04),

where s attains its maximum. A direct scan of Dixg over 0.05 < a < 5 places its maximum
at a = 0.486, consistent with the root to the resolution of the scan. Relative to the peak,
the signal-to-noise ratio is 0.224 at ¢ = 0.1, 0.702 at a = 0.25, 0.567 at a = 1, 0.126 at
a =2, 0.0097 at a« = 5 and 0.0013 at a = 10, and for large a it falls like a=3 because D

saturates and y, oc a1t

Proposition 48.2 (Computed turnover). For every flat background with Q,,Q2x > 0 the
right-hand side of Proposition 48.1 tends to 2 as a — 0 and to —3 as a — oo, so it has at
least one zero and s(a) has at least one interior mazimum (Corollary E.4). In the model
with Q,, = 0.3 and Qx = 0.7 the right-hand side changes sign exactly once on the grid
examined, from positive to negative, at as, =~ 0.489, so that by Theorem 45.3 the signal-
to-noise ratio has its maximum there. The location and the uniqueness of the zero are

numerical statements about this background.

Theorem 48.3 (Eventual indistinguishability in the model). In the same model, Dy is
increasing and bounded, x.(a) — 0 as a — oo, and hence s(a) — 0. For every tolerance
€ > 0 there is a scale factor beyond which the alternatives are e-indistinguishable by the
event-horizon-limited observer, and asymptotically s decays like a=2. If s(a.) < a? the

alternatives are never distinguishable at tolerance € by this observer.

Proof. The growth factor is increasing and bounded, and the event horizon satisfies . ~
1/(av/Qn) — 0 (Propositions E.2 and E.3). Then s = %TjDixg — 0 like a=3. The
indistinguishability statements follow from Theorem 47.1, since s < a2 holds for all large a,

and for all @ if the maximum value s(a,) does. O
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The location and uniqueness of the sign change are numerical observations for this
background and not proved properties of every background. The qualitative conclusion, a
turnover followed by indistinguishability, requires only that the growth rate fall to zero and

that an event horizon exist and shrink, and it fails, for example, in the matter-only universe.



Chapter 49

Expansion, Redshift, and

Observational Comparison

The results above use a background in which the expansion history, the growth factor and
the horizons are given. This chapter states exactly what is assumed and what a comparison
with observation would require.

The background is a spatially flat Friedmann-Lemaitre universe with scale factor a(t),
Hubble rate H = a/a and H? = Hg (Qma_3 —i—QA), with Q,, +Qx = 1. The redshift of light
emitted at scale factor a and observed today is 1+ z = 1/a. The comoving particle horizon
is xp(a) = [, da’/(a*H) and the comoving event horizon is x.(a) above; the distinction
between them is the standard one [14]. The linear growth of a pressureless density pertur-
bation on this background is the growth factor D of the previous chapter [15, 16]. Surface
brightness of sources at redshift z is reduced by the factor (14 z)~%, the standard Tolman
dimming, and enters a channel as a gain below one for the signal from such sources.

These are inputs. The results of Part VII are theorems about the interaction of a
growing signal and a channel on a given background, and they transfer to any background
for which Dy and y. are specified. In particular:

First, nothing in this part derives the expansion, the redshift or the gravitational dy-
namics from declining accessibility. A decline of accessible structure is compatible with
many backgrounds, including backgrounds with no event horizon, in which it does not oc-
cur (Proposition 48.1). Any proposal in which the redshift or the growth of structure is
explained by the RSVP fields would have to supply its own field equations, a derivation
of the corresponding background and growth factor, and a comparison of the result with
data; the continuum model of Part VI does not contain a cosmological expansion, and the
identification of its fields with a cosmological background is not made here.

Second, the toy channel of the previous chapter is not a forecast. A comparison with
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observation would require specifying a survey: a selection function and sky coverage, a
resolution and noise model for each tracer, the redshift range, the treatment of nonlinear
structure and bias, and the cosmic variance of the reference. With those in place the distinc-
tion functional of Chapter 45 can be computed for each mode, its balance can be evaluated,
and the turnover time can be compared across tracers. Only then does a numerical value
of a, acquire a meaning outside the model, and the value 0.489 found above should not be
read as a prediction.

Third, the statement of the Smoothness Paradox established here is conditional on an
observer class and a tolerance. It is true for observers restricted to the region that can still be
influenced, and it is a statement about distinguishing a particular structured configuration
from a smooth reference. It leaves open how a different observer, for example one who
preserves earlier records, or a different notion of structure, for example nonlinear statistics,
would fare. The nesting hypothesis of Theorem 46.1 marks where the argument stops.

The ledger for this part is as follows. Established: accessible structure never exceeds
physical structure for any f-divergence, with the condition for equality; the separation of
response kernels from normalized channels; the Gaussian signal-to-noise formulas and the
cascade inequality; the exact balance equation for a mode and the first-derivative test for
turnover; the monotone decline of accessibility under nested domains; an exact criterion for
e-indistinguishability; the proposition that a decline of accessible distinction does not imply
a decline of structure unless channel quality is nondecreasing; and a computed example in
the Q,, = 0.3 background with a single turnover at a, = 0.489 followed by a proved eventual
indistinguishability. Not established: the persistence of the result for nonlinear structure,
for non-Gaussian channels, for other observer classes, and for backgrounds other than the
one specified; any derivation of the background from the RSVP fields; any comparison with

observation.



Part VIII

Obstructions, Computation, and

Open Problems
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This part draws together the constructions of the preceding parts. It does not announce
a unification. It identifies four obstructions that the book has actually constructed, states
the common setup and the differences of quantifier and remedy among them, records explicit
maps between particular examples and the places where a proposed equivalence fails, collects
the computations that were used and classifies them by what they establish, and lists the
constructions that remain to be done before the physical programme can be said to follow

from the mathematical one.



Chapter 50

Four Obstructions and Their

Common Form

Each obstruction of the book has the same skeleton. There is a detailed object x ranging
over a set O, an observation map 7: O — Y that forgets part of it, and a task that the

observed description may or may not support.

Definition 50.1 (Task and support). A task is a map 7: O — Z. The observation m

supports T if T = f ox for some f.

Proposition 50.2 (Criterion and canonical remedy). An observation m supports T if and
only if kerm C ker 7. The coarsest observation supporting T is T itself, up to relabelling of

its values, and every supporting observation refines it.

Proof. If 7 = f om then n(z) = w(a’) gives 7(x) = 7(a’). Conversely, if ker 7 C ker 7 then
f(m(x)) = 7(x) is well defined on the image of 7. If 7’ supports 7 then 7 = f' o7, so 7 is

a coarsening of 7. O

This is Theorem 3.2 with the continuation sets replaced by an arbitrary task, and it is
the common form of three of the four obstructions. The fourth has a different shape. The
four are as follows.

Predictive sufficiency. The detailed objects are histories, and the task is the map h —
A(h) or h — P(h) to the support or the law of the future. The observation supports the
task if the future laws factor through it. The canonical remedy is the continuation quotient
of Chapter 3 and its probabilistic analogue of Chapter 8.

Compositional sufficiency. The detailed objects are operations, elements of a monoid
G, and a family C of contexts, maps ¢: G — G, such as g — agb. For an observation ¢
of the operations the task is 7¢(g) = (¢(c(g9)))cec, the family of observed descriptions of g
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embedded in every context. The observation is compositionally sufficient for C if ¢ itself
supports 7¢, that is, if ¢(g) = q(¢’) implies ¢(c(g)) = q(c(g")) for every ¢ € C. The canonical
remedy is the contextual equivalence of Chapter 52.

Observational discrimination. The detailed objects are the signals or states, two can-
didate laws pg, p1 are given, and the observation is a channel C'. The exact form of the
task is to preserve the likelihood ratio: the channel is sufficient for the pair if the ratio
factors through the data, which by Proposition 43.1 is equivalent to preservation of the
relative entropy, and then of every f-divergence. Preservation of the total variation alone
is weaker: the channel that reports only which of pi, pg is larger at each point preserves it
without being sufficient. The approximate and asymptotic forms are quantitative and have
no counterpart in the factorization framework.

Global realizability. This is not a factorization problem. The data are a family of local
observations (b)., one for each piece of a cover, each with a set of lifts Lift.(b.) = 7, ! (be),
and the question is whether the local lifts can be chosen compatibly on overlaps, that is,
whether the family extends to one global object. The criterion is existential: a single choice

of lifts with trivial cycle products (Theorem 29.1).

Obstruction Detailed object and  Quantifier Remedy
task
Predictive histories; future law  for all pairs with equal quotient by equal fu-
observation, equal fu- tures
tures
Compositional operations; embed- for all allowed contexts  quotient by contextual
ded description equivalence
Gluing local data on a thereexists one choice of none by refinement
cover lifts closing every cycle  alone: change the data
or the cover
Discrimination pair of laws; separa- for the pair; at tolerance; finer channel; larger ob-
tion after a channel in the limit server class

Table 50.1: The four obstructions: object, quantifier, and remedy.

The common concern is retained structure, and the table shows that the quantifiers
differ. The first and second ask that a relation hold for all pairs, and so are repaired by
enlarging what is retained. The third asks for an existence, and refining the local data does
not create existence. The fourth can be asked at three strengths. The following propositions
record the explicit maps among the examples of the book and the places where a proposed

equivalence fails.

Proposition 50.3 (Predictive and compositional sufficiency are different). The observation
R;(U) = [Uey] € CP4 s predictively sufficient for all measurement futures after left
multiplication by gates (Theorem 9.1) and is not compositionally sufficient for contexts that

also multiply on the right.
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Proof. Taked =2, U = I and U’ = diag(1,4). Then Ry (U) = R1(U’) = [e1]. With the right
context B = H, R{(UB) = [Hey] = [(1,1)7] and Ry (U’'B) = [(1,4) "], which differ. O

Proposition 50.4 (Compositional sufficiency does not give gluing). Let G = PO(2) and
let q be the identity, which is trivially compositionally and predictively sufficient. Edge data
given by the classes [R(w/4)] on each of the three oriented edges of a triangle cannot be

realized by frames.

Proof. A realization would give orthogonal frames with F,] F}, = £R(7/4) on each edge, and
the cycle product would be 1. The product of the three rotations is R(3w/4) # £I. [

Proposition 50.5 (Gluing does not give sufficiency, and depends on the field). The mu-

tually unbiased triangle Z, X,Y of a qubit is realizable over C and not over R. Quver C
B 1
V2

the Bargmann invariant of the first vectors is (1 +1)/4. Over R no lift assignment closes

the frames Fy = I, Fx = H, Fy = give |FJFa|02 = J on every edge, and

(Proposition 29.2). In both cases the projection T is not compositionally sufficient (Propo-
sition 7.4).

147 1—14
Proof. The unitarity of Fy and the entries of F)T( Fy = % (1 * Z ) Z) give the transitions.
—1 +1
The overlaps of the first vectors are %, % and %, with product (1 + i)/4, of modulus
squared § = (3). The real case is Proposition 29.2. O

Proposition 50.6 (Exact discrimination is predictive sufficiency for the pair). On a finite
space with pg, p1 of full support, a channel C' preserves the relative entropy between pg and
p1 if and only if it is sufficient for the family {po, p1} in the sense of Part I, with the like-
lthood function in place of the continuation set, and then it preserves every f-divergence;
preservation of total variation alone is weaker. Approximate indistinguishability at a toler-
ance, and convergence of the observed distinguishability to zero along a family of channels,

have no analogue in the factorization framework.

The first sentence is Proposition 43.1, whose equality case is the factorization of the
likelihood ratio, in the same spirit as Proposition 32.1; the second is a statement about
quantifiers, and it is illustrated in Chapter 54. The propositions show that no two of the
four are equivalent, that the first, second and fourth are repaired by refining the observation,

and that the third constrains the data themselves.



Chapter 51
Failure to Reconstruct a History

Reconstruction of the past and prediction of the future are different tasks. Reconstruction
asks for the task 7(h) = h, or for a summary of the past, and an observation supports it

only if the relevant part of the history can be recovered from the observed value.

Proposition 51.1 (Reconstruction implies sufficiency, and not conversely). If 7 is injective
on histories then m supports every task, in particular the prediction of the future. The mini-
mal continuation observation w4 is sufficient by construction and is not injective whenever

two distinct histories have equal continuation sets.

Proof. If ker 7 is trivial then ker w C ker 7 for every 7, and Proposition 50.2 applies. For the
second statement, the continuation equivalence identifies histories with equal continuation
sets by definition. O

Compression of the past is exactly what the minimal state was constructed to perform.
A finite-state structure retains at most log m nats about a past of unbounded length. The

following gives the rate at which reconstruction fails for a stochastic process.

Proposition 51.2 (Reconstruction loss grows linearly). Let (X;) be a stationary process
with entropy rate hy, and let S be a discrete random variable (such as the minimal proba-
bilistic state) with entropy H(S) = C. Then the conditional entropy of a window of the past
given S satisfies

H(X _pt1,...,X0|5) > nh,—C.

Proof. For any random variables, H(X | S) = H(X) — I(X;95) > H(X) — H(S). For a
stationary process H(X_,y1,...,X0) > nhy. O

For the even process the bound reads 0.4621n — 0.6365 nats, positive for n > 2, so
the retained two-valued state cannot reconstruct a window of the past beyond a bounded

number of symbols, although it predicts the future exactly.
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Failure of reconstruction is also neither evidence of predictive failure nor a physical arrow
of time. The four combinations of lossless or lossy reconstruction with vanishing or positive
entropy production all occur in one family of examples, the biased cycle Zy of Chapter 31

with forward probability q.

Proposition 51.3 (Reconstruction and the arrow are independent). On the cycle Zg with
forward probability q, consider the identity observation and the observations x mod 3 and
x mod 2. The identity observation reconstructs the state perfectly and has entropy produc-
tion X1 = (2¢ — 1)In %_q, which is positive for q # % and zero for q = % The observation
x mod 3 loses half the states, yet has the same entropy production rate. The observation

x mod 2 is also lossy, and has none.

Proof. The identity observation is injective. The map z mod 3 is lumpable, with coarse
chain the biased cycle on Zj3 with the same ¢, whose stationary distribution is uniform and
whose production is the same expression; an exact enumeration of all paths of length 4
confirms 3§ = 43;. The map = mod 2 is lumpable with deterministic alternation as coarse

chain, and the argument of Example 31.2 gives X = 0. O

The proposition establishes that entropy production is not measured by how much of the
past is lost, which in turn bears on the arrow of time: an arrow, in the sense of Chapter 35,
is an asymmetry of path measures, and a lossy observation can retain it or erase it. The
reversible bijection on the integers of Proposition 30.2 shows the converse direction: loss of

reconstruction in a description can be produced by projection alone.



Chapter 52

Failure to Compose Reduced

Descriptions

The contextual equivalence of Theorem 10.2 has a general form, in which the quotient
depends on the allowed contexts in a monotone way.

Let G be a set, ¢: G — @ an observation, and C a family of maps ¢: G — G. Define
g =c ¢ if and only if ¢(c(g)) = q(c(g")) for all ¢ € C U {id}.

Proposition 52.1 (Monotonicity and universality of contextual equivalence). If C C C’
then =¢r refines =¢: enlarging the context family can only refine the quotient. If C is closed
under composition then =¢ is invariant under every c € C, and it is the largest C-invariant

equivalence relation contained in ker q.

Proof. For monotonicity, equality of g o ¢ for all ¢ € C' U {id} implies it for all ¢ € C U {id}.
For invariance, suppose g =¢ ¢’ and ¢ € C; for ¢ € C U {id} the composite ¢’ o ¢ lies in C by
closure, so q('(c(g))) = q(c'(c(g"))), which is ¢(g) =¢ ¢(¢'). If ~ is a C-invariant equivalence
contained in kerq and g ~ ¢', then ¢(g) ~ ¢(¢') for each ¢, so q(c(g)) = q(c¢(g')), hence
g9=cg’ O

For the unitary group G = U(d) and the projection ¢ = T, three context families give

three quotients.

Proposition 52.2 (A hierarchy of quotients for the probability projection). Let Cy = &,
let C, ={Uw— AU : Ac U(d)} and let CLr = {U — AUB : A,B € U(d)}. Then U =y U’
if and only if T(U) = T(U'); U =1 U’ if and only if U' = UD for a diagonal unitary D;
and U =pg U’ if and only if U' = €*°U. The inclusions = gp C =1 G =¢ are strict for
d> 2.
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Proof. The first is the definition. For the second, T(AU) = T(AU’) for all A says [(w|Ue;)| =
|(w|U’e;)| for all unit vectors w and all j, so each column U’e; is a unit-modulus multiple
of Ue; (as in the proof of Theorem 9.1), which is U’ = UD; the converse is immediate.
The third is Theorem 10.2. Strictness of the second inclusion: D = diag(1,4) gives U’ = D
and U = I with U =, U’ but not U =1r U’ since D is not scalar. Strictness of the first:
U = R(n/8) and U’ = R(—/8) have equal T, while U'U’ = R(—7/4) is not diagonal, so
U#LU. O

The hierarchy identifies the remedy with the allowed contexts. If the only contexts are
the measurements that follow the operation and the input is a fixed basis vector, the rays
[Ue;] suffice, and the quotient is the classes UD. If the operation is embedded between
arbitrary unitary operations on both sides, the quotient is PU(d). The projection T with
no contexts is a much coarser object, and its failure to compose, Proposition 7.2, is the
failure of the relation =y to be a congruence. A statement that “phases must be restored”
therefore has no content until the contexts are named, and an enlargement of the contexts

can only refine the quotient, strictly at each of the three stages recorded here.



Chapter 53

Failure to Extend a Local

Continuation Globally

The worked result is the spanning-tree and cycle-product criterion of Theorem 29.1: a con-
text graph with edge data B, is globally realizable if and only if there is one lift assignment
for which every fundamental cycle of a spanning tree has trivial product. Two features of
the criterion deserve emphasis.

First, the probability data determine sets of lifts and not lifts. An edge datum has in
general several lifts, eight for a real 2 x 2 matrix with entries in (0,1), and the holonomy
of a lift assignment belongs to the assignment. A nonidentity cycle product for one chosen
assignment proves nothing about realizability, and what realizability requires is a single
common assignment satisfying all 81(G) cycle conditions.

Second, local admissibility is no evidence of global compatibility. Trees carry no con-
straint, by Proposition 11.1, so a path graph of individually admissible edges always glues.
The first graph with a constraint is the triangle, and there the individually admissible data
of the mutually unbiased triangle do not glue over R. For the triangle with real 2 x 2 data

the criterion is the closure equation of Proposition 29.3:
e1a1 + egaig +e3a3 =0 (mod ) for some signs ¢,

a single equation for a triple of angles, so that in the real two-dimensional setting, for
independently and continuously distributed angles, realizability has probability zero. For
the unbiased angles a; = /4 the left side is an odd multiple of 7/4 for every choice of signs,
and an exhaustive enumeration of the 8 = 512 triples of lifts finds none with product +1.

The comparison between fields is the clearest demonstration that gluing is a property
of the pair of data and field. Over C the same data glue (Proposition 50.5) and the global

frames give trivial cycle products by Theorem 29.1, while the Bargmann invariant of the
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first vectors is (1 + 4)/4, of argument 7/4. The two numbers answer different questions.
Trivial holonomy of the frame cycle is the existence of a realization; the Bargmann phase
is a gauge-invariant functional of that realization, equal in this case to half the solid angle
of the octant triangle on the Bloch sphere. Refining the edge data from probabilities to
projective operations does not repair a failure of gluing, as Proposition 50.4 shows; it turns
the existential question into a single check of cycle products. The converse implication

holds: if projective data glue then so do the probabilities, by projecting.



Chapter 54

Failure to Preserve Distinctions

Under Observation

Three statements about the distinguishability of two laws after observation are logically
different, and the accessibility results of Part VII hold at different strengths. A pair (po, p1)
is exactly identified by a channel C if Cpy = Cpy. It is e-indistinguishable by an observer
class if the total variation between the observed laws is at most € for every channel in the
class. And the observed distinguishability converges to zero if it tends to zero along a family
of channels C; without necessarily vanishing at any finite time. None of the three, alone,

establishes that the underlying structure has homogenized.

Proposition 54.1 (The three notions and physical homogenization). In the Gaussian chan-
nel family Y = WAy + & with & ~ N(0,%;) and X = oI, o > 0: (i) exact iden-
tification holds if and only if WiAy = 0; (ii) e-indistinguishability holds if and only if
||Z;1/2WtAt|| < a¢; (iit) convergence to zero holds if and only if ||Z;1/2WtAt|| — 0. Each
can hold while ||A|| is arbitrarily large or growing. If |[Wi|| < w uniformly then physical

homogenization ||A¢|| — O implies (iii), and the converse is false.

Proof. The three criteria are Theorem 47.1 applied to TV = 2<I>N(\|Z;1/2WtAtH/2) —1. For
(i), take A € ker W nonzero and of any size. For (ii) take W; = v I with ||A|| < oa. and
| A¢|| large by taking v small. For (iii), |2~ Y2WA| < o~ w||A¢|| — 0 when [|A¢|| — 0. The
converse fails by Proposition 47.2, where ||A;|| increases while the observed distinguishability

decreases. O

The qualification attached to the cosmological results should be stated again here. An
event horizon alone does not establish a family of nested observation channels. What is
needed is that the relevant domains be specified, that points of the domains be identified

across times, for example by comoving coordinates, and that the channel at the later time
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be shown to factor through the channel at the earlier time, as in Theorem 46.1. Shrinking
comoving reach describes the region that can still influence the observer. It does not describe
the information that the observer has accumulated, which is a different object, and the two

have opposite monotonicity.

Theorem 54.2 (The cumulative record is monotone). Let the alternatives be laws po, p1
on complete histories, fized in time, and let the data available at time t be the record Y<; =
(Ys)s<t of all the data collected up to t, each Yy the output of a channel Cs applied to the
history. Then for t; <ty the channel producing Y<;, factors through the channel producing
Y<i,, and for every divergence satisfying data processing the accessible distinction of the

cumulative record is nondecreasing in t.

Proof. Y<;, is a coordinate projection of Y<;,, a deterministic map and hence a Markov
kernel. Proposition 43.1 applied to this kernel gives ®(C<¢, po, C<t, p1) < D(C<t,p0, C<typ1)-
O]

The accessible distinction of the current-reach channel may decline, as Theorem 46.1
describes when its nested hypothesis holds, while that of the retained record cannot. An
observer who preserves earlier data is therefore outside the observer class of Theorem 47.3,
and the Smoothness Paradox, in the form established, is a statement about observers who do
not. It follows that any inference from declining accessibility to declining physical structure
needs two explicit ingredients: the factorization between structure strength and channel
quality (Proposition 47.2) and the specification of which channel, current reach or retained

record, is being described.



Chapter 55
Computational Experiments

The claims of the book rest on different kinds of evidence, and the computations are collected
here by what each establishes. A single script, listed in Appendix F and executable as
python3 experiments.py, reproduces all of them. It requires only numpy, scipy and sympy,
runs in under ten seconds on a laptop, and prints one line per check with the measured
value, the tolerance and a pass or fail verdict. All thirty-three checks pass. The categories
are the following.

Category A, exact finite enumeration. The statement is proved by exhaustive inspection
of a finite set, and the numerical output is an integer or an identity up to floating-point
rounding of exact rationals. Category B, symbolic verification. A computer algebra system
checks an identity for arbitrary smooth functions. Category C, numerical corroboration of
a proved result. The result has a proof in the text and the computation tests the proof, the
statement of the formula, or the parameters of an example; a pass is evidence of the absence
of an algebraic slip and not an independent proof. Category D, numerical exploration of

an unproved claim. The claim has no proof in the text, and the computation is the only

evidence.
ID Claim checked Method Result and tolerance
Al eight lifts of J in O(2); no triple has all 8% = 512 triples count = 0, exact
product +1
A2 Rule 184, N = 4: 1100 — 1010, 0101 —  direct update exact
1010 (update not injective), 1010 —
0101
A3 hard-core word counts for n =1,...,8 enumeration 2,3,5,8,13,21,34,55
A4 biased Z4 cycle, paths of length 4: ¥4, all 4% paths T4 — 431 < 10714, sum
fluctuation relation, parity-coarse X§ =1X5=0
A5 Hadamard, Z counterexample, weakly matrix algebra <1012
consistent pair, 3 x 3 Fourier
A6 doubly stochastic matrix with two inspection exact
columns sharing one row
A7 Zg observed mod 3: ¥ = 4% all 6° paths <1014

Table 55.1: Category A: exact finite enumeration.
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ID Claim checked Method Result

B1 energy-flux identity die = —0z((e + sympy, reversible part residual 0
p)v) + dissipative divergences for arbi-
trary e(®, S)

B2 Madelung: imaginary part is continuity, sympy, polar form both identities hold
real part is Hamilton—Jacobi with @

Table 55.2: Category B: symbolic verification.

The distinctions are meant to be assessed at a glance. The 512-triple enumeration (A1)
is a proof of its statement for the stated lifts. The fluid checks (C9, C10) and the spectral
computations (C12 to C15) test a proved theorem and a proved calculation, respectively, and
do not substitute for the proofs. The cosmological checks of category C test the background
formulas, and the turnover scale and its uniqueness (D1 to D3) are explorations whose
uniqueness is claimed for a grid and for this background only. A reader who wishes to

challenge a result should look first at its category.
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ID Claim checked Method Result and tolerance
C1 K1 =T(U?)—-T({U)%2 and Mpp = T(U) random 3 x 3 unitary, Li- 5 x 10~18; tol 10~ 12
ouville blocks
C2 Hadamard kernel K1 = I — J, K, =0 Liouville blocks 2 x 10716
form=2,...,6
C3 Bargmann invariant equals Tr(pip2p3) random qubit triple 2x 10716
formula
C4 qubit interference term —% sin 01 sin 62 direct evaluation 0
C5 geometric phase —m (1 — cos ) product of 2 x 10* over- 9 x 10~9; tol 10—%
laps
C6 complex triangle Z, X,Y all transitions explicit frames 10—16
J; Bargmann (1 +14)/4
cr Hankel rank of the unknown-bias coin words up to length 4, p =  rank 2
0.8
C8 even process: C = 0.6365, h = 0.4621 closed form agrees to 5 x 1072
nats
C9 fluid: drift of mass, momentum, energy RK4, 128 modes, dt = 1.8 x 10713
2x1074,t<2
C10 fluid: entropy increases at ten samples same run minimum increment 7 X
10~
C11 2 =psy + %ps =~vRY ideal gas 4 x 1016
C12 sound eigenvalue vs icq — I'g? 3 x 3 eigenproblem, g = relative error 6 x 10~9; at
0.01 q = 0.04 the error is 16x
larger
C13 ReA <0 for 0.05<¢g<5 100 wavenumbers, u, £ >  all negative
0
Cl14 k = 0 leaves an eigenvalue 0 q=0.7 6 x 1017
C15 characteristic speeds —c, 0, ¢ eigenvalues of A 9 x 1016
C16 growth factor: integral formula vs ODE  D(0.5)/D(1), tolerance 5 x 10712
10711
C17 event horizon asymptote axev/Qa — 1 quadrature at a = 100 5x 108
C18 d = 2: every unitary with moduli 200 random unitaries 2 x 1015
VP, V/1—pis D1R(8)D>
Table 55.3: Category C: numerical corroboration of proved results.
ID Claim explored Method Result
D1 location of the turnover a. of DI x3 root of 2f — 3/(aHxe), a« = 0.4891
Qm =03
D2 maximum of Dixg’ on a grid 500 points, step 0.01 0.4865, within the grid
step
D3 uniqueness of the sign change of the rate 400 points on [0.05, 20] one sign change

Table 55.4: Category D: numerical exploration of unproved claims.



Chapter 56
Open Problems

The book establishes several precise ways in which reduced descriptions succeed or fail,
develops an explicit continuum realization, and identifies the additional constructions that
the proposed physical unification would require. The remaining obligations are the following,
each stated with what would count as a solution.

The first concerns the geometry of the continuation quotient. Part I constructs the
minimal state as a set, and Part IV assumes a smooth manifold and a bundle on it as
additional data. The open problem is a theorem giving conditions on a history structure
under which the continuation quotient is a smooth manifold, or a stratified space, and
a family of continuation sets forms a vector bundle over it. The unitary example, whose
quotient is complex projective space, is the model; the constant-rank construction of Part IV
identifies one sufficient route. A solution would give intrinsic conditions that can be checked
from the history structure alone.

The second is the controlled derivation of continuum closure. The exact closure of
Example 36.2 rests on a special duality. The problem is to derive equations of the form
of the model of Part VI from a microscopic stochastic or deterministic dynamics with an
explicit error bound, for a family of microscopic models broad enough to include a nontrivial
equation of state, and to identify the memory term that the first-order truncation discards.
A solution is a theorem, with hypotheses, that bounds the difference between the coarse
field and the solution of the closed equations.

The third is nonlinear stability. Theorem 39.2 concerns the linearization about a uniform
rest state. The questions of global existence and of nonlinear stability for the model, with
the constitutive assumptions of a general convex internal energy, are not addressed, and
results in the literature on the one-dimensional compressible Navier—Stokes—Fourier system
apply to restricted constitutive relations whose relation to the present model has not been

checked. A solution is a statement of the conditions under which smooth solutions exist
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globally and converge to a uniform state.

The fourth is a covariant dissipative theory. The dissipative operator of Part VI is
constructed for a nonrelativistic model. The first-order relativistic dissipative theories are
known to be unstable [20], and the second-order theories of Israel and Stewart [9] restore
causality by adding relaxation variables, at the cost of enlarging the state. The problem is
to formulate a relativistic extension that retains the structure of a reversible bracket and a
symmetric dissipative operator with the degeneracy conditions, and to determine whether
the additional variables are the memory variables of Chapter 34.

The fifth is the derivation of the quantum potential. Proposition 41.1 makes unitary
evolution a conservative irrotational fluid with a pressure-like potential (). The problem
is to show that a microscopic closure of the capacity—flow—entropy fields yields that term,
rather than postulating it, and to identify the amplitude space, inner product and unitarity
conditions that the classical closure lacks. A solution would be a derivation, with the
assumptions under which the Madelung structure appears.

The sixth is the relation between the acoustic and gravitational geometries. Conjec-
ture 42.1 is unsupported. A solution is either a construction in which the gravitational
metric of a Palatini theory with fluid matter coincides with the acoustic metric to a stated
order, or a proof that no such choice exists for a stated class of closures, together with the
corresponding statement about the conformal factor that the characteristics leave undeter-
mined.

The seventh is the cosmological problem. The accessibility model of Part VII establishes
consequences on a supplied background. The problem is to derive an expansion history and
a growth factor from the field equations of the programme, to compute the accessibility
quantities on that derived background, and to test the result against a specified survey with
a channel model of the kind described in Chapter 49. Nothing in the book supplies this
derivation, and the turnover scale computed there is a property of the assumed background
only.

The remaining problems are internal to the framework. The sizes of the forward and
reverse minimal states of a process can differ [5], and the book does not relate the difference
to the entropy production ¥;. The holonomy of Part IV has been shown to be independent
of entropy production unless a thermodynamic dynamics is specified, and the conditions
linking them have not been established. The accessibility results are proved for Gaussian
channels and linear structure growth, and the extension to non-Gaussian channels, nonlinear
statistics and other observer classes is open. The minimal-witness and extremal questions of
the author’s reconstruction of quantum theory [7] are outside this book, and the extension
of the contextual hierarchy of Chapter 52 to composite systems and the tensor-product rule

has not been carried out here.
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The book therefore ends in the following position. It has fixed a definite object, the
continuation quotient of a history structure, and a small set of tests under which an obser-
vation of it is adequate or inadequate. It has shown that the tests are distinct, supplied
the canonical remedy for each where one exists, and recorded the examples that separate
them. It has built a continuum model in which reversible transport, irreversible relaxation,
conservation laws and stability can be proved, and it has shown how unitary evolution, an
effective propagation geometry and a gravitational sector can be attached to it, each with
the additional structure it requires. What it has not done is derive the physics from the

mathematics, and the list above says what would have to be proved for that to be done.



Appendix A

Notation

The table lists the symbols used in more than one place, grouped by the part in which they
are introduced. Several letters carry more than one meaning, because the book draws on
literatures with conflicting conventions; in every case the meaning is fixed by the part and

by the context, and the collisions are listed after the table.

Symbol Meaning Part

H, F set, of histories; common set of future segments 1

A(h) admissible continuations of the history h, a subset I
of F

h-s extension of a history by a one-step prefix s of a 1
continuation

w, X an observation, a surjection H — X’; its set of values 1

TA, ~A minimal sufficient observation; continuation equiva- 1
lence

T, depth-k observation, the last k letters of a history I

=< refinement order on observations I

Or sufficiency defect of an observation 1

P(h) law of the future after the history h I1

T(U) transition-probability matrix |U;;|* of a unitary or 1II
orthogonal U

J the matrix with every entry % (size 2) II

A dephasing channel, projection onto diagonal matri- II
ces

PU(d), PO(d)  projective unitary and orthogonal groups I

=c contextual equivalence for a context family C II, VIII

Mpp, Mpg, Mgp, Megks of a linear map for a splitting V=W e W' 1I
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Symbol Meaning Part

K,, memory kernel, MPQMgQ_lMQP 11

D(a, p) decoherence functional of two histories «, II

Be, p1(G) edge transition matrix on a context graph; cycle II
rank

Qe arccos /pe, the angle of a real 2 x 2 edge matrix II, IV

Q, 0, ¥ (au- state set, transition function, alphabet 111

tomata)

C, h, statistical complexity and entropy rate of a process III, V

F,, Ly, frame of a context a; relative transformation FJ F, 1V

H. cycle product of lifts around a cycle ¢ v

V, A, F connection, connection form, curvature v

P,, R, forward and reversed path measures of length n A%

Yin, 21 entropy production of paths of length n; per step v

o(w) pathwise log-ratio In(P,,/Ry,) \Y%

KL, D(-|") relative entropy V, VII

d, m, v, S capacity density, momentum density, velocity, en- VI
tropy density

e(®,9), ¥, p internal energy density; temperature €g; pressure VI

e, B, S total energy density; energy functional; entropy VI
functional [ Sdx

L, M reversible (Poisson) and dissipative operators VI

W, K viscosity and thermal conductivity VI

c characteristic (sound) speed, ¢? = pg + %ps VI

Gac acoustic metric VI

D distinguishability measure VII

Cy observer channel at time ¢ (also the cumulative- VII
record channel)

S, 7y signal-to-noise ratio; effective gain-to-noise ratio VII
W[2/N

e 20" ((1 + €)/2), the threshold for tolerance e VII

Dy, f linear growth factor; growth rate dln Dy /dIna VII

E(a), Xes Xp H/Hy; comoving event and particle horizons VII

F, Sm, A formation, smoothing and access-loss rates (Chap- VII
ter 45)

T a task, a map on detailed objects VIII
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Overloaded symbols. The letter T denotes the probability projection in Parts II and III
and the transfer factor T} of Part VII; the temperature is written 1 to avoid a third use. The
letter H denotes the Hadamard matrix in Parts II and III, the cycle product H, in Part IV,
the Hessian of the internal energy in Parts VI and VII, and the Hubble rate in Part VII;
and H(-) with an argument is the Shannon entropy in Part V. The letter () denotes the
complementary projection in Chapter 13, the state set of an automaton in Part III, the
Lyapunov functional in Chapter 39, and the quantum potential in Chapter 41. The letter
D denotes the decoherence functional in Part IT and the relative entropy in Parts V and VII,
while the growth factor is written D,. The letter X is an alphabet in Part I and Part III,
a covariance in Parts VII and VIII, and the entropy production in Part V. The letter S is
the entropy density in Parts VI and VII. The letter F' is a frame in Part IV, the curvature
in Part IV, and the formation rate in Part VII.



Appendix B

Divergences and (Gaussian

Channels

This appendix proves the information-theoretic facts used in Parts V, VII and VIII, on
finite sets and for Gaussian laws. Throughout, u, v are probability distributions on a finite
set X and C' is a Markov kernel from X to a finite set Y, so that (Cp)(y) = >, C(y|z)u(z).

Lemma B.1 (Log-sum inequality). For nonnegative numbers ay,...,a, and by, ..., b, with

bi>0,
zi:aianj > <zi:ai) In %ZZZ:,

with equality if and only if a;/b; is constant over {i : a; > 0}.

Proof. The function t — tInt is strictly convex on [0,00). Put B =), b; and weights w; =
b;/B. Jensen’s inequality for the points t; = a;/b; gives >, w;t; Int; > (Zz witi) ln(zi witi),
and >, wit; = Y, a;/B. Multiplying by B gives the claim. Equality in Jensen’s inequality
for a strictly convex function holds exactly when the t; are equal over the points with

positive weight. O

Theorem B.2 (Data processing for f-divergences). Let f be convex on (0,00) with f(1) =0,

and Dy¢(p|lv) = >, v(z) f(u(x)/v(x)) for v of full support. Then D¢(Cpul/Cv) < Dy(p|v).
In particular this holds for f(t) = tInt (relative entropy) and f(t) = §[t—1| (total variation,).

Proof. Assume Cv has full support. For each y, put w,, = C(y|z)v(x)/(Cv)(y), a probabil-
ity distribution in z. Then (Cu)(y)/(Cv)(y) = >_, Way #(x)/v(x), so by Jensen’s inequality
F(C) )/ (Cv)(y)) < 3, wapy f(u(2)/v(x)). Multiplying by (Cv)(y) and summing over
y gives Dyp(CulCv) < 3., Clyle)(@) f(u(z)/v(z)) = Dy(ullv), because 3, Clylz) =
1. O
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For the relative entropy the proof by Lemma B.1 shows the equality condition used in
Proposition 43.1: for each y equality holds if and only if u(x)/v(x) is constant over the z
with C(y|x) > 0 and pu(z) > 0.

Proposition B.3 (Contraction of total variation). For signed measures 0 = u — v of total
mass zero, |CO|ly < (|01, and TV(Cp, Cv) < TV (u,v) with TV = 1 - .

Proof. |COlly = 32, | 32, Clyl2)0(z)| <32, , Clylx)l0(2)] = [[6]:- -

Proposition B.4 (Gaussian shift). Let P, = N(m;,%2) on R™ with ¥ > 0, and put A =
Y2 (my — myg) and s = ||A||2. Then KL(Py||Py) = §s and TV (P, P1) = 2®n(v/5/2) — 1.

Proof. Both quantities are invariant under the invertible affine map y — X1/ 2(y — my),
which sends the laws to N(0,7) and N(A,I). Rotating coordinates so that A = (/se;
leaves the remaining coordinates identically distributed under both laws, so only the first
coordinate matters. The relative entropy of N(y/s,1) from N(0,1) is Ex 1) [—5 (y—+/5)?+
3y%] = E[\/sy — £] = 5. For the total variation, the densities cross at y = /s/2, the set
where the second exceeds the first is {y > 1/s/2}, and TV = f:}%ﬂ (oy — V/s) — ¢(y))dy =

n(/3/2) — Dx(—y/3/2) = 20x(v/5/2) - 1. =

Proposition B.5 (Gaussian variance shift). For scalars, KL(N(0,0%) | N(0,03)) = 3(r —
1 —Inr) withr = o}/od. Withr =1+ s this is g(s) = 3(s — In(1 + s)), whose derivative
g (s) = sirs) is positive for s > 0.

+ O

NI
[\l

_ 1 2 2 1 2 21 _ 1
Proof. KL =Ei[—3Ino} — 2747% +5Inog + 21473} =—5Inr—
Proposition B.6 (Cascade of Gaussian channels). If Y1 = ¢10 + & and Yo = ¢2Y1 + &
with independent & ~ N(0,N;), then Yo = g1g20 + € with € ~ N(0,93N1 + Na), and the

signal-to-noise ratio sy = g2g3|A|?/(g3 N1 + Na) does not exceed s1 = g?|A|?/Ny.

Proof. Substitute, and add the variances of the independent noises. Then sy < s7 is g3 N +
N2 Z g%Nl D



Appendix C

The Lie—Poisson Structure of the
Fluid Bracket

This appendix gives a direct proof of the Jacobi identity for the reversible bracket of Chap-
ter 38, verifies the claims about Casimirs, and states how the structure behaves under a

change of variables.

The Lie algebra

Let X = Vect(S!) be the vector fields on the circle with the bracket [X,Y] = XY’ — Y X/,
and let F = C*°(S!), on which X acts by u+ Xu = Xu'. Put g = X x (F @& F) with the
bracket

(X1, w1, wr), (X2, ug, w2)| = ([X1, Xa], Xiug — Xour, Xiwa — Xowy).
Proposition C.1 (g is a Lie algebra). The bracket is bilinear and antisymmetric and

satisfies the Jacobi identity.

Proof. Bilinearity and antisymmetry are immediate. The first component is the Lie bracket
of vector fields, which satisfies the Jacobi identity. The second and third components have
the same form, so it suffices to treat (X;,u;). The second component of [[ai,as],as] is
[X1, XoJus — X3(Xiug — Xouy), that is, X1Xoug — XoXjus — X3 Xq1ug + X3Xouy, using
[X,Y]u=X(Yu) —Y(Xu). Adding the two cyclic permutations gives twelve terms, which

cancel in pairs:
(X1 Xouz—Xo X1u3— X3 X ua+X3Xou1 )+ (XoXzu — Xz Xous — X1 Xoug+X1 Xzug) +(X3 X us— X1 X3us— X2 X31
A symbolic computation with arbitrary functions X;,u; confirms the vanishing of both
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components. O

The bracket on the dual

The dual of g is identified, by the pairing ((m, ®,S), (X, u,w)) = [(mX + ®u + Sw)dz,
with triples of a momentum density m and two densities ®,5. For functionals F,G of
z = (m,®,S) with gradients §F = (F,,,, Fp, Fg) € g, the Lie—Poisson bracket is

{F,G}(z) = —(,[§F.6G]) = — / (1 (Gl =G Fy) +®(Frn Gy~ G P ) +8 (P Gl — G F) | e,

which is the bracket of Chapter 38.

Proposition C.2 (Jacobi identity for the Lie-Poisson bracket). {{F, G}, H}+{{G,H}, F}+
{{H,F},G} =0.

Proof. For linear coordinate functionals ¢,(z) = (z,a) with a € g one has §f, = a and
{€a, €} = —{|4). Hence the Jacobiator of three such functionals is —¢ of the Jacobiator of
the Lie algebra, which vanishes by Proposition C.1. The Jacobiator of a bracket satisfying
the Leibniz rule in each argument is a trilinear derivation, so it is determined by its values
on the coordinate functionals, and it vanishes for all functionals (see Holm, Marsden, Ratiu
and Weinstein [21]). O

Casimirs and the generated flow

A Casimir is a functional C with {C,G} = 0 for all G. For G = N = [®dz or G =
S = [ Sdz, each term of the bracket contains either a derivative of a component of dG,
which vanishes because N = (0,1,0) and §S = (0,0, 1) are constant, or the component
G = 0; hence {F,N} = {F,S8} = 0 for every F. These are the Casimirs asserted in
Theorem 38.2. The flow of the energy E = [(m?/2® + £(®,5))dx is computed from
Enm =v, Eg = —1v%/2+¢e¢ and Eg = 9 and is the reversible part of Equations (38.1)-(38.3),

as shown in the proof of that theorem.

Change of variables and the degeneracy conditions

Let 2’ = ¢(z2) be a diffeomorphism acting pointwise, without derivatives, such as (®,m, S) —
(®,m,e). If £ is a Poisson operator for z and M a symmetric operator, they transform as
L' =JLJT and M’ = JMJT with J = 02'/0z, gradients transform as 0F/6z = J' 6F /62,
and the Jacobi identity, symmetry and positive semidefiniteness of the operators are pre-
served, as is the pairing (0F, LG). The degeneracy conditions £JS = 0 and MJE = 0
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are statements about the vectors £4S and M JE, which transform as J times the corre-
sponding vectors in the other coordinates, so they hold in one set of variables if and only
if they hold in the other. This is why the dissipative form was constructed in the variables

(®,m, e), where the energy covector is constant, and transferred to (®,m, S).



Appendix D

The Geometry of the Probability

Projection

Doubly stochastic matrices

Let DS(d) denote the set of d x d doubly stochastic matrices, those with nonnegative entries

and all row and column sums equal to 1.

Theorem D.1 (Birkhoff-von Neumann). DS(d) is the convexr hull of the d! permutation

matrices [1].
Proposition D.2 (Dimension). The affine hull of DS(d) has dimension (d — 1)2.

Proof. The 2d linear conditions on the d? entries have rank 2d — 1, since the sum of the row
conditions equals the sum of the column conditions and no other dependence exists. The
solutions of the homogeneous system are matrices with zero row and column sums, a space
of dimension d? — (2d — 1) = (d — 1)2, and the uniform matrix 3117 is an interior point
with positive entries, so the affine hull of DS(d) is this translate. O

Proposition D.3 (Entropy under doubly stochastic maps). For a probability vector p
and B € DS(d), the Shannon entropy satisfies H(Bp) > H(p), with equality if B is a

permutation matriz.

Proof. By Theorem D.1, B = ) A;P, is a convex combination of permutation matrices.
The entropy is concave and invariant under permutations of its argument, so H(Bp) =
H(Zo’ Ao Psp) > Zo‘ Ao H (Pyp) = H(p). O

By the theorem of Hardy, Littlewood and Pdlya [2], ¢ = Bp for some doubly stochastic
B if and only if ¢ is majorized by p, and the entropy is Schur-concave, so Proposition D.3

is the statement that mixing moves a distribution down the majorization order.
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Unistochastic matrices

Proposition D.4 (Two necessary conditions). If B = T(U) for a unitary U, then B €
DS(d), and no two distinct columns of B have supports intersecting in exactly one row. For
d = 2 every doubly stochastic matrix is of the form T(R(0)). For d = 3 the doubly stochastic
matrix %((1) é ?) is not of the form T'(U).

Proof. Row and column sums of |U;;|* are 1 by unitarity. If the supports of two distinct
columns meet in exactly one row, their inner product is a single nonzero product, contra-
dicting orthogonality. For d = 2 a doubly stochastic matrix is (ﬁp 1;P>, and R(0) with
cos? § = p realizes it. In the 3 x 3 example the first two columns have supports {1, 3} and

{1,2}, which meet only in the first row. O

Gauge orbits and phase tori

The torus T¢ x T¢ acts on U(d) by (Dy,Ds) - U = DiUDy and preserves T. If every
entry of U is nonzero, the stabilizer of U consists of the pairs (cI,¢l) with |c¢| = 1, since
(D1)4Uij(D2)j; = Usj forces (D1)ii(D2);5 = 1 for all i,5. The orbit is therefore a torus of
dimension 2d — 1 contained in a fibre of T. A count of dimensions of domain and target
does not give the dimension of every fibre: at U = I the fibre T71(I) is the set of diagonal
unitary matrices, of dimension d. If U has all entries nonzero and is a regular point of T,
meaning that the differential of T at U, viewed as a map into the (d — 1)2-dimensional affine
hull of DS(d), has rank (d — 1)?, then by the regular value theorem the fibre near U is a
submanifold of dimension 2d — 1, and it coincides near U with the gauge orbit, which has
the same dimension and lies in it. For d = 2 and 0 < p < 1 the complex unitary fibre of
T over the interior matrix is a single orbit of the left-right diagonal phases, as shown in
Chapter 15.

For states, the map [u] — (Ju;|?); from CP4~! to the probability simplex has, over

an interior point, the fibre {(6;)}/common shift = T?!

, because a ray with prescribed
moduli is determined by its phases up to a common phase. Over a boundary point where
k coordinates vanish the fibre is a torus of dimension d — 1 — k, and over a vertex it is a

point.



Appendix E

Growth and Horizons in the Flat
ACDM Background

This appendix proves the facts about the background of Part VII that the text uses: the for-

mula for the growth factor, the behaviour of its logarithmic derivative, and the asymptotics
of the event horizon. Let F(a) = \/Qna=3 + Qp with Q,,,Qx > 0, so that H = HyE.

Proposition E.1 (Heath’s formula). The growth equation

3 F 3 Q d
D// (7 7)D/_*7mD:0 /:7
T E 2 a®E? ’ da’
has the solutions D_ = E and Dy = E(a) [ %.
Proof. Differentiating E? = Q,,a73 + Qy gives F/ = —%Qma*‘L/E, and a second differen-

tiation gives E” = 6Q,,a5/E — 302, a8 /E3. Substituting D = E into the left side, with
F'JE = —%Qma*‘l/E2 and E’- (%4— %) expanded, the terms cancel identically; this was also
confirmed symbolically. By reduction of order, a second solution is D = E [ %gpda)da
with p = % + %, and exp(— [p) = 1/(a*E),so D = E aéfgg. The integral converges at 0

because (aE)™3 ~ 024302, O

Proposition E.2 (Behaviour of the growth rate). Let I(a) = [J'(a’E)~*dd’ and [ =
dinD, /dIna. Then
3Qma? 1

fla) = =55 2By

fla) > 1asa—0, f(a) >0 as a — oo, and D is increasing and bounded.

Proof. Differentiating In D, = In E + InI and using I’ = (aF)~3 gives the formula, since
aF'/E = —%Qma_?)/EQ. As a — 0, E? ~ Q,,a73, so the first term tends to —%; and

I(a) ~ an?’/z%awz while a?E3 ~ Q%2a_5/2, so the second term tends to g, giving f — 1.
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As a — o0, E — /Qy, so the first term tends to 0, and I(a) — Ioc = [~ (’'E)3da’ < oo,
since (¢/E)™3 < QX3/2a’*3 at large a’; the second term is O(a=2), so f — 0. Finally
Dy = EI — /Qp I < oo. For monotonicity it suffices to show f > 0, that is ﬁ >

2
3Qma 3 E72, which is equivalent to I(a) < Wg(a)' Put G(a) = BQzE — I(a). Then
G(0) = 0 and, using E' = —3Q,,a*/E,
2 1  aF 1 2 1 1 2
= 2 (L By L LI S Y
W =50.\F ") FFB T 30.5 S S 30,E
so G >0 and f > 0. Hence D, is increasing and bounded. O
Proposition E.3 (The event horizon). xe(a) = [ #‘%a,) is finite and satisfies
1 1
< Xela) <

Va3 +Qpa VQACL’

50 axe(a)yv/Qx — 1 and xe — 0 as a — o0o. If Qp = 0 the integral diverges.

Proof. For a’ > a one has /Qy < E(a’) < E(a), and [;°a'"2da’ = 1/a. Hence 1/(aE(a)) <
xe(a) < 1/(ay/Qy). For Qp = 0 the integrand is a’~1/2/\/Q,,, whose integral over [a, o)
diverges. O

Corollary E.4 (A turnover exists in the volume-limited model). Let r(a) = 2f(a) —

———— be the logarithmic derivative of D%rxg’ with respect to Ina (up to the constant
aE(a)xe(a)
factor Hy in aH). Then r(a) — 2 as a — 0 and r(a) - —3 as a — oco. Hence r has at

least one zero, and s = %’er%rxg has at least one interior mazximum.

Proof. By Proposition E.2, f — 1 at 0 and f — 0 at co. By Proposition E.3, aE(a)x.(a) > 1
and aF(a)xe(a) < E(a)//Qr — 1,50 aExe — 1 as a — oo and the second term of r tends

to —=3. As a — 0, xe(a) = x.(0) = OOO jg}i < 00, because the integrand behaves like

a’_1/2/\/§2m near 0, while aFE ~ /Q,,a Y% — c0; hence aEy. — oo, the second term

tends to 0, and r — 2. The intermediate value theorem gives a zero of r. If r changes sign

from positive to negative at a zero, the function has a maximum there by Theorem 45.3; the
existence of a sign change follows from the signs of the limits at the two ends, by applying

the theorem on a compact interval whose end values have opposite signs. ]

Corollary E.4 proves the existence of a turnover for every flat background with €,,, Q5 >
0. The location a, ~ 0.489 for Q,,, = 0.3 and the uniqueness of the zero are numerical (checks
D1 to D3 of Chapter 55).



Appendix F

The Experiment Script

The following script reproduces every check of Chapter 55. It prints one line per check with
the identifier, the category, the claim, the measured value, the tolerance and a verdict, and

ends with ALL PASS when every check passes. It was run with Python 3, numpy, scipy and
Sympy.

#!/usr/bin/env python3

"""Reproducible checks for the monograph. Dependencies: numpy, scipy, sympy.

Each check returns (id, category, claim, value, tolerance, passed).
Categories:

A exact finite enumeration

B symbolic verification

C numerical corroboration of a proved result

D numerical exploration of an unproved claim

nun

import itertools
import sys

import numpy as np

RESULTS = []

def record(cid, cat, claim, value, tol, ok):
RESULTS.append((cid, cat, claim, value, tol, bool(ok)))

def T(U):

return np.abs(U) ** 2

H = np.array([[1, 1], [1, -111) / np.sqrt(2)
Zg = np.diag([1.0, -1.01)
J2 = np.full((2, 2), 0.5)
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#

def al_lifts():
th = [np.pi / 4 + k * np.pi / 2 for k in range(4)]

R =
P =
L

lambda t: np.array([[np.cos(t), -np.sin(t)], [np.sin(t), np.cos(t)]1])
np.diag([1, -1])
[R(t) for t in th] + [R(t) @ P for t in th]

ok_lifts = all(np.allclose(np.abs(1l) #** 2, 0.5, atol=le-14) for 1 in L)

n =

0

for a, b, ¢ in itertools.product(L, repeat=3):

M=a@baec
if np.allclose(M, np.eye(2), atol=1e-12) or np.allclose(
M, -np.eye(2), atol=le-12

record(

"Al" s

"AII .

"8 lifts of J in 0(2); triples with product +-I",
n,

"exact",

ok_lifts and n == 0,

def a2_rulel84():
def step(x):

ok
ok

n = len(x)

return [x[i - 1] * (1 - x[i]) + x[i] * x[(1 + 1) % n] for i in range(n)]

step([1, 1, 0, 0]) == [1, O, 1, 0] and step([1l, O, 1, 0]) == [0, 1, O, 1]
ok and step([0, 1, 0, 1]) == [1, 0, 1, 0]

record(

"A2",

g,

"Rule 184 ring N=4: 1100->1010, 0101->1010 (update not injective), 1010->0101",
1,

"exact",

ok,

def a3_golden():
def cnt(n):

return sum(

1
for w in itertools.product([0, 1], repeat=n)
if all(not (w[i] and w[i + 1]) for i in range(n - 1))

got = [cnt(n) for n in range(1l, 9)]

record(

npgn s
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UN
"hard-core word counts n=1..8",

got,

"exact",

got == [2, 3, 5, 8, 13, 21, 34, 55],

def a4_cycle():
q, n =0.8, 4
M = np.zeros((n, n))
for x in range(n):
M[(x + 1) % n, x]
MI(x - 1) % n, x]
pi = np.ones(n) / n
P = lambda p: pil[p[0]] * np.prod([M[b, al for a, b in zip(p[:-11, p[1:1)1)
sigl = (2 * g - 1) * np.log(q / (1 - Q)
L=4
tot, ift = 0.0, 0.0
cf, cr = {}, {3
for p in itertools.product(range(n), repeat=L + 1):
pp, rr = P(p), P(pl::-11)
if pp > O:

q
1-gq

tot += pp * np.log(pp / rr)
ift += rr
c = tuple(x % 2 for x in p)
cflc] = cf.get(c, 0) + pp
crlc] = cr.get(c, 0) + rr
sc = sum(v * np.log(v / crlcl]) for c, v in cf.items() if v > 0)
record(
"Ada",
g,
"fine path entropy production Sigma_4 - 4 Sigma_1",
tot - L * sigl,
le-12,
abs(tot - L * sigl) < le-12,
)
record(
"A4b",
g
"integral fluctuation relation sum of R over supp P",
ift,
le-12,
abs(ift - 1) < le-12,
)
record(
"Adc™,
g
"parity-coarse entropy production Sigma_4~c",
sc,
le-12,
abs(sc) < 1le-12,
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def

def

def

a7_cycle6():
q, n, L =0.8, 6, 4
M = np.zeros((n, n))
for x in range(n):
M[(x + 1) % n, x] =q
MI(x - 1) %n, x]1 =1-q
pi = np.ones(n) / n
P = lambda p: pil[p[0]] * np.prod([M[b, al for a, b in zip(p[:-11, p[1:1)1)
sigl = (2 * g - 1) * np.log(q / (1 - Q)
cf, cr = {}, {}
for p in itertools.product(range(n), repeat=L + 1):
pp, rr = P(p), P(pl::-11)
c = tuple(x % 3 for x in p)
cflc] = cf.get(c, 0) + pp

crlc] = cr.get(c, 0) + rr
sc = sum(v * np.log(v / crlcl]) for c, v in cf.items() if v > 0)
record(
"AT",
g
"Z6 cycle observed mod 3: Sigma_4"c - 4 Sigma_1 (lossy but arrow kept)",
sc - L * sigl,
le-12,
abs(sc - L * sigl) < le-12,

a5_hadamard () :
okl = np.allclose(T(H @ H), np.eye(2)) and np.allclose(T(H) @ T(H), J2)
ok2 = np.allclose(T(H @ np.eye(2) @ H), np.eye(2)) and np.allclose(
T(H @ Zg @ H), [[0, 11, [1, 0]]
)
U2 = np.array([[1, 1j1, [1j, 111) / np.sqrt(2)
ok3 = np.allclose(T(U2 @ H), T(U2) @ T(H)) and np.allclose(T(U2 @ H), J2)
w = np.exp(2j * np.pi / 3)

F = np.array([[w ** (j * k) for k in range(3)] for j in range(3)]) / np.sqrt(3)

ok4 = np.allclose(
T(F @ F), np.array([[1, 0, 0], [0, O, 11, [0, 1, 0]1)
) and np.allclose(T(F), 1 / 3)
record(
"AB",
UN
"Hadamard, Z-counterexample, weakly consistent pair, 3x3 Fourier",
1,
"le-12",
okl and ok2 and ok3 and ok4,

a6_nonunistochastic():
B = np.array([[1, 1, 0], [0, 1, 1], [1, O, 111) / 2
ds = np.allclose(B.sum(0), 1) and np.allclose(B.sum(1), 1)

155



APPENDIX F. THE EXPERIMENT SCRIPT

#

inter = np.sum((B[:, 0] > 0) & (B[:, 11 > 0))
record(

"AB",

"All s

"doubly stochastic; columns 1,2 share exactly one row",

inter,
"exact",

ds and inter == 1,

def

def

bl_energy_flux():

import sympy as sp

x = sp.symbols("x")

Ph, v, S = (sp.Function(n)(x) for n in ("Phi", "v",

a, b = sp.symbols("a b")

eps = sp.Function("eps")

E = eps(a, b)

sub = lambda f: f.subs({a: Ph, b: S}).doit()

usn))

eP, th, e0 = sub(sp.diff(E, a)), sub(sp.diff(E, b)), sub(E)

p=Ph *x eP + S *x th - e0

m = Ph * v

Phit, mt, St = -sp.diff(Ph * v, x), -sp.diff(m * v + p, x), -sp.diff(S * v, x)
et = v * mt - (v¥*2 / 2) * Phit + eP * Phit + th * St

rhs = -sp.diff((m**2 / (2 * Ph) + e0 + p) * v, x)
res = sp.simplify(sp.expand(et - rhs))
record(

"B1",

01

"energy flux identity for arbitrary eps(Phi,S):

str(res),
"symbolic",

res == 0,

b2_madelung():
import sympy as sp

hb, mO = sp.symbols("hbar m0", positive=True)
Rs = sp.Symbol("R", positive=True)
Rt, Rx, Rxx, tht, thx, thxx, Vs = [

residual",

sp.Symbol(n, real=True) for n in "Rt Rx Rxx tht thx thxx V".split()

]

# (i hbar d_t + hbar™2/2m d_x"2 - V) psi with psi = R exp(i theta), divided by exp(i theta)

kin = Rxx + 2 * sp.I * Rx * thx + sp.I * Rs * thxx
res = sp.expand(sp.I * hb * (Rt + sp.I * Rs * tht)

re, im = sp.re(res), sp.im(res)
# continuity: d_t(R72) + d_x(R"2 (hbar/m) theta_x)

+

Rs * thx#**2
hb**2 / (2 * mO) * kin - Vs * Rs)

2 R im / hbar

cont = 2 * Rs * Rt + (hb / m0) * (2 * Rs * Rx * thx + Rs**2 * thxx)
ok_c = sp.simplify(sp.expand(2 * Rs * im / hb - cont)) ==

156



APPENDIX F. THE EXPERIMENT SCRIPT

Q = -(hb**2) / (2 * m0) * Rxx / Rs
hj = hb * tht + hb**2 / (2 * m0) * thx*x2 + Vs + Q
ok_h = sp.simplify(sp.expand(re / Rs + hj)) ==
record(

"B2",

ngn

"Madelung: imaginary part = continuity; real part = Hamilton-Jacobi with Q",

1,
"symbolic",
ok_c and ok_h,

def

c_quantum() :

rng = np.random.default_rng(3)

# K1 = T(U"2) - T(U)"2 from Liouville blocks, random 3x3 unitary

A = rng.normal(size=(3, 3)) + 1j * rng.normal(size=(3, 3))

U, _ = np.linalg.qr(A)

S = np.kron(U.conj(), U)

dg = [0, 4, 8]

of = [i for i in range(9) if i not in dgl

PP, PQ, QP = S[np.ix_(dg, dg)], S[np.ix_(dg, of)], Slnp.ix_(of, dg)]

el = np.abs(PQ @ QP - (T(U @ U) - T(U) @ T(U))) .max()
e2 = np.abs(PP - T(U)) .max()
record(

ncyn,

e,

"K1 = T(U"2)-T(U)"2 and M_PP = T(U), random 3x3 unitary",

max(el, e2),
le-12,
max(el, e2) < le-12,

)

# Hadamard kernels

SH = np.kron(H.conj(), H)

PQh, QPh, QQh = (
SH[np.ix_([0, 3], [1, 21)],
SH[mp.ix_([1, 2], [0, 3],
SH[nmp.ix_([1, 2], [1, 2],

np.abs(PQh @ np.linalg.matrix_power(QQh, m - 1) @ QPh).max() for m in range(2, 7)

]
k1 = np.abs(PQh @ QPh - (np.eye(2) - J2)).max()
record(
"ca2",
e,
"Hadamard kernel K1 = I-J, K_m = 0 for m=2..6",
max (max(ks), k1),
le-12,
max (max(ks), k1) < le-12,
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# Bargmann invariant for qubits
def ket(n):
th = np.arccos(n[2])
ph = np.arctan2(n[1], n[0])
return np.array([np.cos(th / 2), np.exp(1j * ph) * np.sin(th / 2)1)

ns = [v / np.linalg.norm(v) for v in rng.normal(size=(3, 3))]

ps = [ket(n) for n in ns]

np.vdot(ps[0], ps[1]) * np.vdot(ps[1], ps[2]) * np.vdot(ps[2], ps[01)
0.25 * (

1

+ ns[0] @ ns[1]

+ ns[1] @ ns[2]

+ ns[2] @ ns[0]

+ 1j * ns[0] @ np.cross(ns[1], ns[2])

o
]

)
record(
ncan,
ngn,
"Bargmann invariant = Tr(rhol rho2 rho3) formula",
abs(D - f),
le-12,
abs(D - f) < le-12,
)
# qubit interference
t1, t2 = 0.7, 1.9
a, b=t1/2,t2/2
cl = np.cos(a) ** 2 * np.cos(b) ** 2 + np.sin(a) ** 2 * np.sin(b) **x 2

d =cl - np.cos((t1l + t2) / 2) **x 2 - 0.5 * np.sin(tl) * np.sin(t2)

record(
"c4",
nen,
"qubit interference term -1/2 sin t1 sin t2",
abs(d),
le-12,
abs(d) < le-12,
)
# Berry phase of two-level loop by discrete product of overlaps
th =1.1
N = 20000

ph = np.linspace(0, 2 * np.pi, N + 1)
psi = np.array([[np.cos(th / 2), np.exp(1j * p) * np.sin(th / 2)] for p in phl)
prod = np.prod([np.vdot(psilk], psilk + 1]) for k in range(N)])
gam = -np.angle(prod)
target = -np.pi * (1 - np.cos(th))
record(
"cs",
ngn
"geometric phase -pi(l-cos theta), discrete product, N=20000",
abs(gam - target),
le-6,
abs(gam - target) < le-6,
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# complex MUB triangle: Z=I, X=H, Y=(1/sqrt2)[[1,1],[i,-i]]
Y = np.array([[1, 11, [1j, -1j11) / np.sqrt(2)
ok = all(
np.allclose(T(A.conj().T @ B), J2)
for A, B in [(np.eye(2), H), (mp.eye(2), Y), (H, V]
)
D3 = (1 / np.sqrt(2)) * ((1 + 1j) / 2) * (1 / np.sqrt(2))
record(
"Cé",
e,
"complex qubit triangle Z,X,Y has all transitions J; Bargmann (1+i)/4",
abs(D3 - (1 + 1j) / 4),
le-14,
ok and abs(D3 - (1 + 1j) / 4) < 1le-14,

def c_fibre_d2():

rng = np.random.default_rng(11)

worst = 0.0

for _ in range(200):
A = rng.normal(size=(2, 2)) + 1j * rng.normal(size=(2, 2))
U, _ = np.linalg.qr(4d)
p = abs(U[0, 0]) #*x 2
c, sn = np.sqrt(p), np.sqrt(l - p)
R = np.array([[c, -sn], [sn, cl])
ph = np.angle(U) - np.angle(R + 0j)
# phases of D1 R D2 are alpha_i + beta_j; solve for (alpha, beta) from three entries
al, a2, b1, b2 = 0.0, ph[1, 0] - ph[0, 0], ph[0, O], ph[O, 1]
V = np.diag(np.exp(1j * np.array([al, a2]))) @ R @ np.diag(np.exp(1j * np.array([bl, b2])))
worst = max(worst, np.abs(V - U).max())

record(
"c18",
ngn,
"d=2: every unitary with moduli sqrt(p), sqrt(1-p) equals D1 R(theta) D2 (200 samples)",
worst,
le-12,
worst < le-12,

def hankel_and_markov():
p=0.8

def P(w):
nl = sum(w)
n0 = len(w) - ni
return 0.5 * p**nl * (1 - p) **x n0 + 0.5 x (1 - p) ** nl * p*x*n0

words = [w for n in range(5) for w in itertools.product([0, 1], repeat=n)]
Hk = np.array([[P(u + v) for v in words] for u in words])
r = np.linalg.matrix_rank(Hk, tol=1e-10)

record(
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)

"C7|| s

"c" .

"Hankel rank of unknown-bias coin (words up to length 4)",
r,

"1e-10",

r == .

C=-(2/3) *np.log(2 / 3) - (1 / 3) * np.log(1 / 3)
h = (2 / 3) * np.log(2)
record(
"cs",
e,
"even process: statistical complexity, entropy rate",
(round(C, 4), round(h, 4)),
"exact",
abs(C - 0.6365) < 5e-5 and abs(h - 0.4621) < be-5,
)
# fluid model (ideal gas)

R_GAS, CV = 1.0, 2.5
GAM = (R_GAS + CV) / CV

def fluid_sim():

def

def

128

2 * np.pi

np.arange(N) * L / N

np.fft.fftfreq(N, L / N) * 2 * np.pi

lambda f: np.real(np.fft.ifft(1j * k * np.fft.fft(£)))
kap = 0.02, 0.02

prim(rho, m, e):

v =m / rho

eps = e - 0.5 *xm * v

T_ = eps / (rho * CV)

return v, T_, R_GAS * rho * T_

rhs(z):
rho, m, e = z
v, T_, p = prim(rho, m, e)
vx = D(v)
return np.array(
L

-D(m),

-D(m * v + p) + D(mu * vx),

-D((e + p) * v) + D(mu * v * vx + kap * D(T_)),

ent(z):
rho, m, e = z

v, T_, p = prim(rho, m, e)
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return np.sum(rho * (CV * np.log(T_) - R_GAS * np.log(rho))) * L / N

rho0 = 1 + 0.2 * np.sin(x)

v0 .3 * np.sin(x + 0.5)

TO = 1 + 0.1 * np.cos(2 * x)

z = np.array([rho0, rhoO * vO, rhoO * CV * TO + 0.5 * rho0 * vO*x2])
dt = 2e-4

]
o

EO = z[2].sum() * L / N
MO = z[0].sum() * L / N
PO = z[1].sum() * L / N
S = [ent(2)]

for n in range(l, 10001):

k1 = rhs(z)
k2 = rhs(z + dt / 2 * k1)
k3 = rhs(z + dt / 2 * k2)
k4 = rhs(z + dt * k3)
z=z+dt /6 * (k1 + 2 *x k2 + 2 x k3 + k4)
if n % 1000 == 0:
S.append(ent (z))
drift = max(
abs(z[2].sum() * L / N - EO),
abs(z[0].sum() * L / N - MO),
abs(z[1].sum() * L. / N - PO),
)
record(
"co",
ngw,
"fluid: max drift of mass, momentum, energy over t in [0,2]",
drift,
le-12,
drift < le-12,
)
record(
"ci0",
neg,
"fluid: entropy increases at all 10 samples",
float(np.diff(S).min()),
"> 0",
np.all(np.diff(S) > 0),

def fluid_linear():
# ideal gas eps = Phi*cv#T with T = exp((S/Phi + R 1ln Phi)/cv)
rho0, sO = 1.3, 2.0
TO = np.exp((sO / rhoO + R_GAS * np.log(rho0)) / CV)
cp = CV + R_GAS
# derivatives of T(rho,s): dT/ds = T/(cv rho); dT/drho = T (R/rho - s/rho~2)/cv
Ts = TO / (CV * rhoO)
Tr = TO * (R_GAS / rhoO - sO / rhoO*x*2) / CV
#p=Rrho T
pr = R_GAS * TO + R_GAS * rhoO * Tr
ps = R_GAS * rho0 * Ts
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mu, kap = 0.05, 0.08

def mat(q, mu=mu, kap=kap):

I =1j %q
return np.array(
[
[0, -rho0 * I, 0],
[-I * pr / rhoO, -mu * q * q / rhoO, -I * ps / rhoO],
[-(kap / TO) * q * q * Tr, -sO * I, -(kap / TO) * q * q * Ts],
]

c2 = pr + sO * ps / rhoO
record(
"c11n,
ngn,
"c"2 = p_Phi + (S/Phi) p_S equals gamma R T",
abs(c2 - GAM * R_GAS * TO),
le-12,
abs(c2 - GAM * R_GAS * TO) < le-12,
)
Gam = (mu + kap * (1 / CV - 1 / cp)) / (2 * rhoO)
errs = []
for q in (0.01, 0.02, 0.04):
ev = np.linalg.eigvals(mat(q))
lam = ev[np.argmax(ev.imag)]
pred = 1j * np.sqrt(c2) * q - Gam * q * q
errs.append(abs(lam - pred) / abs(pred.imag))
record(
nc12n,
ngn,
"sound eigenvalue vs i ¢ q - Gamma q~2, relative error at g=0.01",
errs[0],
le-7,
errs[0] < 1le-7,
)
record(
"C12b",
nen,
"relative error at g=0.04 over error at g=0.01 (expect about 16, quadratic)",
errs[2] / errs[0],
"14 to 18",
14 < errs[2] / errs[0] < 18,
)
allneg = all(
np.linalg.eigvals(mat(q)).real.max() < O for q in np.linspace(0.05, 5, 100)
)
record(
"C13",
g,
"all eigenvalues Re<0 for 0.05<=q<=5 (mu,kappa>0)",
int(allneg),

"exact",
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allneg,
)
z = np.abs(np.linalg.eigvals(mat(0.7, kap=0.0))).min()
record(
"c14n,
ngn,
"kappa=0 leaves an eigenvalue 0 at gq=0.7 (undamped entropy mode)",
Zz,
le-12,
z < le-12,
)
A = np.array([[0, rhoO, 0], [pr / rhoO, O, ps / rhoOl, [0, sO, 0]1])
ev = np.sort(np.linalg.eigvals(A).real)
¢ = np.sqrt(c2)
record(
"c15",
ngn
"characteristic speeds -c, 0, +c (v=0)",
float(np.abs(ev - np.array([-c, 0, c])).max()),
le-12,
np.abs(ev - np.array([-c, 0, cl)).max() < le-12,

def cosmology():
from scipy.integrate import quad, solve_ivp

from scipy.optimize import brentq

Om, OL = 0.3, 0.7
E = lambda a: np.sqrt(Om * a**-3 + OL)
Dn = lambda a: E(a) * quad(lambda x: (x * E(x)) ** -3, 0, a, 1imit=200) [0]
dlnE = lambda a: -1.5 * Om * a**-4 / E(a) ** 2
rhs = lambda a, y: [
y[11,
-(3 / a + dlnE(a)) * y[1] + 1.5 x Om / (axx5 * E(a) *x 2) * y[0],
]
sol = solve_ivp(
rhs, [le-3, 1.0], [le-3, 1.0], rtol=le-11, atol=le-14, dense_output=True
)
ode = s0l1.s01(0.5)[0] / sol.y[0, -1]
ratio = Dn(0.5) / Dn(1.0)
record(
"c16",
nen,
"growth factor: integral formula vs ODE, D(0.5)/D(1)",
abs(ode - ratio),
le-9,
abs(ode - ratio) < le-9,
)
chi_e = lambda a: quad(lambda x: 1 / (x * x * E(x)), a, np.inf, 1imit=200) [0]
err = abs(chi_e(100.0) * 100 * np.sqrt(OL) - 1)
record(
ne17n,
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g,
"event horizon axchi_e*sqrt(Omegal) -> 1 at a=100",
err,

le-3,

err < le-3,

def f(a):
h = le-5 * a
return (np.log(Dn(a + h)) - np.log(Dn(a - h))) / (np.log(a + h) - np.log(a - h))

r = lambda a: 2 * f(a) - 3 / (a * E(a) * chi_e(a))
astar = brentq(r, 0.3, 5.0)
A = np.linspace(0.05, 5, 500)
val = [2 * np.log(Dn(a)) + 3 * np.log(chi_e(a)) for a in A]
amax = A[int(np.argmax(val))]
grid = np.linspace(0.05, 20, 400)
signs = np.sign([r(a) for a in gridl])
changes = int(np.sum(signs[1:] != signs[:-1]))
record(
D1,
npn,
"turnover scale factor a_x* (root of 2f - 3/(aH chi_e))",
round(astar, 4),
"root-finder xtol",
abs(astar - 0.4891) < 1e-3,
)
record(
"pan
npn
"argmax of D”2 chi_e”3 on grid (step 0.01) vs a_x",
round(amax, 4),
"grid step 0.01",
abs(amax - astar) < 0.01,
)
record(
"D3",
npr
"number of sign changes of the rate on 0.05<=a<=20 (400 pts)",
changes,
ngrid",

changes == 1,

def main():
al_lifts()
a2_rulel84()
a3_golden()
ad_cycle()
a7_cycle6()
a5_hadamard ()
a6_nonunistochastic()
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try:
bl_energy_flux()
b2_madelung()
except ImportError:
record("B", "B", "sympy not installed; symbolic checks skipped", 0, "-", False)
c_quantum()
c_fibre_d2()
hankel_and_markov ()
fluid_sim()
fluid_linear()

cosmology ()

width = max(len(r[2]) for r in RESULTS)

allok = True

for cid, cat, claim, value, tol, ok in RESULTS:
print (

f"{cid:5s} {cat} {claim:{width}s} value={value} tol={tol} {’PASS’ if ok else ’FAIL’}"
)
allok = allok and ok
print ("ALL PASS" if allok else "SOME FAILED")
return 0 if allok else 1

if __name__ == " "

_main__

sys.exit(main())
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